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ABSTRACT
A technique for the treatment of the pressure in anelastic, nonhydrostatic terrain-following coordinates is
described. It involves the use of two levels of pressure in such a manner so as to ensure that the anelastic masscontinuity equation is satisfied to round-off level. This procedure significantly improves model stability and
accuracy. In the presence of modestly steep topography, the computational burden of the diagnostic elliptic
pressure solver is equivalent to that of a direct solver. The two-level pressure approach is viewed as inappropriate
for iterative schemes. A pressure truncation error analysis is described for calculating the second-order truncation
error fields G associated with kinetic energy conservation for arbitrary formulations of the pressure gradient
terms. The full transformed equation set is used, such that the combined effect of all of the equations contributing
to the error is considered. Truncation error equations are derived for two specific formulations containing terms
of O(Dx 2 , Dy 2 , Dz 2 ). These equations are used to validate a more general field analysis technique applicable
for any numerical formulation. The kinetic energy errors that result specifically from the application of the twolevel pressure technique are compared with the second-order G errors and are shown to be 5–10 times as small.
Simulations show the stabilizing effect of the two-level pressure technique where comparisons between the twolevel approach using a single block iteration and the same approach using a fully converged solution show
negligible differences. The particular cases chosen were numerically unstable using a single block iteration
without the two-level approach. The error analysis showed modest errors in the kinetic energy budget resulting
from the numerical formulation of the pressure gradient terms with little difference between the formulations
tested. The cases presented all had well-resolved topography.

1. Introduction
A two-level pressure treatment is described that ensures that the anelastic mass-continuity equation is satisfied to round-off level. Satisfying mass continuity significantly increases model stability and accuracy. In the
presence of modestly steep topography, the computational burden of the diagnostic elliptic pressure solver
is equivalent to that of a direct solver.
The procedure described represents a recent development to the nonhydrostatic anelastic terrain-following
coordinate model initially developed by Clark (1977).
In that model, the diagnostic pressure was solved using
dimension reduction, resulting in decoupled two-dimensional Helmholtz equations for each vertical grid
level. A block-iteration algorithm was used in which
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the pressure terms associated with topographic gradients
were taken to the right-hand side and treated explicitly;
that is, these terms were not part of the direct solver.
One of the drawbacks of this approach is the slow rate
of convergence of the pressure solution for relatively
steep topography (e.g., Schumann and Volkert 1984).
One measure of convergence used by Clark (1977) is
the mean standard deviation of the mass divergence. A
potential advantage of this type of algorithm is that the
major computational effort is spent on the vertical dimension reduction that occurs in the hyperbolic or forward-marching portion of the code. In nonvertically
stretched coordinates, fast Fourier transforms can be
used (Ogura 1969). Dimension reduction is an advantage in a distributed memory computational environment because no data exchange between nodes is required for the vertical dimension reduction. Internodal
data transfer first occurs during the establishment of the
two-dimensional Helmholtz equations. Before describing the new techniques, some of the model’s developments will be briefly described.
Multiple levels of vertical and horizontal grid refinement were added by Clark and Farley (1984) and, more
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recently, vertical grid stretching with vertical refinement
was added by Clark and Hall (1996). Clark et al. (1997)
converted the code to shared-memory open multiprocessing parallelization using domain decomposition in
the two horizontal dimensions. This domain decomposition architecture was recently converted from open
multiprocessing software, designed for shared-memory
systems (Open MP) to distributed-memory message
passing interface (MPI). It is in part a result of the MPI
conversion that led to the testing of some of the ideas
presented in this paper. Another incentive was to find
an efficient pressure solver that could be used for relatively steep topography.
The two-level pressure technique is a simple procedure and is best suited to block iterative methods. Instead of using only the latest pressure p y (where y denotes the number of iterations) to update the velocities,
both p y and p y 21 are used as field variables in a manner
ensuring that mass continuity is satisfied to round-off
error. This adds a significant degree of stability to the
model in the presence of relatively steep terrain, disallowing the mass divergence to contribute to kinetic
energy production through the nonlinear advection
terms. This procedure is similar in some respects to the
Piacsek and Williams (1970) technique in which they
added corrective terms to the nonlinear advection terms
to reduce the effect of mass divergence. Using this twolevel technique, the mean standard deviation of mass
divergence no longer serves as a measure for the convergence of the pressure.
A procedure is described in which metric filtering can
be used indirectly as part of the block iteration in cases
for which the topography exceeds about 70% (358), requiring multiple block iterations. In such cases, the filtering is progressively decreased to zero with each block
iteration, resulting in a solution to the full or unfiltered
elliptic equation. The majority of model applications
require only a single block iteration to solve the diagnostic pressure equation, and so this technique is typically not used.
Simple experiments of flow over a two-dimensional
ridge with both constant and vertically varying air densities are used to assess the two-level pressure technique.
The flow involves breaking waves giving a strong dynamic response that should provide an evaluation of
these techniques under severe conditions. The errors are
also compared with those that would be expected using
a numerical quadrature from Bernardet (1995). Comparisons are performed at both early and later times in
the flow evolution. This approach allows evaluation during both the transient and the near-steady-state periods
of the flow. It will be shown that the errors are modest
for all of the cases evaluated.
2. Dynamic model equations
Only those aspects of the model that are relevant to
the present method will be described. The reader is re-

ferred to Clark (1977), Clark and Farley (1984), and
Clark and Hall (1991, 1996) for further details on the
numerical methodsx employed. Using Schuman (1962)
operators {e.g., f 5 [f (x 1 Dx/2) 1 f (x 2 Dx/2)]/
2 and d x f 5 [f (x 1 Dx/2) 2 f (x 2 Dx/2)]/Dx}, the
three-dimensional momentum equations are approximated as

[

d2t (r x u) 1 FX 5 2cosl d x 1ÏJp2 1 dj 1ÏJJ 13 f

xj

5 pfx( p, f ),

(1)

[

d2t (r yy ) 1 FY 5 2cosl d y 1ÏJp2 1 dj 1ÏJJ 23 f
y

5 pfy( p, f ),

]

2

and

yj

]

2

(2)
j

d2t (r w) 1 FZ 5 2cosl3dj ( p) 2 ( p/r 00 ) dj (r 00 )
j

j

1 (f/r 00 ) dj (r 00 )
j

2 (f/r 0 ) dj (r 0 )4
5 pfz( p, f ),

(3)

where l is the latitude (taken as zero in this paper); p
and f are two different iteration levels of the pressure.
Here r is the Jacobian-weighted air density, where r 5
r 0 (z)(1 2 h/H) → r 00 (j) when h → 0, which means
that for zero topography the right-hand side of (3) reduces to pfz 5 2coslr 0 d j (p/r 0 ), which is a form in
which the perturbation pressure does not contribute to
vorticity production (Lipps and Hemler 1982). It is also
a form that is, in general, energy conservative and reduces to the deep equations of Ogura and Phillips (1962)
when u is expanded about a constant. In (1)–(3), FX,
FY, and FZ represent the advection, Coriolis, buoyancy,
and mixing terms. The pressure terms (pf) remain on
the right-hand side for the purpose of illustrating the
two-level pressure formulation.
The continuity equation is taken as

d x (r x u) 1 d y (r y y ) 1 d j (r j v) 5 0,

(4)

and the relation between v (5dj/dt) and the Cartesian
components of the air velocity is taken as
j

r j ÏJ v 5 r j w 1 ÏJJ 13 r x u

j

x

1 ÏJJ 23 r yy

j

y

.

(5)

The vertical grid transformation is taken as
z 5 F(j)(1 2 h/H) 1 h,

(6)

where h 5 h(x, y) is the height of the topography, z is
the Cartesian height, H is the fixed height of the model
domain, and j is the transformed vertical coordinate in
the nonorthogonal system. In the finite-difference formulation, j is taken as

j k 5 (k 2 2)D j k ,

(7)

where D j is a constant and k is the vertical grid index.
The boundary conditions on F(j) are taken as
F(0) 5 0

and F(H) 5 H.

(8)
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In the case of F(j) 5 j, the above system reduces to
the shearing coordinates as used in Gal-Chen and Somerville (1975), Clark (1977), and Schumann et al.
(1987), among others. In the general system

TABLE 1. Experimental setup: NBLOCK represents the number of
block iterations; a is the metric-filtering reduction factor [e.g., hx →
(ahx)]. Experiments X2 and X4 did not use any metric filtering during
the block iterations. X1B is identical to X1 except the pressure truncation error analysis uses the Bernardet numerical forms. Each experiment was run out to 60 min using a time step of 10 s.

ÏJ 5 Fj (1 2 h/H ) 5 FjÏG,
ÏJJ

13

5 [F(j )/H 2 1]h x ,

and

ÏJJ 23 5 [F(j )/H 2 1]h y .

(9)

Before deriving the diagnostic pressure equation, (1)–
(3) and (5) must be combined to form the v tendency
equation

d2t (r jv) 1 FV 5 2cosl

1

1ÏJ 2
1

1
ÏJ

j

2
j dj p

[

j

[1

j

x

1
ÏJ

ÏJJ 13 pfx( p, f )

where
FV 5

1
ÏJ

j

1FZ 1 ÏJJ

13

FX

j

x

1 ÏJJ 23 FY

j

y

2.

(11)

Here, FV includes the well-known Christoffel terms.
However, because they are derived using the discretized
equations, using the kinetic-energy-conservative form
(Arakawa 1966), the nonlinear advection terms conserve both momentum and kinetic energy to O(Dt 2 )
(Vinokur 1974; Clark 1977). This is in contrast to the
pioneering work of Gal-Chen and Somerville (1975) in
which they discretized the u, y , and v equations in a
nonconservative manner in which neither momentum
nor kinetic energy was conserved. A conservative form
of the v tendency equation can be obtained by expanding the left-hand side of (10).
We combine (1), (2), (10), and (4) to obtain a diagnostic elliptic pressure equation. A tendency term for
mass continuity appears in this equation, and, as is common procedure, the future value is put to zero. An accurate solution of this equation results in mass continuity [(4)] being satisfied at each grid point of the model. With much less rigor we can also ensure that mass
continuity is satisfied if we treat all terms in (1), (2),
and (10) that contain f as being explicit and take them
to the left-hand side. Now, when we form the diagnostic
pressure equation, the explicit terms contain expressions
using past iteration values of the pressure. If we solve
this elliptic equation (which turns out to be the matrix
block) accurately and continue to treat the pressure gradient terms containing f explicitly when we update the
velocity components, then again mass continuity will
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Expt

NBLOCK
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a
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X6

1
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1
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1.0
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1.0
1.0
1.0

p j
pj
f
dj r 00 2
dj r 0 1
r 00
r0
r 00

2

1 2

1 ÏJJ 23 pfy( p, f )

j

y

j

1 2d r

]

j

]

00

5 pfv ( p, f ),

(10)

be satisfied. Separating the pressure into the two components p and f and then applying a direct solver to
invert the block for p represents one block iteration.
The elliptic equation is formed by combining (1), (2),
(4), and (10) to obtain
L( p, f ) 5 d x (pfx) 1 d y (pfy) 1 dj (pfv) 5 Q,

(12)

where Q represents the divergence of the forcing terms
FX, FY, FV, and the mass divergence tendency.
From the use of p and f in (1), (2), (3), and (10) it
is easily shown that
L(p, f) 5 L 0 (p) 1 L1 (f) 5 Q,

(13)

and, with rearrangement, the elliptic equation for p is
derived as

[

L0 ( p) 5 G d xx (ÏGp) 1

5

]

1
y
d y cosl d y (ÏGp)
cosl

[

5 [L1 (f ) 2 Q]

j

1 2 ]6

ÏGp
1
1 j dj
dj (ÏGp) 2 dj r 00
Fj
r 00
Fj
1

G
,
Fj cosl

(14)

where from (9) ÏG 5 1 2 h(x, y)/H.
a. Block-iteration solution
Except for the weak spatial dependence of G(x, y), the
left-hand side of (14) [or L 0 (p)] is separable and easily
solved using direct methods. By putting f 5 p y21 , (14)
is solved using dimension reduction (e.g., Ogura 1969;
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coordinate. This is achieved by first letting [ÏGp] 5
T 21 [r] where the square brackets denote a column vector
and T 21 is the inverse eigenvector matrix of the vertical
operator in (14). Multiplying (14) by T results in
G¹ h2 [r] 1 TAT21 [r] 5 G¹ h2 [r] 1 L[r] 5 T[RHS],
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(15)

where A represents the vertical operator in (14). The
formation of A requires the application of Neumann
boundary conditions on p at the model surface and top
using (10) consistent with v 5 0. The order of A is
equal to the number of vertical levels, meaning that the
boundary conditions on p are treated implicitly. Because
L is the diagonal eigenvalue matrix, (15) represents a
series of decoupled two-dimensional Helmholtz equations. They are solved using a combination of iterative
and direct methods. For example, the larger eigenvalue
equations require as few as three red–black Gauss–Seidel iterations (i.e., in which iterations progress through
the grid in a checkerboard fashion, which is easily vectorized). Most of the computation cost of the pressure
solver is in forming (15) and inverting [r] back to p.
Both of these computations are performed on local
nodes, and as such the method is well suited for the
distributed memory architecture.
In the treatment of Clark (1977) and Schumann et al.
(1987), block iterations were performed until | p y 2
p y 21 | had acceptably converged. After the termination
of the series of block iterations, f was set equal to the
current values of p, and the pressure-forcing terms,
pfx(p, p), pfy(p, p), and pfv (p, p) in (1)–(3) would be
calculated. These terms would then be used when calculating the advanced-time-level velocity components.
A simple measure of convergence was to monitor the
root-mean-square mass divergence error. This measure
has been the main test procedure used for this particular
model since inception.
b. Two-level pressure approach
A very simple modification to the procedures of Clark
(1977) and Schumann et al. (1987) is to retain f as a
field variable and to use it to calculate pfx(p, f), pfy(p,
f), and pfv (p, f). The reason for keeping f as a field
variable is that it can represent the previous time level
of p instead of simply representing a last iteration during
the current time step. This seemingly trivial modification to the block-iteration procedure assures that mass
continuity is satisfied to round-off error, provided that
one solves the two-dimensional Helmholtz equations to
round off. The root-mean-square mass divergence diagnostic is now used to monitor the accuracy of the
Helmholtz equation solutions. An immediate benefit of
this approach is a notable increase in model stability.
Using this two-level pressure technique, we have found
that for most experiments we can use a single block
iteration when solving the pressure (e.g., Clark et al.
1997, 2000).

c. Block iteration with metric filtering
A practical technique used with terrain-following-coordinate models is to filter the coordinate transformation
metrics (R. Meyer 1996, personal communication). This
means that only the metric terms associated with the
horizontal gradients of topography are filtered, that is,
ÏJJ 13 and ÏJJ 23 but not ÏJ. The original purpose of
considering metric filtering was to improve the model
stability. In the current applications, the filtered metrics
are used only on the pfx(p, f), pfy(p, f), and pfv (p,
f) pressure gradient terms so that neither (4) nor (5) is
directly affected by this approximation. Also, the treatment of diffusion terms is not affected, and so variables
continue to mix along horizontal surfaces when appropriate. Although the model can be run using metric filtering, its discussion in this paper is confined to how it
can be used as part of the pressure solver when multiple
block iterations are required.
Metric filtering is used as a method to obtain a solution to (14) using progressively decreasing metric
filtering with each block iteration. All terms in the
prognostic equations, including the pressure gradient
terms, use unfiltered values of ÏJJ 13 and ÏJJ 23 .
Again, the procedure is seemingly trivial: one may start
with metrics filtered using, say, five applications of a
filter. After the completion of the first block iteration,
these metrics are replaced with four applications of the
filter and so on until the last block iteration uses the
unmodified metrics. No attempt has been made to optimize this iteration procedure, but there certainly
seems to be room for future exploration. The full blockiterative method with metric filtering provides us with
a robust enough solver to treat grades in excess of
100% or 458 slopes.
Numerical derivations of the kinetic energy and associated pressure truncation errors are presented in appendix A. Appendix B presents the numerical form of
the pressure truncation errors for both the Clark (1977)
and a particular Bernardet (1995) formulation under the
simplified conditions when f 5 0 and r 0 (z) 5 constant.
3. Experimental design
A simple three-dimensional experiment of stable air
flowing over an east–west-oriented two-dimensional
ridge was chosen to test the performance of the twolevel pressure approach. Two cases were chosen. The
first used a constant-with-height wind of V 0 5 30 m s 21
directed normal to the ridge and with r(z) 5 1. The
second case allowed r to vary with height and used a
constant-with-height wind of 15 m s 21 . The potential
temperature u was taken as a constant between z 5 0
and 1 km. Above 1 km, a constant Brunt–Väisälä frequency of N 5 0.01 s 21 was applied. Above z 5 14
km, N 5 0.02 was used. The topography was taken as
a Gaussian-shaped ridge with a height of 6 and 3 km
for the first and second cases, respectively. A half-width
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of 30 km was used. There is nothing special about these
values other than that both experimental setups provided
solutions with intense lee-slope winds resulting from
gravity wave breaking. The horizontal spacing of the
model was 3.7 km, and so the ridge is well resolved.
The domain was taken as 444 km long in both the x
and y directions.
This experimental framework results in breaking
gravity waves causing the mean flow to amplify through
reflective resonance (Peltier and Clark 1979). The mean
flow speeds are amplified to over 100 and 45 m s 21 for
the first and second cases, respectively. These flows result in strong local pressure gradients that should provide a good test of the pressure solution techniques being assessed. Table 1 describes the basic experiments.
Experiments X1 and X5 represent the basic two-level
pressure case (using a single block iteration) for constant
and variable density, respectively. One can compare X1
(X5) with X2 (X4) to determine differences resulting
from using the two-level approach with a single block
iteration versus solutions with a fully converged pressure. The purpose of X3 is to assess the effect of using
metric filtering as part of the block-iteration process.
Experiments X2 and X4 are essentially the one-level
approach of Clark (1977) because the two pressures
have converged, which is why such a large value was
chosen for NBLOCK . To validate that X4 had converged,
experiment X6 was also performed in which the twolevel approach was replaced with the usual one-level
approach; that is, only the most recent calculated pressure was used in (1)–(3).
4. Results
a. Basic dynamics
Figure 1 shows u for experiments X1 and X2. Even
with r(z) 5 1, the flow results in breaking hydrostatic
gravity waves that amplify through reflection, leading
to intense winds of over 100 m s 21 (e.g., Peltier and
Clark 1979). There is also evidence of downstream nonhydrostatic resonant lee waves between z 5 0 and 6
km. The difference between experiments X1 and X2 at
either the early (t 5 10 min) or late (t 5 60 min) time
is negligible. Figure 2 shows the horizontal velocity for
X1 at t 5 10 and 60 min and the differences between
X2 and X1 at the same times. This figure shows y attaining maximum of 95 and 249 m s 21 at t 5 60 min,
whereas the maximum differences are 61.6 m s 21 . The
maximum differences at t 5 60 min occur primarily in
the wave-breaking region, where nonlinear effects are
largest. It is well known that nonlinear solutions with
slightly different initial conditions diverge with time.
The differences between X2 and X1 shown in Fig. 2
are not only small but are within the range one might
expect to result from predictability limits caused by nonlinear effects. For this reason, errors associated with the
kinetic energy budget are used to assess the relative
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magnitude of the two-level pressure technique. The
pressure truncation errors associated with the numerical
formulation of the equations can be used as a baseline
measure because these (as described in appendixes A
and B) are an inherent part of the terrain-following system. The erroneous rate of kinetic energy production
caused by the contribution from the two-level pressure
technique can be estimated using the converged pressure
from experiment X2 (p*) and the two pressures from
X1 (p, f) as
Dke 5 ũ[pfx( p*, p*) 2 pfx( p, f )]

x

1 ỹ [pfy( p*, p*) 2 pfy( p, f )]

y

j

1 w̃[pfz( p*, p*) 2 pfz( p, f )] ,

(16)

where ũ, ỹ and w̃ are defined in (A1). The results from
(16) will be shown in the next section.
A variant of experiment X1 was also attempted with
the two-level pressure technique turned off (i.e., using
the approach of Clark 1977) with a single block iteration
and was found to be numerically unstable. That particular experiment stopped after 57 time steps. These results indicate that the two-level pressure technique significantly improves numerical stability by ensuring that
mass continuity is satisfied.
b. Pressure truncation analysis
The kinetic energy source/sink terms described in appendix B are associated with truncation errors resulting
from the numerical approximation of the pressure gradient terms. As discussed earlier, these terms are always
zero for the analytical equations but are nonzero for the
numerically approximated equations where topography
is present. In the case of nonzero topography, G in (A3)
has finite values, and it is of interest, then, to assess its
magnitude to see whether it might represent a significant
source of energy and to see whether it differs substantially among different numerical formulations of the
equations. Because numerical instability is typically
dominated by the nonlinear terms, it seems unlikely that
these linear pressure truncation error terms would do
much more than lead to systematic errors.
Figure 3 shows the second-order pressure truncation
errors G for experiments X1 and X2 calculated using
(A3) and the two-level errors Dke using (16). We see
some differences between the G errors for the two-level
pressure case using a single block iteration (X1) and the
two-level case using 10 block iterations (X2) but only
at the early time of t 5 10 min when the flow is still
relatively transient. As the flow approaches steady state
at t 5 60 min these errors are nearly identical. The Dke
errors are between 5 and 10 times as small as the G
errors at both times. The spatial distribution of the Dke
differs considerably from that of the G errors because
they result from both the transient behavior of the flow
as well as from grid deformations resulting from the
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FIG. 1. The u for experiments (top) X1 and (bottom) X2. Times shown are 10 and 60 min. The contour interval is 8 K.

coordinate transformation, whereas the G errors mostly
reflect effects from grid deformations.
A comparison between X3 and X2 (not shown)
showed negligible differences, indicating that block iterations with metric filtering gave effectively the same
results as without for this case. Other experiments used
block iterations with metric filtering successfully for
much steeper topography (about 508), obtaining effectively converged solutions.
Figure 4 shows the pressure truncation errors for X1B
calculated a posteriori using (A3) and p from X1. At t
5 10 and 60 min, the errors resulting from the Bernardet

(1995) formulation (described in appendix A) are very
similar to those for X1 and X2. This particular experiment suggests there would be little advantage in converting the horizontal pressure gradient forcing to (B1),
which is cast in a nonconservative form with respect to
the conservation of momentum.
At t 5 60 min, the errors shown in Fig. 3 are near
their maximum amplitudes for the experiment. A rough
estimate of their impact can be made by considering
a trajectory passing through the positive region near
the surface for X1 at t 5 60 min. Assuming a width
of 10 km, a mean speed of 100 m s 21 , and an average
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FIG. 2. Horizontal velocity y for (top) X1 and (bottom) difference between X2 and X1 at t 5 10 and 60 min; D shown in each figure
denotes the contour interval, which is 8 and 0.08 m s 21 for the full and difference fields, respectively. The extreme values of y are (64.6,
10.8) and (95.2, 249.3) m s 21 at t 5 10 and 60 min, respectively. The extreme values of D y are (0.53, 21.25) and (1.66, 21.61) m s 21 at
t 5 10 and 60 min.

error of 0.06 W m 23 , the error in the wind speed would
be about 3.5 m s 21 . The source/sink region is narrow
and we would expect a similar deceleration to follow
as a result of the negative (nearly equal) contribution.
This error is still relatively small because of resolving
the mountain half-width with eight grid points. At lower resolutions, modelers might consider evaluating
these errors because they could seriously affect mountain–valley and/or flow separation calculations.

c. Variable-density case
Experiments X4 and X5 were performed to demonstrate the nature of the pressure truncation error terms
for vertically varying air density. The experiments were
modified by reducing the mountain height to 3 km and
the ambient wind speed to 15 m s 21 . The flow resulting
from experiments X1–X3 with constant density was unrealistically intense. The current experiment is much
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FIG. 3. Pressure truncation errors are shown from experiments (top) X1 and (middle) X2 (W m 23 ). The
time (min) and contour intervals D are shown in each plot. Solid is positive and dashed is negative. The
extreme values of G were (0.04, 20.03) and (0.03, 20.02) W m 23 at t 5 10 min for X1 and X2, respectively.
At t 5 60 min they were (0.13, 20.16) and (0.13, 20.16) W m 23 for X1 and X2, respectively. (bottom)
The Dke from (16) for X1. The extreme values of Dke are (0.0026, 20.0076) and (0.0028, 20.013) at t 5
10 and 60 min, respectively.
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FIG. 4. Pressure truncation errors for X1B. Contour interval is 0.008 and 0.031 W m 23 at t 5 (left) 10 and (right) 60 min, respectively.
The extreme values are 60.030 at t 5 10 and 60.12 at t 5 60 min.

closer to what one might expect in typical windstorm
simulations.
Figure 5 shows u for X4 at t 5 10 and 60 min,
showing the wave-breaking nature of the flow. Differences in u between X5 and X4 are negligible and are
not shown. A comparison between X6 and X4 showed
negligible differences, indicating that X4 represents a
converged solution. Figure 6 shows G for X4 and X5
and Dke using the converged p* from X4 and (p, f)

from X5. We see that the amplitudes of the G errors are
now much smaller when compared with those obtained
in experiments X1 and X2. In this case, the regions G
form narrow patches near the surface and are only one
or two grid points wide in the direction of the flow. An
estimated speed error resulting from these pressure truncation errors is about 1.4 m s 21 . This estimate assumed
an average error of 0.01 W m 23 over a distance of about
4 km where the wind speed is about 45 m s 21 , which

FIG. 5. The u from X4 at t 5 (left) 10 and (right) 60 min. The contour interval is 8 K.
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FIG. 6. The G from (top) X4 and (middle) X5 at t 5 10 and 60 min. The contour interval D(W m 23 ) for
G is 0.0005 and 0.002 W m 23 at t 5 10 and 60 min, respectively. The extreme values of G are 60.002 and
60.012 W m 23 at t 5 10 and 60 min, respectively. (bottom) The Dke for X5. The contour interval of Dke
is 0.0001 and 0.0004 at t 5 10 and 60 min, respectively. The extreme values of Dke are (0.000 054,
20.000 39) and (0.000 16, 20.0013) at t 5 10 and 60 min, respectively.
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FIG. 7. Extreme values of u, y , w, and form drag vs time for experiment X4 (thick lines) and for the differences between X4 and X5
multiplied by a factor of 25 (thin lines). The form drag differences are presented as absolute values.

corresponds to the strong positive region of error at t
5 60 min. This represents an error of about 3.1% that
is similar to the earlier estimates of 3.5%. As in the
previous section, the Dke errors are again between 5
and 10 times as small as the G errors, which are an
inherent part of the terrain-following coordinates.
Figure 7 shows the extreme values of u, y , w, and
form drag versus time for experiments X4 and X5. The
extremes are shown for X4 (heavy lines), whereas differences between X4 minus X5 multiplied by a factor
of 25 are shown as thin lines. The differences for y , w,
and form drag reach their maximum amplitudes during
the early transient stage and asymptotically approach
zero as the solutions approach steady state. Because the
experimental design is a 2D–3D experiment with mean

flow in the y direction, the values of u become significant
only after round-off error excitation and nonlinear interactions lead to the development of the u component
of flow. At about t 5 50 min we see a significant increase
in the magnitudes of u as a result of gravity wave breaking and developing nonlinearities.
5. Conclusions
One case chosen to evaluate the two-level pressure
technique was that of constant-density stable air flowing
over a 6-km-high Gaussian-shaped ridge. This flow
evolved into extremely severe winds, probably well beyond anything that might occur naturally. The ambient
winds of 30 m s 21 were amplified to over 110 m s 21

Unauthenticated | Downloaded 01/09/23 09:39 AM UTC

JULY 2003

981

CLARK

through the effects of wave breaking. A second case
was chosen in which air density varies in the vertical.
The mountain height was reduced to 3 km and the ambient flow to 15 m s 21 . This case produced strong winds
of about 45 m s 21 , more in line with naturally observed
cases.
All comparisons indicate that the two-level pressure
technique added considerable numerical stability and
accuracy to the model. The increased numerical stability
was argued to be a direct result of the two-level pressure
technique, guaranteeing that the mass-continuity constraint is satisfied to effectively minimize round-off error irrespective of how many block iterations are performed. This has the effect of minimizing some of the
important nonlinear energy sources that can lead to numerical instability in the presence of finite-amplitude
mass divergence in the anelastic system. The typical
application of this kind of anelastic model requires only
a single block iteration. This means that the cost of
solving the diagnostic pressure equation is effectively
that of using a direct solver. This type of procedure is
particularly well suited to the MPI environment because
the majority of the computational effort is performed
on the vertical dimension reduction that is parallelized
in a manner equivalent to the hyperbolic (or forward
marching) portion of the code. The only special data
transfer required for the pressure solution is confined to
the treatment of the horizontal Helmholtz equations. The
two-level pressure approach would seem counterproductive for iterative schemes because its application
would require iteration to an acceptable level of convergence on the matrix block rather than on the full
operator.
The magnitude and distribution of the errors were
evaluated and shown, for the constant-density case, to
be relatively small because the mountain was well resolved. In this calculation a local error estimate of about
3.5 m s 21 for a wind speed of 100 m s 21 was estimated.
The error estimate for the variable-density case was 1.4
m s 21 for a maximum wind of about 45 m s 21 , representing a 3.1% error. The errors resulting from the twolevel pressure technique were found to be between 5
and 10 times as small as the second-order numerical
errors G in the terrain-following system. Although the
G errors were relatively small for the well-resolved topographic cases presented, these errors are large enough
that numerical modelers studying mountain–valley circulations and/or flow separation in complex topography
might consider evaluating their impact, particularly
when the mountains are poorly resolved. The pressure
truncation error analysis presented in appendix A might
be particularly appropriate when mountains are approximated using a minimal number of grid cells. Also, the
differences in G errors between model formulations
could be sufficient to account for the level of differences
found in the model comparison study of Doyle et al.
(2000). A simple method of evaluating the G errors was
presented in appendix A.

Numerical models attempt to conserve quantities,
such as momentum and kinetic energy, for purposes of
accuracy of the model budgets. However, stability is no
guarantee of accuracy. Numerous derivations of the
pressure gradient terms have been proposed using Taylor series analysis in Cartesian coordinates to determine
the most accurate formulation of the gradient term to
apply in the transformed system without evaluating the
effect on the kinetic energy budget (or other moments
of the system). The final error for the kinetic energy
budget is a result of all the coupled terms, which include
the horizontal and vertical pressure gradients, the numerical formulation of the relation between the Cartesian and transformed velocity components, mass continuity, and the time-stepping procedure. A study that
might prove worthwhile would be to use the method
described in appendix A to evaluate the conservative
properties of schemes such as those proposed by Mahrer
(1984) and others. Another study that might be worthwhile is to explore improved formulations of the horizontal pressure gradients that might lead to reduced G
errors. Such an analysis must, of course, be performed
in the transformed system of coordinates.
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APPENDIX A
Pressure Sources and Sinks of Kinetic Energy
The source/sink terms associated with the pressure
are found by premultiplying (1), (2), and (3) by ũ, ỹ,
and w̃, respectively, where ũ, ỹ, and w̃ are defined as
ũ 5 (u t 11 1 ut 21 )/2,

ỹ 5 (y t 11 1 y t 21 )/2, and
w̃ 5 (wt 11 1 wt 21 )/2,

(A1)

where t is the time index (t 5 tDt). The resulting kinetic
energy equation is

d2t (q 2 /2) 1 ADV(ke)

[

5 2 d x 1ũÏJp
j

x

y

2 1 d 1ỹ ÏJp 2 1 d 1 ÏJ
y

j

j

]

ṽ p j 2

j

1 g ṽ p j u * 1 G,

(A2)
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where q 2 5 r x u 2 1 r y y 2 1 r j w 2 . The first bracketed
term on the right-hand side of (A2) represents energy
transport, the second term represents the kinetic-to-convective conversion term, where u* 5 u9/u is the buoyancy, and G represents the pressure truncation error
sources resulting from the coordinate transformation.
Because of the complexity of the pressure truncation
error terms, G is usually calculated simply as
x

y

G 5 ũpfx 1 ỹ pfy 1 w̃pfz
1 3d x 1ũÏJp

x

j

2 1 d 1ỹ ÏJp 2 1 d 1 ÏJ
j

y

j

x

j

x

5 2ÏJ d x ( p) 2 ÏJ ÏJJ

13

x

j

1 dj p/ ÏJ 2

(B1)

and
j

d2t 1 ÏJ w2 1 FZ 5 2dj ( p)

ṽ p j 24 ,
(A3)

where the form of the square-bracketed term depends
on the numerical form of the pressure gradient terms.
It is important to note that G → 0 as Dx, Dy, and D j
→ 0. ADV (ke) in (A2) represents the nonlinear advection and mixing terms. Using (A3), different numerical formulations of the equations can be assessed.
Forms for both the Bernardet (1995) and the current
formulation are derived for the simplified conditions of
f 5 0 and r 0 (z) 5 constant in appendix B. This analysis
is different from previous papers, such as Mahrer
(1984), in which accuracy is assumed to result from a
precise matching of the gradient terms to Cartesian
space interpolations for which the effects of other contributing terms are not considered.
A significant source of kinetic energy comes from the
nonlinear advection terms in the momentum equations
when the mass divergence D has finite values. The form
of these terms is

1

x

d2t 1ÏJ u2 1 FX

(B2)

for the momentum,
y

x
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2

x
u2 x
x
E(D) 5
D 1 uD u D
2

1 similar y and z direction terms,

(A4)

where D u 5 Dt 2 /2d tt u.
Probably the main reason for the increased stability
of the model when we use the two-level pressure scheme
is that D approaches zero, to round-off error limits, and
the source terms in (A4) effectively vanish.
APPENDIX B
Numerical Forms of the Pressure
Truncation Errors
Bernardet (1995) evaluated the numerical form using
Hamiltonian principles. As a result, the forms he obtains
represent ideal cases for reference comparison. His recommended numerical forms correspond to nonconservative pressure gradient terms that would probably be
inappropriate for application using the two-level pressure technique. The numerical form in two dimensions
of his equations is taken as

j

x

ÏJ v 5 w 1 ÏJJ 13 ÏJ u

j

x

@ ÏJ

j

(B3)

for the relation between v and Cartesian u and w [which
is identical to (5) but for constant density], and
j

x

d x 1 ÏJ u2 1 dj 1 ÏJ v2 5 0

(B4)

for the anelastic mass continuity, where constant density
and zero Coriolis force were assumed. The corresponding kinetic energy equation is found as
x
j
d2t q 2
1 · · · 5 2d x 1uÏJ p x 2 2 dj 1v ÏJ p j 2
2

1

[
[

x
dj p
Dz 2
dj ÏJJ 13dj 1 ÏJ u2
j
4
ÏJ
x

x
dj p
Dx 2
2
d x ÏJ uÏJJ 13d x
j
4
ÏJ

1 2

]
j

]

. (B5)

The Bernardet error terms were also calculated using
(A4) but using the velocity pressure quadrature leading
to (B5). To round-off level, the errors were found to be
identical to those presented in (B5). Formulations with
significantly reduced errors can be obtained using a fully
generalized transformation in which the grids are numerically generated (e.g., Sharman et al. 1988).
When the Clark (1977) formulation is revised to use
(B3) instead of (5), we obtain the kinetic energy equation

d2t q 2
1 ···
2
5 2d x 1uÏJp
1
2

x

2 2 d 1v ÏJ
j

j

p j2

x
Dz 2
Dx 2
dj 1 ÏJJ 13 dj pdj u x 2 2
d (ud ÏJJ 13d x p)
4
4 x j

j
j
Dx 2
Dx 2 x
dx udx 1 ÏJJ 13dj p x 2 2
u dx 1 ÏJJ 13dxj p 2 ,
4
4
(B6)

where the first two error terms are similar to those in
(B5) but the last two are extra nonconservative terms.
The two-level pressure error terms are simply those in
(B6) plus the extra nonconservative term
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x

d2t q 2 /2 1 · · · 5 · · · 1 udj (ÏJJ 13 Dp ) ,

(B7)

where Dp 5 p 2 f.
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