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ABSTRACT
In this paper, the authors propose two improved mixture Weibull distribution models by adding one or two
location parameters to the existing two-component mixture two-parameter Weibull distribution [MWbl(2, 2)]
model. One improved model is the mixture two-parameter Weibull and three-parameter Weibull distribution
[MWbl(2, 3)] model. The other improved model is the two-component mixture three-parameter Weibull
distribution [MWbl(3, 3)] model. In contrast to existing literature, which has focused on the MWbl(2, 2) and
the typical Weibull distribution models, the authors apply the MWbl(2, 3) model and MWbl(3, 3) model to fit
the distribution of wind speed data with nearly zero percentages of null wind speed. The parameters of the two
improved models are estimated by the maximum likelihood method in which the maximization problem is
regarded as a nonlinear programming problem with only inequality constraints and is solved numerically by
the interior-point method. The experimental results show that the mixture Weibull models proposed in this
paper are more flexible than the existing models for the analysis of wind speed data in practice.

1. Introduction
In this paper we analyze the application of Weibull
distribution models on wind speed data. The typical
Weibull distribution (named after the Swedish physicist
W. Weibull, who applied it when studying material
strength in tension and fatigue in the 1930s) provides
a close approximation to the probability laws of many
natural phenomena (Murthy et al. 2004). In recent years
most attention has been focused on this distribution for
wind energy applications not only because of its greater
flexibility and simplicity but also because it can give
a good fit to experiment data.
During the past decades, the typical two-parameter
Weibull has been a flexible distribution that is useful for
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describing unimodal frequency distributions of wind
speeds at many sites. For instance, Dorvlo (2002) used
the two-parameter Weibull distribution to model wind
speeds at four locations that have the highest long-term
average wind speeds in Oman; in Garcia et al. (1998) the
Weibull and lognormal models were used for fitting the
potential shape of wind speed data. That study dealt
with the estimation of the annual Weibull and lognormal
parameters from 20 locations in Navarre. Both distribution
models gave a good fit, giving better results for the Weibull
distribution; Zaharim et al. (2009) adopted two-parameter
Weibull distribution to fit the wind data recorded in
Faculty of Engineering, University Kebangsaan, Malaysia.
The scale and shape parameters were estimated by using
maximum likelihood method; Meng and Tang (1997)
obtained that asymptotic distribution of the yearly maximum wind speed in Chengdu, China, had relations with
the three-parameter Weibull distribution.
However, in some of regions of the world, the use
of the typical Weibull distributions leads to incorrect
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results. Just as Carta and Ramı́rez (2007a) stated, a twocomponent mixture Weibull distribution was even more
useful than the typical two-parameter Weibull because
the former was additionally able to represent heterogeneous wind regimes in which there was evidence of bimodality or bitangentiality or, simply, unimodality. In that
study, the authors used the most frequently used methods,
that is, the moments, likelihood maximum, and least
squares methods, to estimate the five parameters of the
two-component mixture two-parameter Weibull distribution [MWbl(2, 2)]. Recently, authors mostly tended to use
the MWbl(2, 2) models that showed good results for the
analysis of wind speed data (Carta and Ramı́rez 2007b;
Jaramillo and Borja 2004; Carta et al. 2009; Chang 2011,
2010; Akdağ et al. 2010; Morgen et al. 2011).
In practice, we may encounter wind speed data with
nearly zero percentages of null wind speed, which means
that the minimum of wind speed series is always higher
than some certain limit. In the three-parameter Weibull
model [Wbl(3)], there is a location parameter that is associated with the minimum of wind speed, which inspires
us to introduce location parameters in the MWbl(2, 2)
model. So in this paper we try to extend the MWbl(2, 2)
model with five parameters to the MWbl(2, 3) model
with six parameters and the MWbl(3, 3) model with
seven parameters. The newly added parameters are location parameters. The parameters of the two extended
models are estimated by the maximum likelihood (ML)
method where the maximization problem is regarded as
a nonlinear programming problem with only inequality
constraints and is then resolved by the classical interiorpoint algorithm (Byrd et al. 2000; Waltz et al. 2006).
The rest of the paper is organized as follows. In section
2, we simply introduce the existing Weibull distribution
models for the analysis of wind speed data and the
improved mixture Weibull distribution models proposed in this paper, including the typical two-parameter
Weibull [Wbl(2)], the typical Wbl(3), the MWbl(2, 2),
the MWbl(2, 3), and the MWbl(3, 3) models. The method
of estimating parameters is introduced in section 3.
In section 4, we apply these models to fit the distribution of several real daily wind speed sequences.
Then we compare the fitting effect using the sum of
squares due to error (SSE) and Akaike information
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criterion (AIC). A few concluding remarks are given in
section 5.

2. The models
In this section, we mainly introduce the Weibull distribution models for the analysis of the wind speed.

a. The existing models
The Weibull distribution function that is a threeparameter function, but for wind speed, can be expressed
mathematically as



 
a y 2 g a21
y2g a
,
f (y) 5
exp 2
b
b
b
and the corresponding cumulative distribution is

 
y2g a
,
F(y) 5 1 2 exp 2
b
where y . 0 is the wind speed (m s21 ), a . 0 is a shape
parameter, b . 0 is a scale parameter (m s21), and g is
a location parameter with 0 # g , y. If the location
parameter g is equal to zero, the three-parameter
model [Wbl(3)] becomes the two-parameter model
[Wbl(2)]. Then, we have
 
  a 
a y a21
y
,
exp 2
f (y) 5
b b
b
and the corresponding cumulative distribution is
  a 
y
.
F(y) 5 1 2 exp 2
b
In statistics, a mixture density is a probability density
function that is a convex linear combination of other
probability density functions.
Suppose that Vi (i 5 1, 2) are independently distributed
as two-parameter Weibull f(y, ai, bi). Then a random
variable V that is distributed as Vi with mixing parameters
vi (v1 1 v2 5 1) is said to have a two-component mixture
Weibull distribution, that is, MWbl(2, 2).
The density function of MWbl(2, 2), which depends on
five parameters (a1, b1, a2, b2, v), is given by

ff2,2 (y; a1 , b1 , a2 , b2 , v) 5 vf (y; a1 , b1 ) 1 (1 2 v)f (y; a2 , b2 )
  a 21
  a 
  a 
  a 21
1
2
a1 y 1
a2 y 2
y
y
1
(1
2
v)
,
exp 2
exp 2
5v
b1
b2
b1 b1
b2 b2
where for y . 0, a1, b1, a2, b2 . 0, 0 # v # 1 and ff2,2[y; (a1, b1, a2, b2, v)] 5 0, for y # 0. The cumulative distribution
function is given by
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FF2,2 (y; a1 , b1 , a2 , b2 , v) 5 Pr (V # y)
5 vF(y; a1 , b1 ) 1 (1 2 v)F(y; a2 , b2 )

  a 

  a 
1
2
y
y
1 (1 2 v) 1 2 exp 2
.
5 v 1 2 exp 2
b1
b2

b. The improved model
In this paper, by introducing one or two location parameters we extend the MWbl(2, 2) model to the MWbl(2, 3) and
the MWbl(3, 3) model.
The density function of MWbl(2, 3), which depends on six parameters (a1, b1, a2, b2, v, g0), is given by
ff 2,3 (y; a1 , b1 , a2 , b2 , v, g 0 ) 5 vf (y; a1 , b1 ) 1 (1 2 v)f (y; a2 , b2 , g0 )
( 
  a 
 

 )
  a 21
a1 y 1
a2 y 2 g0 a221
y 2 g 0 a2
y 1
,
exp 2
exp 2
1 (1 2 v)
5v
b1
b1 b1
b2
b2
b2

(1)

where
y . 0, a1 , b1 , a2 , b2 . 0, 0 # v # 1, 0 # g 0 , y,
and
ff 2,3 (y; a1 , b1 , a2 , b2 , v, g0 ) 5 0, for

y # 0.

The corresponding cumulative distribution function is given by
FF2,3 (y; a1 , b1 , a2 , b2 , v, g 0 ) 5 Pr (V # y)
5 vF(y; a1 , b1 ) 1 (1 2 v)F(y; a2 , b2 , g0 )

 
 

  a 
1
y 2 g 0 a2
y
1 (1 2 v) 1 2 exp 2
.
5 v 1 2 exp 2
b1
b2

(2)

The density function of MWbl(3, 3), which depends on seven parameters (a1, b1, a2, b2, v, g1, g2), is given by
ff 3,3 (y; a1 , b1 , a2 , b2 , v, g1 , g2 ) 5 vf (y; a1 , b1 , g1 ) 1 (1 2 v)f (y; a2 , b2 , g2 )
( 

 )
 
a1 y 2 g1 a1 21
y 2 g 1 a1
5v
exp 2
b1
b1
b1
( 
 

 )
a2 y 2 g2 a2 21
y 2 g 2 a2
exp 2
1 (1 2 v)
,
b2
b2
b2

(3)

where
y . 0, a1 , b1 , a2 , b2 . 0, 0 # v # 1, 0 # g1 , y,
0 # g2 , y,
and
ff3,3 (y; a1 , b1 , a2 , b2 , v, g 1 , g2 ) 5 0,

for

y # 0.

The corresponding cumulative distribution function is given by
FF3,3 (y; a1 , b1 , a2 , b2 , v, g1 , g2 ) 5 Pr (V # y)
5 vF(y; a1 , b1 , g1 ) 1 (1 2 v)F(y; a2 , b2 , g2 )
 

 
 

 
y 2 g 1 a1
y 2 g 2 a2
1 (1 2 v) 1 2 exp 2
.
5 v 1 2 exp 2
b1
b2

(4)
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3. Methodology of analysis
In statistics, moments (M), ML, and least squares (LS)
methods are three common methods to estimate the
parameters of a distribution model. In this paper, we
mainly apply the ML method to estimate the parameters
of the MWbl(2, 3) and MWbl(3, 3) distributions where
the maximization problem is regarded as the nonlinear
programming and is solved by the interior-point algorithm.
The interior-point method is one classical method of
solving the nonlinear programming with only inequality
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constraints. The basic idea of the interior methods is to
convert nonlinear programming problems with only inequality constraints into linear programming problems by
means of barrier functions. And the role of these functions
is to set barrier at the border of the feasible region and
make the solution process always carried out in the interior of the feasible region. So, the interior-point method
is also called interior penalty or barrier method.
In this paper, the parameters of the MWbl(2, 3) model
are estimated by the ML method, which can be regarded
as one nonlinear programming problem as follows:

8
>
>
>
min
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
<

  a1 
   a 21
n
a y 1
y
exp 2 i
f (u) 5 2 å ln v 1 i
b1 b1
b1
i51

s.t.
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
:

g1 (u) 5 a1 . 0, g2 (u) 5 b1 . 0,

 

 
 
a2 yi 2 g0 a2 21
y i 2 g 0 a2
1 (1 2 v)
exp 2
b2
b2
b2
(5)

,

g3 (u) 5 a2 . 0, g4 (u) 5 b2 . 0,
g5 (u) 5 v $ 0,

g6 (u) 5 1 2 v $ 0,

g7 (u) 5 g0 $ 0, g8 (u) 5 min(y) 2 g 0 . 0

where u b (a1 , b1 , a2 , b2 , v, g0 ). The interior of the
feasible region
int S 5 fu 2 R6 j gi (u) . 0,

i 5 1, 2, . . . , 8g.

To solve the nonlinear programming with only inequality constraints, we introduce a penalty function
with logarithmic form, G(u, m):
8

G(u, m) 5 f (u) 2 m å lngi (u),
i51

where m is a very small positive number.
Then, the original problem Eq. (5) is converted to a
nonlinear programming problem with no constraints:
8
8
>
<min G(u, m) 5 f (u) 2 m
å lngi (u) .
i51
>
:
s.t. u 2 int S

1) Choose the initial parameter values. u0 2 int S, m1 5
0.1, b 5 0.1,  5 1 3 e26, k 5 1.
2) Solve the unconstrained problem. Set uk21 as the
initial value and compute Eq. (6). Let the optimal
solution of Eq. (6) be uk.
8
3) Check the stopping criterion. If 2mk åi51 lngi (uk ) , ,
then the iteration is stopped and uk is the approximately optimal solution of Eq. (5). Else, let mk11 5
bmk, k 5 k 1 1 and return to step 2.
In the above-mentioned algorithm, the choice of the
initial parameter values plays an important role in fitted effect. In view of the six parameters in MWbl(2, 3),
the initial values of the four parameters (a1, b1, a2, b2)
are chosen according to Carta and Ramı́rez (2007a),
that is,

(6)

To solve the above programming, we adopt sequential
unconstrained minimization technique (SUMT) where
we take a strictly monotone decreasing positive sequence fmkg, which tends to 0.
Summarize the interior-point algorithm in the above
mentioned programming problem as follows:

a01 5 a02 5

pﬃﬃﬃﬃﬃ!21:086
s2
,
m

( "

b01

5 b02

1
5 m G 11 0
a1

!#)21
,
(7)

where m and s2 are the mean and variance of the wind
speed sequence fy i, i 5 1, 2, . . . , ng, respectively. To
select the initial values of v and g0, we restrict them to
varying within [0, 1] and [0, min(y)) where the lengths of
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FIG. 1. The series of wind speed. (a)–(c) Grid points; (d)–(f) country stations.

sampling interval are 0.5 and 0.1 (m s21), respectively.
Then we use these different possible initial parameter
values to solve Eq. (5) and obtain a series of parameters.
Then we compare the corresponding Kolmogorov–
Smirnov (K–S) test values (Massey 1951) of different
models and finally choose the (v0 , g00 ) corresponding to
the maximal K–S test value to be the initial values of v
and g0.
For MWbl(3, 3) model, the process of parameter estimation is similar to that of MWbl(2, 2) model. The parameters of MWbl(3, 3) are a1, a2, b1, b2, v, g1, and g2.
The initial values of the first four parameters are taken as
Eq. (7). For the initial values of the last three parameters,
we restrict them to varying with [0, 1], [0, min(y)) and [0,
min(y)) where the lengths of sampling interval of them
are 0.5, 0.1 (m s21) and 0.1 (m s21), respectively.

The first three series are extracted from the NCEP reanalysis dataset (http://cdc.cma.gov.cn). The corresponding grid points are (308N, 112.58E), (42.58N, 1258E), and
(32.58N, 117.58E), whose locations are shown in Fig. 2.
We choose the daily wind speed in 2005 at 850 hPa;

4. Numerical experiments
To make a comparison between our models and the
existing models [MWbl(2, 2), Wbl(2), Wbl(3)] in fitting
the distribution of wind speed data, six daily wind speed
series are picked as the examples that are shown in Fig. 1.

FIG. 2. The location of the grid points.

Unauthenticated | Downloaded 01/09/23 07:37 AM UTC

1326

JOURNAL OF APPLIED METEOROLOGY AND CLIMATOLOGY

TABLE 1. The analysis results of descriptive statistics for wind
speed series.

Data

Max value
(m s21)

Min value
(m s21)

Mean value
(m s21)

(308N, 112.58E)
(42.58N, 1258E)
(32.58N, 117.58E)
United States
Denmark
Norway

17.7
22.7
21.7
4.1
11.4
13.1

0.1
0.9
0.6
1.3
1.2
0.7

5.2
8.7
5.9
2.4
4.9
4.3

the last three series are extracted from A Regional, Integrated Hydrological Monitoring System for the PanArctic Landmass (ArcticRIMS; http://rims.unh.edu)
dataset. The countries chosen are the United States,
Denmark, and Norway. The six data series are all from 1
January to 31 December 2005. The sample lengths are all
365. We analyze the descriptive statistics of the six series. Table 1 shows the corresponding results that including the maximum, the minimum, and the mean
value of wind speed series. We can find that the wind
speed values of grid points are higher than ones
of countries as a whole. For the grid point (308N,
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112.58E), the minimum value is 0.1 m s21. That is to say
that there exists nearly null wind speed for the series.
In this paper, the parameters of the five models are all
estimated by ML method. The parameter estimation
values are shown in Table 2. With different wind speed
sequences, the results of estimation are different. When the
MWbl(3, 3) and MWbl(2, 3) models are used to fit the
distribution for grid point (308N, 112.58E), the corresponding location parameters are nearly zero. For the United
States, the mixture parameter estimation of MWbl(3, 3) is
1. That is to say, we may just use the typical Wbl(3) to fit
the wind speed distribution of the country.
Figures 3–8 display the histograms and fitting results
of the five models for the distribution analysis of the five
wind speed sequences, where the width of bins are all
taken as 1 (m s21). We find that the density curves of the
mixture models always display the fluctuation of the histograms. That is to say, the effect of the mixture models is
better than the effect of the two typical models. From the
results for Denmark, we also find that the MWbl(2, 2)
models do not always provide a good fit for wind speed.
For further comparison of the fitting results, we consider the SSE and AIC values corresponding to different
models. The computation of SSE is as follows:

TABLE 2. Parameter estimators of the models.
Data
(308N, 112.58E)

(42.58N, 1258E)

(32.58N, 117.58E)

United States

Denmark

Norway

Model

a1

b1

a2

b2

v

g1

g2(g 0)

MWbl(3, 3)
MWbl(2, 3)
MWbl(2, 2)
Wbl(2)
Wbl(3)
MWbl(3, 3)
MWbl(2, 3)
MWbl(2, 2)
Wbl(2)
Wbl(3)
MWbl(3, 3)
MWbl(2, 3)
MWbl(2, 2)
Wbl(2)
Wbl(3)
MWbl(3, 3)
MWbl(2, 3)
MWbl(2, 2)
Wbl(2)
Wbl(3)
MWbl(3, 3)
MWbl(2, 3)
MWbl(2, 2)
Wbl(2)
Wbl(3)
MWbl(3, 3)
MWbl(2, 3)
MWbl(2, 2)
Wbl(2)
Wbl(3)

1.67
2.19
2.16
1.71
1.70
1.30
3.30
2.00
2.42
2.42
3.14
3.51
2.66
1.83
1.62
2.38
7.64
6.16
4.84
2.38
10.42
4.81
3.23
3.23
2.75
3.20
2.76
2.74
2.43
2.05

6.03
4.93
4.86
5.83
5.79
5.75
10.85
8.59
9.84
9.84
4.29
4.89
4.75
6.69
5.98
1.31
2.18
2.45
2.61
1.31
2.34
6.02
5.49
5.49
4.76
2.63
5.73
5.59
4.84
4.12

2.19
1.67
1.68

4.93
6.03
6.07

0.80
0.20
0.20

0.01

0.00
0.01

3.16
1.30
3.94

10.30
5.81
11.44

0.30
0.71
0.59

1.58
1.60
2.06

6.50
6.58
8.61

0.24
0.25
0.50

3.21
2.38
6.14

1.59
1.31
3.19

1
0.00
0.81

3.00
1.90
3.23

4.89
3.65
5.49

0.06
0.48
0.50

2.28
2.80
4.02

4.75
2.82
3.38

0.27
0.57
0.64

0.03
0.89

0.00
0.63

0.57
1.24

1.24
0.00

0.69
0.70

0.57
0.89

0.53
0.53

0.18
1.24

0.71
1.11

0.53
0.70

0.65
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FIG. 3. The (a) histogram and (b) probability graph of wind speed series for grid point
(308N, 1128E).

FIG. 4. As in Fig. 3, but for grid point (42.58N, 1258E).
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FIG. 5. As in Fig. 3, but for grid point (32.58N, 117.58E).

FIG. 6. As in Fig. 3, but for the United States.
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FIG. 7. As in Fig. 3, but for Denmark.

FIG. 8. As in Fig. 3, but for Norway.
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FIG. 9. The comparison of fitting results with different models for
grid point (308N, 112.58E). (a) Corresponding AIC values; (b)
corresponding SSE values.

N

SSE 5

2

å (Pi 2 FFi )

,

i51

where Pi are the values of the empirical cumulative
relative frequencies and the FFis are the forecast values
using the theoretical distribution functions. The lower
the SSE is, the better is the fit. The computation of AIC
is as follows:
AIC 5 2K 2 2 ln(L),
where K is the number of parameters and L is the likelihood function. Figures 9–14 give the comparison results of
the six wind speed series fitting with different distribution
models.

FIG. 10. As in Fig. 9, but for grid point (42.58N, 1258E).

VOLUME 51

FIG. 11. As in Fig. 9, but for grid point (32.58N, 117.58E).

For grid point (308N, 112.58E) with nearly null wind
speed, the fitting effect of improved models are not better
than that of MWbl(2, 2). The corresponding parameter
estimators also illustrate this point. For grid point (42.58N,
1258E) and Norway, the fitting effect of MWbl(3, 3) is
good. For grid point (32.58N, 117.58E), the MWbl(2, 3)
and MWbl(3, 3) can both provide good fit. For the United
States, the typical Wbl(3) has the best fitting effect, which
can be also seen from the corresponding parameter estimation results. For Denmark, the two extended models
are both satisfactory for fitting the corresponding wind
speed. From the parameter estimation result, we find the
g1 of MWbl(3, 3) is nearly equal to 0. This point illustrates
that we just choose the MWbl(2, 3) with a smaller number
of parameters to fit the corresponding series.

FIG. 12. As in Fig. 9, but for the United States.
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FIG. 13. As in Fig. 9, but for Denmark.

5. Conclusions and discussion
This paper investigates two improved mixture Weibull
distribution models for the analysis of the wind speed.
The models mix one two-parameter (three component)
and one three-parameter Weibull distribution. The parameters are estimated by the ML method in which the
maximization problem is regarded as a nonlinear programming with only inequality constraints and is solved
by the interior-point method. We apply the MWbl(2, 3),
MWbl(3, 3), and the other three Weibull distribution
models—MWbl(2, 2), Wbl(2), and Wbl(3)—to six wind
speed sequences.
From the results of experiments, we can obtain the
following conclusions: 1) There does not exist a general
model that can fit all the real wind speed series under
study. 2) In practice, we can first use the MWbl(3, 3)
model to fit a given series whose modality is unknown.
Then we estimate the parameters of the MWbl(3, 3)
model. We consider the features of g1, g 2, and v, which
can give the basis for reducing properly the form of
models. Consequently, we can choose a suitable model
for fitting the given wind speed series. 3) With a number
of experiments, we find that although we add one or two
new parameters in the existing MWbl(2, 2) model, the
computation time does not change much.
In this paper, the estimation of parameters in the
MWbl(2, 3) model is numerical and the choice of the
initial parameter values is very important. We do
a number of experiments to choose best initial values
according to the goodness of fit, which will be further
discussed in future research. In addition, we mainly use
the ML method to estimate the parameters of models.
To develop other estimation methods will also be one
of the issues we address.

FIG. 14. As in Fig. 9, but for Norway.
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