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ABSTRACT
A simple soil heat transfer model is used together with an adaptive Kalman filter to estimate the daily averaged
soil volumetric water contents from diurnal variations of the soil temperatures measured at different depths. In
this method, the soil water contents are estimated as control variables that regulate the variations of soil temperatures at different depths and make the model nonbiased, while the model system noise covariance matrix
is estimated by the covariance-matching technique. The method is tested with soil temperature data collected
during 1–31 July 2000 from the Soil Water and Temperature System (SWATS) within the Oklahoma Atmospheric
Radiation Measurement (ARM) central facilities at Lamont. The estimated soil water contents are verified against
the observed values, and the rms differences are found to be small. Sensitivity tests are performed, showing
that the method is reliable and stable.

1. Introduction
Soil moisture often plays a critical role in regulating
small-scale and mesoscale moist processes, especially,
when the vegetation cover and soil texture exhibit significant variability over these scales (Deardorff 1978;
McCumber and Pielke 1981; Ek and Cuenca 1994). To
date, there exists no simple and reliable method to estimate soil moisture on an operational basis (Ungar et
al. 1992). For research purposes, however, different approaches were developed in recent years to estimate soil
water content. For example, a first-order autoregressive
Markovian model was formulated based on soil water
transport and hydraulic budget to estimate soil water
content and to compute the mean diffusivity of soil
moisture (Parlange et al. 1992). Remotely sensed data
were widely used to estimate water content (Starks and
Jackson 2001; Mancini et al. 1999). Multiple-scale variations of surface soil moisture were also taken into
consideration in hydraulic-budget studies and estimations (Parlange et al. 1993; Cahill et al. 1999; Montaldo
and Albertson 2003). Aside from the previously mentioned hydraulic budget models, by using equations of
an air–vegetation–soil layer coupled model as constraints, a variational method has been recently develCorresponding author address: Dr. Qin Xu, National Severe
Storms Laboratory, 1313 Halley Circle, Norman, OK 73069.
E-mail: Qin.Xu@noaa.gov

oped to compute sensible and latent heat fluxes from
conventional observations obtained at meteorological
surface stations (Zhou and Xu 1999, henceforth referred
to as ZX99). As an extension of the method of Xu et
al. (1999), this method can retrieve the top-layer soil
water content and surface skin temperature as byproducts. The retrieved soil water content can be reliable
only in daytime. The air–vegetation–soil layer coupled
model used in Xu et al. (1999) and ZX99 is a diagnostic
model that did not include the time dimension, so the
time tendency information in the soil temperature measurements is not utilized. This leaves some opportunities
for further improvements. Toward this end, a simple
linear-regression method was developed by Xu and
Zhou (2003) to retrieve daily averaged soil water content from diurnal variations of soil temperature measured at three or more depths. However, since the random part of the observation error was mixed into the
random part of the equation error in their linear-regression equation, the total random error was large and not
controlled. To improve the retrievals, it is necessary to
model the random part of the equation error statistically
(essentially the error covariance). This requires an advanced method, such as the adaptive Kalman filter
(Mehra 1972). This is the motivation of this study.
In general, the soil temperature is assumed to obey a
simple heat transfer equation (Hillel 1980; Koorevaar
et al. 1983; Campbell 1985). In this equation there are
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two important parameters: the soil heat capacity and
thermal conductivity. For a given soil texture, the soil
heat capacity and thermal conductivity depend mainly
on the soil water content and are monotonic functions
of soil water content. Since the soil water content changes very slowly over a day’s period except for a heavyrain day, the soil water content can be represented by
its daily average in terms of its effects on the soil heat
capacity, thermal conductivity, and the diurnal variations of soil temperature. For a given vertical distribution of soil water content on a day, the soil heat transfer equation can be integrated with the observed initial
and boundary conditions to predict the diurnal variation
of the vertical distribution of soil temperature. This is
the forward problem. The associated inverse problem
is to estimate the daily averaged vertical distribution of
soil water content from observed diurnal variations of
soil temperatures at different depths. Since there is no
prior information about the model system noise (the
random part of the system error) and this noise causes
an uncertainty when the model is integrated in time, an
adaptive Kalman filter (Mehra 1972) is constructed and
used to deal with this uncertainty as well as random
errors in the initial condition and observations in order
to make good use of the available soil temperature observations. Because soil water contents are unknown
parameters and the system noise is not known either,
the covariance-matching technique (Mehra 1972) is
used in this paper to estimate the statistics of the system
noise. The model equation and method are described in
the next section. Section 3 presents the results of the
method applied to data collected by Soil Water and Temperature System (SWATS) at the Oklahoma Atmospheric Radiation Measurement Program–Cloud and Radiation Test Bed (ARM–CART) central station. The results
are summarized with conclusions in section 4.

functions of soil water content and soil texture. For the
soil heat capacity, the function form is

2. Model equation and method

b. Discrete model and Kalman filter

a. Model equations

The soil heat transfer equation is discretized by the
finite-volume method (Versteeg and Malalasekera
1995). The vertical domain is divided into discrete control volumes with the grid points placed at the measurement depths, and so the modeled soil temperatures
can be directly compared with the observed. In this
method, each internal grid point is surrounded by a control volume whose boundaries are located halfway to
the adjacent grid points. Thus, the soil temperature at
each grid point represents the averaged value over its
control volume and the heat fluxes are at the boundaries
of the control volume. The soil heat transfer equation
is then discretized into the following form:

The vertical heat transfer process in the soil can be
described by the following equation (Hillel 1980):
C(w)

dT
d
dT
5 D(w) ,
dt
dz
dz

(1)

where T is the soil temperature, w is the soil water
content (measured by volume: m 3 m 23 ), C(w) is the
volumetric soil heat capacity, D(w) is the soil thermal
conductivity, and z is the vertical coordinate (distance
from the surface, positive downward). The heat transfer
process in the soil can be affected by plant roots, liquid
water and water vapor movements, water phase changes
and associated hysteresis in the soil (de Vries 1975;
Milly 1982). The effects of these physical processes on
heat transfer are often too complex to quantify and too
subtle to detect, and so they are all neglected in (1).
The soil heat capacity and thermal conductivity are

C(w) 5 r s c s (1 2 k a ) 1 r w c w w 1 r a c a (k a 2 w),

(2)

where k a is the soil porosity (m m ); r s , r w , and r a
are the densities; and c s , c w , and c a are the specific heat
capacities for soil, liquid water, and air, respectively.
The value of r s c s depends on the soil type (see Table
11-5 of Pielke 1984), r w c w 5 4.18 3 10 6 J m 23 K 21 ,
and r a c a 5 1.2 3 10 3 J m 23 K 21 . Because the air heat
capacity is much smaller than the soil and water heat
capacity, the term associated with the air heat capacity
can be neglected and (2) reduces to
23

3

C(w) 5 r s c s (1 2 w s ) 1 r w c w w,

(3)

where w s (5k a ) is the saturated soil volumetric water
content. According to Al Nakshabandi and Kohnke
(1965) and McCumber and Pielke (1981), the soil thermal conductivity (m 21 K 21 ) can be related to w by the
following empirical expression:
D(c)
5

5

418 exp(2log 10 | c | 2 2.7) for log 10 | c | # 5.1
0.17
for log 10 | c | . 5.1,
(4)

where c is the soil water potential representing the work
required to extract water from the soil against capillarity
and gravity (cm). It is defined by

c 5 cs

2b

1 2
w
ws

,

(5)

where c s is the saturated soil water potential, and b is
the pore size distribution index constant (Clapp and
Hornberger 1978; also see Table 11-5 of Pielke 1984).

C i (T in 2 T in21 )
(G
2 G i21/ 2 )
5 2 i11/ 2
,
Dt
(Dz i 1 Dz i11 )
i 5 2, 3, . . . , m 2 1,

(6)

where Dt is the time step, superscript n denotes the nth
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time level, Dz i is the vertical distance between the grid
points z i and z i21 , m is the total number of measurement
depths, and
G i21/ 2 5 D i21/ 2 (T ni 2 T n21
and
i21 )/Dz i

(7)

n21
G i11/ 2 5 D i11/ 2 (T i11
2 T in )/Dz i11

(8)

are the heat fluxes (positive upward: W m 22 ) at z i21/2 and
zi11/2 , respectively.
For the data used in this paper, the measurement time
interval is relatively large (D t 5 1 h as described in
section 3a). To ensure the stability and accuracy of the
time integration and to facilitate the Kalman filter formulation, a proper integer Dn (512) is selected to give
a sufficiently small value for Dt 5 D t/Dn (5300 s).
Boundary values of T at points i 5 1 and i 5 m are
given by the measurements and their linear interpolations (to the model time levels). Since the method used
in (6)–(8) is locally implicit (Viterbo and Beljaars 1995)
and the forward time level nDt is associated only with
point i, the earlier difference equations can be written
into the following vector form:
T n 5 FT n21 1 BU n21 .

(9a)

Here, F is the model operator—a matrix of (m 2 2) 3
(m 2 2) whose elements are functions of the soil texture
and soil water content, T n is a vector of m 2 2 dimensions representing the soil temperature profile at time
nDt, B is the boundary forcing operator, which is an (m
2 2) 3 2 matrix, and U n21 is a two-dimensional vector
whose elements are given by the observed boundary
values or their temporal interpolations at time (n 2 1)Dt.
Integrating (9a) by Dn (512) steps gives the following
forward equation over one observation time interval D t
5 DnDt:
T n 5 AT n2Dn 1

O

F n921BU n2n9 ,

(9b)

where A 5 FDn and the summation S is over n9 from 1
to Dn.
The model system in (9b) is assumed to be unbiased
but is not free of random errors. The true state vector
evolves according to
t
T kt 5 AT k21
1 Bk 1 qk .

(10)

Here, T tk denotes the true state vector at t 5 kD t 5
kDnDt, that is, the kth observation time level or, equivalently, the kDnth model time level; B k represents the
last term in (9b), that is, S F n921 BU n2n9 with n 5 kDn;
and q k is a random vector of (m 2 2) dimensions representing the system noise at t 5 kD t. The system noise
takes account of errors in the model and boundary conditions.
As in the conventional Kalman filter (Jazwinski
1970), a predictive equation for the probabilistic mean
of T tk can be derived from the statistical mean of (10).
The result is
T kf 5 AT ak21 1 B k ,

(11)

where T kf and T ak denote the predicted and analyzed state
vectors at time kD t, respectively. Denote by P kf and
P ak the error covariance matrices associated with the state
vectors T kf and T ak , respectively. An equation for the
error covariance propagation can be derived from the
second-order statistical moment of the difference equation obtained by subtracting (11) from (10). The result
is
P kf 5 AP ak21AT 1 Q k ,

(12)

where Q k is the model system noise covariance matrix
defined by the second-order statistical moment of q k and
( )T denotes the transpose of ( ). For simplicity, it is
assumed in the derivation of (12) that q k is not correlated
in time and is independent of observation errors and,
consequently, not correlated with errors in the analysis
obtained at the previous (k 2 1)-th time level.
The observation vector, denoted by Y k , is related to
the true state by
Y k 5 H kT kt 1 e k 5 T kt 1 e k ,

(13)

where H k is an m 0 3 m matrix representing the observation operator and e k is a vector of m 0 dimensions
representing unbiased observation error at the kth time
level. As mentioned earlier, the model grid is chosen to
coincide with the measurement points to avoid interpolation errors, and so the observation matrix H k reduces
to a unit matrix of rank (m 2 2), denoted by I. This
condition (H k 5 I) is used in the second part of (13).
The optimal analysis of the state vector is given by
T ak 5 T kf 1 K k (Y k 2 T kf ),

(14)

where Hk 5 I is used, Kk is the Kalman gain defined by
K k 5 P kf (P kf 1 R k ) 21 ,

(15)

and R k is the observation error covariance, an m 0 3
m 0 matrix, at the kth time level defined by the secondorder statistical moment of e k . As the error is reduced
in the analysis, the analysis error covariance matrix is
updated by
P ak 5 (I 2 K k )P kf .

(16)

Integrating the preceding equations requires Q k and
R k be known at each time level and the initial values
T a0 and P a0 be given. The specifications of these matrices
and related assumptions are described as follows.
1) SYSTEM

NOISE COVARIANCE

Qk

The system noise includes all unknown influences. It
is the collection of random errors due to all simplifications and assumptions made in the model as well as
the uncertainties in the parameters (such as the soil heat
capacity and thermal conductivity) and the boundary
conditions. In this paper, the system noise is assumed
to be a multidimensional Gaussian white process and
thus, can be completely characterized by the mean value
and covariance matrix. Consequently, if a model is not
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biased, the mean value of the system noise will be zero.
Because the system noise represents all influences not
modeled for the given time level, its covariance matrix
Q k is a measure of the uncertainty of the model. Its
elements can be regarded as parameters belonging to
the model. These elements will be called the stochastic
parameters (Van Geer et al. 1991), to distinguish them
from the soil parameters in the matrices A and B, which
can be interpreted physically as the variability of the
system. Depending on the dimension of the model variable space versus the dimension of the observation variable space, various approaches have been developed to
calculate the system noise covariance (Cahill et al. 1999;
Cane et al. 1996; Van Geer et al. 1991). In this study,
however, the dimensions of the two spaces are not only
equal but also very small, and so the covariance-matching technique can be used directly [see (21)].
2) OBSERVATION

ERROR COVARIANCE

Rk

The observation errors are assumed to be zero-mean,
noncorrelated, and independent of the system noise, so
R k reduces to s 2I where s 2 is the observation error
variance. The observation errors are generally very
small in comparison with the other sources of uncertainty, and s 2 5 0.001 K 2 is used in this paper (see
section 3b).
3) INITIAL

VALUES

T a0

AND

c. Adaptive Kalman filter and covariance matching
The parameters to be estimated are the daily averaged
soil water contents at the m different depths (contained
in the matrices A and B) and the stochastic parameters
(contained in the matrix Q k ). During the estimation time
window, the system noise covariance matrix Q k is assumed to be constant, and so Q k can be denoted by Q.
Besides, a fixed measurement strategy (H k 5 I and R k
5 s 2I) holds. As the influence of the initial condition
diminishes, all covariance matrices become independent
of time. With these assumptions, the soil water contents
and the stochastic parameters can be estimated as follows.
1) SOIL

v k 5 Y k 2 H kT kf 5 Y k 2 T kf ,

WATER CONTENTS

It is known from Kalman filter theory that the innovation sequence produced by an optimal filter should
be Gaussian white noise with a zero mean, while the
innovation is a vector defined by

(17)

where H k 5 I is used. This implies that for an unbiased
model the soil water contents can be estimated by adjusting their values to minimize the absolute value of
each component of the sample mean of the innovation
sequence vectors calculated by
v5

1N2 O v ,
1

(18)

k

k

where the summation S k is from k 5 1 to N while N is
the total number of observation time levels for the 1day period of the estimation time window.
2) STOCHASTIC

PARAMETERS

The system noise statistics are difficult to estimate in
most practical situations. Incorrect a priori statistics in
the design of a Kalman filter can lead to large estimation
errors or even to a divergence of errors. The covariancematching technique is a very useful method to tackle
this problem as it can estimate the statistics of system
noises from the observed soil temperatures. The basic
idea behind the covariance-matching technique is to
make the residuals consistent with their theoretical covariance (Mehra 1972). For an optimal filter, the innovation sequence vector v k should have the following
theoretical covariance:

P a0

Because the influence of these initial values will diminish gradually, it does not matter much whether those
two initial values can be precisely given. In this paper,
Ta0 is given by the observation and P a0 is simply set to
be the same as Rk 5 s 2I at the initial time t 5 0.

VOLUME 43

X 5 P f 1 R,

(19)

where H k 5 I is used. If the actual covariance of v k is
much larger (measured by the absolute norm) than the
theoretical covariance X, then the system noise Q should
be increased. This has the effect of increasing P f and
bringing the actual covariance of v k closer to X. The
actual covariance of v k is approximated by its sample
covariance:
S5

1N2 O (v 2 v)(v 2 v) ,
1

T

k

k

(20)

k

where the summation S k is as in (18) and ( )T denotes
the transpose of ( ). An equation for Q is obtained by
setting X 5 S, which gives
S 5 AP aAT 1 Q 1 R.

(21)

Since H is set to a unit matrix of rank (m 2 2), (21)
can give a unique solution for Q. However, since the
true value of Q is unknown, the computed P f and P a
may not represent the actual error covariances. Because
of this, the stochastic parameters have to be calibrated
until the sample covariance matrix S does not differ
significantly from the Kalman filter covariance matrix
X. On the other hand, the sample mean in (18) and
sample covariance matrix in (20) both depend on the
estimated soil water contents as well as Q. Hence, the
soil water contents and Q have to be estimated itera-
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TABLE 1. Means and standard deviations of hydraulic parameters in (5) for three types of soil texture at six measurement depths.
Cs

b

ws

Depth
(cm)

Class

Mean

Std dev

Mean

Std dev

Mean

Std dev

5, 15
25
35, 60, 85

Silt loam
Clay
Clay loam

5.30
11.40
8.52

1.72
3.93
3.74

78.6
40.5
63.0

2.4
3.9
5.2

0.485
0.482
0.476

0.054
0.035
0.054

tively. The iterative procedure consists of the following
four basic steps:
Step 1. Start with a first guess of the system noise
covariance matrix, say, given by q ij(0) 5 0.01
exp(20.28Dz ij ) where q ij(0) is the ijth element of Q (0)
and Dz ij is the vertical distance between the ith and
jth grid points, and with a first guess of the soil
water content vector, denoted by w (0) and given,
for example, by the wilting-point values. Integrate
(11) and (12) forward with P ak updated by (16).
Step 2. Substitute the computed T kf and the observation Y k into (17)–(18) to compute the innovation
sample mean. The result is denoted by v (0) . If an
element of v (0) is larger (or smaller) than zero, then
the corresponding element of w (0) is adjusted by a
small percentage (3%) increase (or decrease). If the
adjusted element is adjacent to one of the two
boundary points, then the element at the two
boundary point is also adjusted by the same percentage. Use this adjusted vector, denoted by w (1) ,
in place of w (0) to repeat the integration of (11) and
(12) in step 1 and recalculate the innovation sample
mean v (1) .
Step 3. Denote by w i(0) and y i(0) the ith components of
w (0) and v (0) , respectively, and by w i(1) and y i(1) the
ith components of w (1) and v (1) , respectively. Denote by [w i(2), 0] the zero point of the linear function
that passes through the ith pair of points: [w i(0),
y i(0)] and [w i(1), y i(1)]. Calculate w i(2) by linear interpolation. Use the vector composed of w i(2), that is,
w (2) in place of w (1) to repeat the integration in step
1 and recalculate the innovation sample mean v (2)
in step 2. Use the L1 norm defined by \ v (0) \ 1 5 S i
| y i(0) | as a measure of smallness of v (0) , where the
summation S i goes through all the internal grid
points. If \ v (0) \ 1 $ \ v (1) \ 1 (or \ v (0) \ 1 , \ v (1) \ 1 ),
then pair w (2) with w (1) [or w (0) ] to repeat the linear
interpolation and related procedures until the absolute norm of the innovation sample mean reaches
a minimum. This completes an inner loop of the
iterations, and the procedure enters an outer loop
in step 4.
Step 4. In the above procedure, P ak is updated by (16)
and becomes stationary as soon as k . 2. Thus,
P ak can be denoted by P a and substituted into (21),
while S is computed from (20) by using v k computed in step 3. The system noise covariance matrix
is then estimated from (21) and denoted by Q (1) .
The difference between Q (1) and Q (0) is measured

by the L1 norm: \ Q (1) 2 Q (0) \ 1 5 max j S i | q ij(1) 2
q ij(0) | . If \ Q (1) 2 Q (0) \ 1 # 10 24 , then the estimated
Q (1) is acceptable and the outer loop of the iterations
is completed and so is the entire iterative procedure. Otherwise, replace Q (0) by lQ (1) 1 (1 2
l)Q (0) and return to step 3, where l is between 0
and 1.
When the above procedure is applied to real data (see
the next section), the system noise covariance matrix
estimated by the covariance-matching technique often
undergoes strong variations in the first few outer loops.
In this case, the estimated Q from (21) does not represent
the real covariance matrix. To prevent the divergence,
l should be less than 1 and l 5 0.6 is used in this
paper. Without precipitation, the soil water contents
change slowly and thus the estimated values for the
previous day can be used as an initial guess for the next
day. In this case, the iterative procedure will converge
quickly. For the first day or a rainy day, however, there
is no such good first guess, and so the procedure takes
a relatively large number of iterations to converge. Nevertheless, because the daily variations of soil water contents are not large and the number of the grid points is
small, the iterative procedure never fails to converge
for the case presented in the next section.
3. Applications
a. Description of the data
The data used in this paper were collected hourly at
two (east and west) sites within the Oklahoma ARM–
CART central facilities at Lamont during 1–31 July
2000. These two sites are only 1 m apart from each
other and are both located under pasture on a broad
hilltop, where the soil texture changes with depth gradually from silt loam in the surface layer, to clay in the
middle layer, and to clay loam in the bottom layer (see
the first two columns of Table 1). Below the bottom
layer, a layer of sandstone begins at the depth of 88 cm.
The weather was not calm during July 2000 and heavy
rainfalls were recorded on 2, 11, 21, and 27 July by the
ARM–CART central facilities at Lamont. In summer
2000, a new calibration was developed for each SWATS
to ensure proper measurements for wet soil. During July,
the soil at Lamont two times experienced sudden wetting
(due to heavy rainfalls) and then gradual drying processes. As the soil water contents changed a great deal,
the data collected over this month should represent a

Unauthenticated | Downloaded 07/24/21 08:41 PM UTC

384

JOURNAL OF APPLIED METEOROLOGY

VOLUME 43

TABLE 2. Estimated system noise variances (Var) and innovation sample means (v) with two different settings of s 2 on a typical rainy
day (4 Jul 2000).
Depth
(cm)

s 2 5 0.001 (East)

s 2 5 0.003 (East)

s 2 5 0.001 (West)

s 2 5 0.003 (West)

Var

Var

Var

Var

15
25
35
60

0.0017
0.0015
0.0046
0.0037

v
20.033
0.048
20.003
20.051

0.0009
0.0003
0.0034
0.0028

v
20.034
0.061
0.009
20.064

broad range of situations and, thus, was selected for
study.
At each site, a Soil Water and Temperature System
(SWATS) was installed to measure both soil temperature
and soil water at the depths of 5, 15, 25, 35, 60, and
85 cm using the Campbell Scientific 229-L heat dissipation matric potential sensors (Reece 1996) arrayed
vertically into the soil. The twin profiles at the two sites
provided operational redundancy, as well as an indication of spatial variability over 1-m horizontal separation. To assess the quality and accuracy of SWATS
soil water measurements, Schneider et al. (2003) compared the SWATS measurements with those sampled by
the benchmark oven-drying method. The assessed accuracy was about 0.05 m 3 m 23 in terms of rms error.
Since 132 benchmark measurements were sampled
within 5 m of the SWATS instruments for the comparison, their assessed rms error (0.05 m 3 m 23 ) included
both the measurement error and sampling error. When
the SWATS soil water data are used in this paper to
verify the estimated soil water contents, which are the
control-volume averaged values (see section 2b), the
data also contain both (measurement and sampling)
types of error. The total observation (measurement plus
sampling) error could be very close to the value (0.05
m 3 m 23 ) assessed by Schneider et al. (2003).
The soil temperatures were measured accurately within 0.1 K by SWATS thermocouples. Note that the observation operator has been set to an unit matrix (H k 5
I) in sections 2b,c. This means that the input soil temperatures are treated as the control-volume averaged values, so they contain both types of error (measurement
and sampling). The sampling error could be much smaller than the measurement error provided the spatial variations of soil temperature were very small within a
control volume. Since no information is available to
quantify the sampling error, in the next section the observation error variance in the adaptive Kalman filter

0.0251
0.0093
0.0014
0.0015

v
0.029
20.117
0.058
20.079

0.0238
0.0080
0.0009
0.0004

v
0.034
20.107
0.097
20.139

will be specified purely based on the instrument accuracy.
b. Sensitivity tests
It is assumed in (13) that the temperature observation
errors are random and unbiased. Small biases in the
temperature observations were possible, but they should
have nearly no impact on the estimated soil water contents. As indicated by (6) and (7), the soil water contents
are related to the temporal and spatial differences of soil
temperature which are insensitive to biases in the soil
temperature observations (as the biases are largely eliminated by differencing). This explains why small biases
in the temperature observations can be neglected (also
as verified by our numerical experiment not shown in
this paper). Thus, only the random part of the temperature observation errors will be considered for the sensitivity tests in this section.
Because the soil temperatures were measured by the
thermocouple automatically at each SWATS site and the
thermocouple is stable and accurate to 0.1 K, the standard deviation of measurement errors should be about
0.05 K or smaller. Since the sampling error can be neglected (as explained in the previous section), the observation error variance s 2 should be close to 0.001 K 2
or, at least, smaller than 0.003 K 2 . Numerical experiments are performed to examine the sensitivities of the
estimates to the variation of s 2 from 0.001 to 0.003 K 2 .
It is found that the variation of s 2 affects the estimated
Q and v but has almost no influence on the estimated
soil water contents. The estimated system noise variances (that is, the four diagonal elements of Q) and
innovation sample means (that is, the four elements of
vector v ) obtained with the two different settings of s 2
5 0.001 and 0.003 K 2 are listed in Table 2 for a typical
rainy day (the 4th) and in Table 3 for a typical dry day
(the 18th) during July 2000. In each table, the four col-

TABLE 3. As in Table 2 but for a typical dry day (18 Jul 2000).
Depth
(cm)

s 5 0.001 (East)

s 2 5 0.003 (East)

s 2 5 0.001 (West)

s 2 5 0.003 (West)

Var

Var

Var

Var

15
25
35
60

0.0082
0.0079
0.0109
0.0088

2

v
20.024
0.067
0.028
20.037

0.0069
0.0067
0.0095
0.0075

v
20.029
0.069
0.033
20.041

0.0154
0.0094
0.0028
0.0019

v
0.010
20.083
0.043
20.070

0.0107
0.0081
0.0018
0.0008

v
0.016
20.074
0.075
20.107
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TABLE 4. Differences between the observed and estimated soil water contents with three different settings of hydraulic parameters on a
typical rainy day (4 Jul 2000).
Errors for the east site

Errors for the west site

Depth

Case 1

Case 2

Case 3

Case 1

Case 2

Case 3

5 cm
15 cm
25 cm
35 cm
60 cm
85 cm
Rms

0.007
0.015
20.006
20.017
20.008
0.025
0.015

20.013
20.005
0.004
20.002
20.003
0.005
0.006

20.003
0.015
0.015
20.017
20.008
0.005
0.012

20.015
20.033
20.025
20.010
20.013
0.031
0.023

20.015
20.033
20.025
0.020
20.003
0.001
0.020

20.005
20.023
20.025
0.010
20.003
0.011
0.015

umns on the left side are for the east site and the four
columns on the right side are for the west sites. As
shown by the Tables 2 and 3, the estimated system noise
variances are moderately sensitive to s 2 but the innovation sample means are not very sensitive to s 2 . The
estimated soil water contents have nearly the same values for the two different settings of s 2 , and so they are
not listed in Tables 2 and 3 (but are plotted in Figs. 1
and 2 for s 2 5 0.001).
Note that R 5 s 2I is used in (21) to adjust the estimated Q in the outer loop of the iterative procedure
(see step 4 described in section 2c), and so the estimated
Q is directly affected by the setting of s 2 . On the other
hand, during each iteration the estimated soil water contents are adjusted to minimize v in the inner loop of
the iterative procedure (see step 3 described in section
2c). The minimized v can only be indirectly affected
by the setting of s 2 . This may explain why the estimated
system noise variances are more sensitive to s 2 than
the innovation sample means as shown in Tables 2 and
3 and why the estimated soil water contents are insensitive to s 2 . When s 2 decreases below 0.001 K 2 , the
estimated system noise variances and innovation sample
means both become nearly independent of s 2 (not
shown). Based on this result and on the aforementioned
accuracy and stability of the soil temperatures measured
by the thermocouple, s 2 5 0.001 K 2 can be used for
the applications of the adaptive Kalman filter to the
ARM–CART data (see section 3c). Once s 2 is properly
determined, the following criterion
| y ik | # c(P iif k 1 s 2 )1/2

(22)

can be used to control the quality of the input soil tem-

perature data, where y ik is the ith element of the innovation vector v k , P iif k is the ith diagonal element of matrix
P kf , and c is an empirical constant in the range from 3
to 4. Under this criterion, each soil temperature measurement, say, at the ith depth and kth observation time
level should yield a sufficiently small value of y ik to
satisfy (22). Otherwise, the temperature measurement is
rejected and the associated innovation is not used in the
statistics (Jia and Zhu 1984).
In addition to the observation errors, uncertainties in
the values of the hydraulic parameters in (5) may also
affect the estimates. The mean values of the three hydraulic parameters in (5) are listed in Table 1, which
are quoted from Table 11-5 of Pielke (1984). According
to the U.S. Department of Agriculture (USDA) soil texture classification, the physical properties are not unique
for each soil textural class. Based on detailed analyses
of 1448 samples of different soil textures, Cosby et al.
(1984) assessed the standard deviations of the hydraulic
parameters. For the aforementioned three types of soil
textures, the assessed standard deviations are listed in
Table 1. Using the values listed in Table 1, sensitivity
experiments are performed with different settings of c s ,
w s , and b in the following three cases:
Case 1: Each hydraulic parameter is set to its mean
value plus standard deviation.
Case 2: Each hydraulic parameter is set to its mean
value minus standard deviation.
Case 3: Each hydraulic parameter is set to its mean
value.
The differences between the observed and estimated soil
water contents are listed in Table 4 for the above three

TABLE 5. As in Table 4 but for a typical dry day (18 Jul 2000).
Errors for the east site

Errors for the west site

Depth

Case 1

Case 2

Case 3

Case 1

Case 2

Case 3

5 cm
15 cm
25 cm
35 cm
60 cm
85 cm
Rms

0.023
0.023
0.027
20.021
20.013
0.016
0.021

20.007
0.003
0.007
20.011
20.003
0.006
0.007

20.007
0.003
0.007
20.011
20.003
0.006
0.007

20.010
20.034
20.025
20.016
20.024
0.029
0.024

0.005
20.024
20.025
0.014
20.014
0.004
0.017

0.010
20.014
20.025
0.004
20.014
0.019
0.016
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FIG. 1. Comparisons between the estimated (dashed) and directly
measured (solid) soil volumetric water contents at depths of (a) 5,
(b) 15, (c) 25, (d) 35, (e) 60, and (f ) 85 cm for the east site.

cases of experiments performed for a typical rainy day
(4 July). Table 5 is the same as Table 4 but is for a
typical dry day (18 July). The results in these two tables
indicate that the estimated soil water contents are moderately sensitive to the variations of c s , w s , and b in the
ranges of their respective standard deviations. In case
1 (or case 2) all three hydraulic parameters are changed
simultaneously by adding (or subtracting) their respective standard deviations to represent perhaps the worst
situation. In practice, errors are rarely as large as these
standard deviations simultaneously considered in all
three hydraulic parameters. Thus, when the three hydraulic parameters are given by the respective mean
values (as in case 3 and next section), possible errors
in these mean values are unlikely to be simultaneously
as large as their respective standard deviations and thus
should not seriously deteriorate the accuracy of the estimated soil water contents.

VOLUME 43

FIG. 2. As in Fig. 1 but for the west site.

erally negative at the depths of 5, 35, and 60 cm (Figs.
1a,d,e) and are generally positive at the depths of 15,
25, and 85 cm (Figs. 1b,c,f ). At the west site, the differences are generally negative at the depths of 15, 25,
and 60 cm (Figs. 2b,c,e), are generally positive at the
depth of 85 cm (Fig. 2f ), and change signs many times

c. Results and discussion
The estimates of the daily averaged soil volumetric
water contents at the two sites are plotted in Figs. 1 and
2 against the observations at the depths of 5, 15, 25,
35, 60, and 85 cm. As shown, the estimated soil water
contents (shaded curves) are close to the observed values (solid curves) at each site. The differences between
the estimated and observed values are slightly smaller
at the east site than those at the west site. At the east
site, the differences (estimated minus observed) are gen-

FIG. 3. As in Fig. 1 but averaged for the two sites.
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TABLE 6. The rms differences between the estimated and observed
soil water contents (first three columns) and between the observed
soil water contents at two sites (last column).

Depth

East

West

Avg

Rms
difference
between the
observed

5 cm
15 cm
25 cm
35 cm
60 cm
85 cm
Avg
Percentage

0.013
0.010
0.009
0.010
0.006
0.006
0.009
2.62%

0.013
0.015
0.018
0.008
0.012
0.010
0.013
3.54%

0.011
0.005
0.006
0.006
0.008
0.008
0.007
2.11%

0.018
0.024
0.030
0.025
0.006
0.016
0.020
5.56%

Rms difference

at the depths of 5 and 35 cm (Figs. 2a,d). The two-site
averaged estimates are plotted in Fig. 3 against the twosite averaged observations. In comparison with the results at each individual site in Figs. 1–2, the differences
between the two-site averaged estimates and observations are clearly smaller than those at each individual
site.
The rms differences between the estimated and observed soil water contents are listed in the first three
columns of Table 6 for the east site, west site and twosite averaged case, respectively. The first six rows are
for the six depths, the seventh row is for the six depthaveraged values, and the last row is for the relative rms
differences given by the percentages of the values in
the seventh row with respect to the six depth-averaged
rms values of the observed soil water contents. The
relative rms difference is 2.11% for the two-site averaged case, which is smaller than that (2.62%) for the
east site, while the latter is smaller than that (3.54%)
for the west site. The rms differences listed in the seven
rows of the first three columns are smaller than the
observation error (0.05 m 3 m 23 ). This and the smallness
of the relative rms differences indicate that the estimated
soil water contents are quite accurate.
The rms differences between the observed soil water
contents at the two sites are listed in the last column of
Table 6. These rms differences are still smaller than the
observation error (0.05 m 3 m 23 ) but are larger than the
rms differences between the estimated and observed soil
water contents in the first three columns. Thus, a certain
degree of soil water content heterogeneity existed between the two sites but it could not be well quantified
by the SWATS measurements. Note that the averaged
rms difference for the two-site averaged case is 0.007,
which is smaller than that (0.009 or 0.0013) for each
individual site, while the latter is smaller than the averaged rms difference (0.02) between the observed soil
water contents at the two sites. This suggests that the
method has an improved skill when it is used to estimate
area-averaged soil water contents from soil temperature
measurements at two or more sites.
Although the estimated soil water contents are quite

accurate in general, they do not reach the peak values
measured in the shallow near-surface soil layer on the
four rainy days (2, 11, 21, and 27 July), as shown in
Figs. 1a,b and 2a,b. The near-surface soil layer was dry
on the day before each of these rainy days. During each
of these rainy days, the water movement caused by infiltrated rainfall could become significant and no longer
be neglected especially in the near-surface soil layer
(Cahill and Parlange 1998). This heavy rain-caused process, however, is neglected by the soil heat transfer
equation [(1)] as mentioned in section 2a, and so the
equation becomes inaccurate or even invalid in this case.
The adaptive Kalman filter, however, still converges and
estimates the soil water contents reasonably well on
these rainy days. This is because the adaptive Kalman
filter can adjust the estimated soil water contents and
thus adjust the modeled soil thermal conductivity to fit
the effective thermal conductivity implied by the observations that have included the influence of water
movement. In this case, the modeled thermal conductivity should represent the effective thermal conductivity rather than the one modeled by (4)–(5) in this paper.
However, the soil water content cannot be accurately
estimated as it is related to the thermal conductivity by
the simple soil heat transfer equation [(1)] in the current
model. This may partially explain why the estimated
soil water contents cannot reach the peak values measured in the shallow soil layer on the heavy-rain days.
Furthermore, according to Peters-Lidard et al. (1998)
who studied the thermal conductivity data collected in
the First International Satellite Land Surface Climatology Project (ISLSCP) Field Experiment (FIFE), the formulation (4) used in section 2a tends to overestimate
soil thermal conductivity during wet periods. Thus, the
approximations involved in (4) could also be partially
responsible for the differences between the estimated
and observed soil water contents, especially on the
heavy-rain days. Peters-Lidard et al. (1998) proposed
an improved formulation to replace (4), but it contains
additional parameters (particularly quartz content)
whose values and related specifications are not available
for the two sites considered in this paper. Using the
improved formulation to replace (4) is subject to future
studies.
4. Summary and conclusions
In this paper, the adaptive Kalman filter with the covariance-matching technique is applied to a soil heat
transfer model to estimate the daily averaged soil water
contents from observed soil temperatures at the same
depths. In the soil heat transfer model, the soil thermal
conductivity is related to the soil water content, and so
the latter can be estimated as a control vector from the
observed diurnal variations of the soil temperatures at
different depths. By applying the adaptive Kalman filter
to the model, the vertical profile (represented by a vector) of the soil temperature is integrated forward to-
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gether with its error covariance matrix between observation times, while the optimal interpolation is performed at every observation time. The model is assumed
to be unbiased or can be made unbiased by adjusting
the control vector that represents the soil water contents
at the depths of temperature observations. If this control
vector and the model system noise covariance matrix
are accurately estimated, then the time series of innovation (observed minus model-integrated) vectors
should be noncorrelated in time with zero mean, and
the innovation covariance matrix should match its theoretical estimate [see (20)–(21)]. An iterative procedure
is designed to adjust the control vector and system noise
covariance matrix so that the above two statistical properties discussed earlier can be satisfied to a certain accuracy.
The method is tested with soil temperature and soil
water content measurements collected at two SWATS
sites within the Oklahoma ARM–CART central facilities for the entire month of July 2000. In particular,
sensitivity experiments are performed with different settings of observation error variance s 2 and different settings of possible values in the three hydraulic parameters
in (5). The results show that varying s within the range
of the instrument accuracy and stability affects the estimated system noise variances moderately and influences the innovation sample means slightly (see Tables
2 and 3), but has nearly no impact on the estimated soil
water contents. In this paper, s is determined based on
the instrument accuracy and stability. With a properly
determined s, large outlays in the innovation vector can
be detected [see (22)] and thus used to control the quality of the input soil temperature data. However, the estimated soil water contents are found to be moderately
sensitive to the variations of hydraulic parameters in the
ranges of their respective standard deviations given by
Cosby et al. (1984), at least for the three types of soil
textures (silt loam, clay, and clay loam) at the two sites
considered in this paper (see Tables 4 and 5).
The estimated soil water contents are close to the
observed and their rms differences are smaller than the
observation error (0.05 m 3 m 23 ). The averaged rms difference is a small percentage of the averaged rms value
of the observed soil water contents at each site: 2.62%
for the east site, 3.54% for the west, and merely 2.11%
for the two-site averaged case (see Table 6). While the
estimated soil water contents are quite close to the observed, relatively large rms differences are seen in the
shallow layer (at the depths of 5 and 15 cm). In particular, the estimated soil water contents cannot reach the
peak values measured in the shallow soil layer on the
heavy-rain days (see Figs. 1a,b and 2a,b). The soil heat
transfer equation is relatively simple [see (1)] and does
not consider the heavy-rain-caused water movement in
the soil. This could be a major source of error for the
underestimated soil water contents on the heavy-rain
days, as explained in section 3c.
Measuring soil temperature is more convenient and
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less expensive than measuring soil water content. The
method developed in this paper provides a useful tool
to estimate soil water content from soil temperature
measurements, and the method is shown to be quite
accurate and reliable, at least, for the case tested in this
paper. When soil temperature measurements are available at two or more sites over a small area, area-averaged soil water contents are expected to be even better
estimated by the method (as suggested by the results in
Table 6).
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