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ABSTRACT
An explicit footprint model for flux measurements of passive scalars in the lower part of the convective
boundary layer (CBL) is introduced. A simple footprint model is derived analytically in an idealized CBL.
The simple model can simulate the overall characteristics of the flux footprint. Then a method is proposed
to adjust the analytical solutions to those from a Lagrangian stochastic model that considers more realistic
atmospheric conditions in the vertical direction. The adjusted footprint model is a function of Monin–
Obukhov length (L), roughness length, receptor height, and CBL depth (h). Comparison between the
results from the adjusted footprint model and stochastic model suggests that the adjusted footprint model
can well simulate the streamwise extent of the footprint within the dimensionless upwind distance X ⬍ 1,
which accounts for a majority of the footprint. The model applies to stabilities of –L/h between 0.01 and 0.1
and roughness lengths between 10⫺5 and 2 ⫻ 10⫺3h in the lower part of the mixed layer (from 0.1h to 0.6h).

1. Introduction
The flux footprint is a measure of the influence of the
surface area to a measured vertical turbulent flux
(Schuepp et al. 1990) using tower- or aircraft-based
eddy covariance methods. The interpretation of eddy
covariance flux measurements, for example, over a surface with a heterogeneous source distribution, depends
largely on the flux footprint over which the fluxes are
sampled. The location and size of the flux footprint for
the measurements at a given height, however, usually
vary with meteorological conditions and surface conditions. Therefore, it is crucial for designing and interpreting flux measurements to estimate the flux footprint under various conditions.
There are a number of studies about scalar flux footprints for measurements within the surface layer (e.g.,
Horst and Weil 1992; Schmid 2002; Schuepp et al.
1990). Although horizontally homogeneous atmo-
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spheric conditions are usually assumed in most of the
current flux footprint models, those models still can
provide flux footprint estimates to a first-order approximation over a relatively flat surface (e.g., Amiro 1998;
Stoughton et al. 2000). Fluxes have also been measured
above the surface layer using aircraft (e.g., Davis et al.
1997; Mahrt 1998; Oncley et al. 1997) and tall-tower
(Davis et al. 2003) platforms in order to cover large
horizontal distances and observe vertical structure of
the atmospheric boundary layer. Under daytime convective conditions, the flux footprint area is usually
small for measurements within the surface layer and
measured fluxes might not be representative of large
areas. In this case, flux measurements at high levels are
rather useful. For instance, Davis et al. (2003) proposed
an optimal algorithm to estimate the net ecosystem–
atmosphere exchange (NEE) of CO2 from measurements at three levels of a 447-m-tall tower in northern
Wisconsin (WLEF), in which nighttime and daytime
NEE values are derived primarily from measurements
at the lowest level (30 m) and at higher levels (122 and
396 m, usually above the surface layer), respectively.
One reason for the combination of the three-level measurements is that the lowest-level measurements with
small footprint areas are most likely affected significantly by the tower base in the daytime convective
boundary layer (CBL), while higher levels are usually

© 2006 American Meteorological Society

Unauthenticated | Downloaded 09/22/21 03:53 PM UTC

JTECH1911

OCTOBER 2006

1385

WANG ET AL.

decoupled from the earth surface or near the top of the
boundary layer at night (Davis et al. 2003). Because of
the heterogeneous distribution of forest types in the
area, flux footprints for measurements at all levels need
to be evaluated in order to interpret the derived NEE
on various temporal scales. Such evaluation, however,
is still difficult to make currently because flux footprints
for measurements above the surface layer have not
been extensively studied, unlike those within the surface layer (e.g., without footprints for high-level measurements in the day, footprints for cumulative NEE
cannot be estimated on daily or longer time scales).
There are a few numerical investigations on footprints
for measurements above the surface layer in the CBL,
for example, using a stochastic model (Weil and Horst
1992), a large-eddy simulation model (Leclerc et al.
1997), and a second-order closure model (Wang and
Davis 2002). None of these models, however, can be
used in practice due to the need for substantial computational resources. The goal of this study is to construct
an explicit analytical model for practical use in order to
quickly estimate flux footprints for measurements
above the surface layer in the CBL.
In a similar effort to search for explicit estimates for
flux footprints, Kljun et al. (2004) presented a scaling
approach that can also simulate footprints for flux measurements from above the surface layer to the middle of
the CBL. They constructed a dimensionless footprint
function using the Buckingham ⌸ theorem, in which
the parameters are determined by fitting the function to
the results simulated from a Lagrangian stochastic
model. In contrast to their dimensional analysis
method, the present study starts with deriving an analytical solution for the flux footprint in an idealized
CBL (section 2). Then, the ideal solution is adjusted to
major features of the footprint fitted from a Lagrangian
stochastic model resulting from very limited field data
(section 3), similar to methods used in other studies
(Hsieh et al. 2000; Kljun et al. 2004). The limitations of
the model are discussed in section 4. We focus on daytime convective conditions for two reasons. First, highlevel tower flux measurements are usually not used under nighttime stable conditions (Davis et al. 2003), and
aircraft measurements are often made during the daytime (e.g., Davis et al. 1997; Mahrt 1998; Oncley et al.
1997). Second, turbulence structures and parameterizations are relatively better understood under convective
conditions than under other conditions. We propose a
fast and practical approach to estimating flux footprints
for measurements above the surface layer. This work
also represents a new application of CBL theories and
models.

2. An analytical footprint model under idealized
conditions
With zero entrainment flux at the top of CBL, the
scalar flux footprint f(x, y, zm) can be interpreted as the
vertical flux downwind of a unit surface point source
(Horst and Weil 1992, 1994; Weil and Horst 1992),
f 共x, y, zm兲 ⫽

Fm共x, y, zm兲
,
Q

共1兲

where x and y are the horizontal distances of the measurement point from a surface point source (sink) with
an emission rate Q at the origin, zm is the measurement
height, and Fm(x, y, zm) is the vertical flux measured at
position (x, y, zm) in the Eulerian field. In Lagrangian
models, Fm can be evaluated by recording the trajectories of the particles released from the source into the
atmosphere. In the fluid with zero mean vertical velocity, Fm can be written as (van Dop et al. 1985)
Fm共x, y, zm兲 ⫽ 具w共x, y, zm兲典 C共x, y, zm兲,

共2兲

where 具w(x, y, zm)典 is an average of the vertical velocities of the released particles passing the infinitesimal
small-volume dxdydz centered at (x, y, zm); C(x, y, zm)
is the mean mixing ratio at position (x, y, zm), which can
be evaluated by counting the number of the trajectories
passing the volume.
The crosswind-integrated footprint (CWIF), usually
examined in the literature, is defined by
f y共x, zm兲 ⫽

冕

⫹⬁

⫺⬁

f 共x, y, zm兲 dy,

共3兲

and is then
f y共x, zm兲 ⫽

y
Fm
共x, zm兲
,
Q

共4兲

where F ym(x, zm) is the crosswind-integrated mean vertical flux that can be derived from Eq. (2) [see Eq. (A1)
for the derivation],
y
Fm
共x, zm兲 ⫽ 具w共x, zm兲典 Cy共x, zm兲,

共5兲

y

where C (x, zm) is the crosswind-integrated mixing ratio.
To obtain an explicit analytical expression for the
flux footprint of measurements above the surface layer,
dispersion is considered in an idealized CBL with horizontally homogeneous conditions, uniformly distributed horizontal wind speed, vertical velocity skewness,
and variance in the vertical direction. In addition, the
Lagrangian time scale is assumed to be infinite as
adopted in the probability density function (PDF) dispersion models (Luhar 2002; Misra 1982; Weil et al.

Unauthenticated | Downloaded 09/22/21 03:53 PM UTC

1386

JOURNAL OF ATMOSPHERIC AND OCEANIC TECHNOLOGY

1997). This assumption makes use of the observation
that the Lagrangian time scale of the convective turbulence is so large that some passive particles tend to
remain close to their initial trajectory for a considerable
distance. Numerical simulations have justified the assumption indirectly. For example, Weil (1990) simulated the dispersion from a point source at the bottom
of the CBL, and found that the large time scale is one
of the important reasons for causing the phenomena
that the plume rises or “lifts off” the surface as observed both in both the laboratory experiments (Willis
and Deardorff 1976) and in field campaigns (Briggs
1993a,b).
With the above assumptions, the initial vertical velocity of an air parcel passing the point (x, zm) is simply
equal to
共zm ⫺ zs兲U
,
wp共x, zm兲 ⫽
x

共6兲

where zs is the height of the point source, and U is the
horizontal wind speed. With multiple perfect reflections on the top and bottom boundaries, by applying
Eq. (6) to virtual sources at z ⫽ ⫾(2h ⫺ zs), ⫾(2h ⫹ zs),
⫾(4h ⫺ zs), etc., the vertical velocities of all air parcels
passing (x, zm) have the following initial values (Misra
1982; Weil 1988):
wkj 共x, zm兲 ⫽

共2kh ⫹ jzm ⫺ zs兲U
,
x

共7兲

where h is the CBL depth; k is any integer whose absolute value represents the number of times of reflections from the top of CBL; and j is an integer equal to
either 1 or ⫺1, indicating reflection on the top or bottom boundaries. The crosswind-integrated mixing ratio
contributed by the air parcels with the vertical velocity
of wk j is then (Misra 1982; Weil 1988)
pw共wkj兲
y
,
C kj
共x, zm兲 ⫽ Q
x

1

公21
⫹

冋

exp ⫺

2

公22

冋

共w ⫺ w1兲2

exp ⫺

221

共8兲

册

共w ⫺ w2兲2

222

(1/w1) ⫽ ⫺(2/w2) ⫽ R, a constant. Details on how to
determine the six parameters can be found in the literature (e.g., Weil 1990).
For the idealized case we are considering, the Eulerian vertical flux [Eq. (5)] can be written as [see Eq.
(A1) for the derivation]
⬁

⫹1

y
Fm
共x, zm兲 ⫽

兺 兺

j⫽⫺1共j⫽0兲 k⫽⫺⬁

y
wkj共x, zm兲Ckj
共x, zm兲.

共10兲
Therefore, the combination of Eqs. (5), (8), (9), and
(10) yields an expression of the footprint function according to Eq. (4),
f y共x, zm兲 ⫽

冦

⫹1

兺

⬁

兺

1
w 共x, zm兲pw共wkj兲, x ⬎ 0
x j⫽⫺1共j ⫽ 0兲 k⫽⫺⬁ kj
0,

otherwise,
共11兲

which is actually a superposition of the functions (with
different values of j and k), each of which includes a
factor of exp(⫺1/x2)/x2.
Assuming R ⫽ 1 and S ⫽ 0.5, typical values in the
real CBL, we calculate the footprint as an example (Fig.
1). Taking | k| ⫽ 5 can provide a sufficient accuracy for
the calculation within X ⬍ 4, where X is the dimensionless upwind distance (w x/Uh) and w is the convective
*
*
velocity scale. To characterize the flux footprint, the
cumulative footprint (CF) and footprint half-width are
introduced in addition to the maximum footprint and
its location. The CF is defined as the horizontally integrated footprint,
CF共X, z兲 ⫽

冕

X

f y共x, z兲 dx.

共12兲

0

where pw is the probability density function of wk j at
the source height. It is usually taken to be the sum of
two Gaussian distributions, which provides a good
match to observations (Misra 1982; Weil 1988); that is,
pw共w兲 ⫽
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册

,

共9兲

where 1, 2, 1, 2, w1, w2 are found by equating the
zeroth through the third moments of the assumed distribution with those specified and by assuming that

The equilibrium CF value is referred to the CF value
when X → ⫹⬁. The footprint half-width is defined as
the horizontal distance between the points where the
footprint falls to one-half of its maximum value (Weil
and Horst 1992). In the following analyses, the CWIF,
footprint half-width, and height are scaled by w /Uh,
*
Uh/w , and h, respectively.
*
Figure 1a (solid lines) shows the calculated footprint
as a function of X for three measurement heights of 0.1,
0.3, and 0.5h. The footprint broadens with height, while
its peak value decreases with height. These results show
general features of the footprint for flux measurements.
The equilibrium CF value decreases linearly with
height; that is, CF(⫹⬁, z) ⫽ 1 ⫺ z/h (solid line in Fig.
1b). This result is consistent with the linear flux profile
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FIG. 1. (a) Normalized crosswind-integrated flux footprint f y
calculated from the idealized model (solid lines) [Eq. (11)] with a
vertical velocity skewness of 0.5 and R ⫽ 1, as a function of the
horizontal dimensionless distance (X ) from the receptor (X ⫽ 0)
for the measurement heights of 0.1, 0.3, and 0.5h. As a comparison, results from the stochastic model are shown by the dashed
lines when z0 ⫽ 10⫺4h and L ⫽ ⫺0.05h. Wind direction is from left
to right. (b) Height-dependent equilibrium CF(⫹⬁, z) values from
the idealized model (solid line) and the stochastic model (dashed
line).

in a well-mixed, horizontally homogeneous boundary
layer when the entrainment flux is not considered
(Wyngaard and Brost 1984) because the equilibrium
value [CF(⫹⬁, z)] can be interpreted as the flux at
height z above the homogeneous surface with a unit
surface flux [see Eq. (12)] according to the footprint
definition. This linear relationship also indicates that
the surface flux signal becomes weaker as the measurement height increases. The peak value, peak location,
and width calculated from Eq. (11) vary with measurement height (dot–dashed lines in Fig. 2).
However, the effects of stability, roughness, and
variations in turbulence in the vertical direction are not
included in the idealized model. These factors affect the
acceleration of air parcels and hence their trajectories,
altering footprint simulations. With more realistic wind,
temperature, and turbulence profiles, calculation of the

FIG. 2. Normalized (a) half-width, (b) peak, and (c) peak’s location of CWIF derived from the idealized model (dot–dash lines)
as a function of dimensionless measurement height (z/h). Results
from the stochastic model are shown by circles and squares, suggesting the dependence of the quantities on L/h and z0 /h. The
solid lines are the fitted lines for the three quantities. Limited
horizontal resolution of the stochastic model results in “steps”
in (c).

footprint function requires numerical evaluation of the
air parcel vertical velocities, which is not convenient in
practice. Next, we propose a method to adjust Eq. (11)
to approximate the more realistic solution of the footprint from a Lagrangian stochastic model.

3. An adjustment for the idealized model
a. Flux footprints evaluated from a Lagrangian
stochastic model
The Lagrangian particle model developed by Luhar
and Britter (1989) and modified by Luhar et al. (1996)
is selected to evaluate the crosswind-integrated vertical
flux of the passive scalar released from a surface point
source in the CBL, and hence the footprint. The model
has been used successfully to simulate the dispersion in
the CBL. The results from the model agree well with
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those from both water tank experiments (Willis and
Deardorff 1976, 1978, 1981) and field observations
(Briggs 1993a,b). We slightly modify Luhar and Britter’s model by considering the inhomogeneity of the
mean horizontal wind profile in the surface layer instead of the uniform wind speed in all levels. The horizontal wind speed is estimated using the Monin–
Obukhov surface layer theory below 0.1h, and is assumed to be uniform with height above 0.1h. Because
the structure of the CBL has been better documented
under strongly unstable conditions than under weakly
unstable conditions (Weil 1988), only the former conditions, that is, ⫺h/L ⬎ 10, where L is the Monin–
Obukhov length, are considered. The vertical profiles
of w2 and w3 in the CBL summarized by Stull (1988) are
used. In the surface layer, we use (w2)1/2 ⫽ 1.9u (⫺z/
*
L)1/3 and w3 ⫽ 2.5u3 (⫺z/L) (Hunt et al. 1988), where
*
u is the friction velocity that is related to w by w /
*
*
*
u ⫽ (⫺h/L)1/3, and  is the von Kármán constant.
*
The expressions for w2 and w3 result in a skewness S ⫽
0.36 in the surface layer, consistent with observations
(Wyngaard 1988). The surface layer  is assumed to be
 ⫽ (u3 /z)[1 ⫹ 0.5(⫺z/L)2/3]3/2 (Wyngaard and Cote
*
1971). Reflections are assumed at the bottom and top of
the CBL (Weil 1990).
Sixty-three experiments are carried out. The model is
run for the cases of L ⫽ ⫺0.01, ⫺0.02, ⫺0.03, ⫺0.04,
⫺0.05, ⫺0.07 and ⫺0.09h, in each of which nine experiments are made with z0 of 10⫺5, 3 ⫻ 10⫺5, 5 ⫻ 10⫺5, 8
⫻ 10⫺5, 10⫺4, 3 ⫻ 10⫺4, 5 ⫻ 10⫺4, 1 ⫻ 10⫺3, and 2 ⫻
10⫺3h, respectively. Results selected from the cases are
shown in Figs. 1 and 2 for comparison with the analytical solutions. The width of the footprint broadens (Fig.
2a), the peak value of the footprint decreases (Fig. 2b),
and the peak location of the footprint is farther from
the source (Fig. 2c) as the stability increases (larger |L|)
because the vigor of vertical mixing decreases. A
change in the roughness length also affects the features
of the footprint. Larger roughness usually indicates
stronger mechanically induced turbulent mixing, resulting in a narrower footprint half-width. In all cases, the
equilibrium CF linearly decreases with height as shown
in Fig. 1b.
The features of the derived footprints can be fitted as
functions of measurement height, stability, and roughness length. The dimensionless half-width of the footprint, denoted as ⌬Xstochastic, can be described in the
lower part of the CBL (less than 0.6h) by a power-law
profile:
⌬Xstochastic ⫽ g1

冉冊
z
h

g2

,

共13兲

VOLUME 23

FIG. 3. Comparison of the footprints (CWIF) calculated from
the adjusted model and from the stochastic model for measurement heights of 0.3 and 0.5h in the case of L/h ⫽ ⫺0.03 and
roughness length ⫽ 1 ⫻ 10⫺3h.

where coefficients g1 and g2 are polynomial functions of
the stability parameter L/h and the dimensionless
roughness length z0/h [Eq. (A5)]. The half-width in the
upper part of the CBL is not fitted because the footprint is not well described by this quantity [negative
footprint (or flux) values are sizable as the measurement height becomes high, see Figs. 1a and 3; the negative values are attributed to the vertical inhomogeneity
of turbulence and large turbulence time scale (Weil and
Horst 1992), which is consistent with the finding by
Willis and Deardorff (1976) that there is an elevated
maximum concentration in the CBL from a surface
point source]. In addition, direct measurements of the
surface flux should not be made in the upper CBL in
practice due to both the weaker surface flux signals and
the impact of the entrainment flux.
Similarly, the peak of the footprint, denoted as
Fmax, stochastic, and its location (Xmax, stochastic) in the
lower part of the CBL can be described by
Fmax,stochastic ⫽ g3

冉冊
z
h

g4

⫹ g⬘

冉冊
z
h

3

,

共14兲

and
Xmax, stochastic ⫽ g5

冉冊
z
h

g6

,

共15兲

where g3, g4, g5, g6, and g⬘ are the coefficients determined by fitting the results from the stochastic model
(see appendix). It should be kept in mind that the parameters in Eqs. (13), (14), and (15) apply only when L
and z0 range from ⫺0.01 to ⫺0.1h and from 10⫺5 to 2 ⫻
10⫺3h, respectively. The fitted functions are shown by
the solid lines in Fig. 2. These expressions are useful for
making a quick estimate of the main features of the
footprint given the CBL height, stability, and roughness
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length. The streamwise distribution of the footprint can
be estimated by adjusting the idealized solution.

b. Adjustment and comparisons
Two parameters are introduced to adjust the main
features of the footprint from the idealized model to
those from the stochastic model. One, denoted by ␤, is
used to adjust the half-width and peak values of the
estimated footprint. The other parameter, ␥, is used to
adjust the position of the maximum of the footprint by
translating the footprint function a distance in the

f ya共x, zm兲 ⫽

冦

␤

along-wind direction. A necessary condition that the
equilibrium cumulative footprints of the adjusted and
nonadjusted models are equal at the same height is
imposed; that is,

冕

⫹⬁

f ya共x, zm兲 dx ⫽

0

冕

⫹⬁

0

f y共x, zm兲 dx ⫽ 1 ⫺

zm
,
h
共16兲

where f ya(x, zm) is the adjusted footprint function,
which, therefore, can be written as

y
Fm
共␤x ⫹ ␥, zm兲
⫽
Q
⫹1

⬁

兺 兺

j⫽⫺1共j⫽0兲 k⫽⫺⬁

for

␤

wkj 共␤x ⫹ ␥, zm兲pw关wkj 共␤x ⫹ ␥, zm兲兴
,
␤x ⫹ ␥

共17兲

min关␤x ⫹ ␥, x兴 ⬎ 0

0,

otherwise,

where ␤ is a function of stability, roughness length, and
height; it can be calculated by

␤⫽␣
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⌬Xideal
Fmax, stochastic
⫹ 共1 ⫺ ␣兲
,
⌬Xstochastic
Fmax, ideal

共18兲

where ␣ is a coefficient determining the relative adjustment weight. The parameter ␥ is calculated by

␥ ⫽ Xmax, ideal ⫺ ␤Xmax, stochastic,

共19兲

where ⌬Xideal, Fmax, ideal, and Xmax, ideal are the halfwidth, peak, and peak location of the CWIF as determined from the idealized model [see Eqs. (A6)–(A8)].
The appendix shows that the adjusted function Eq. (17)
can satisfy the constraint Eq. (16) for a broad range of
typical roughness lengths and atmospheric stabilities.
After adjustment, the analytical solution is generally
in good agreement with that from the stochastic model.
Figure 3 shows the comparison of the CWIFs obtained
from the stochastic model and the adjusted model for
two measurement heights z ⫽ 0.3h and z ⫽ 0.5h under
the conditions of L ⫽ ⫺0.03h and z0 ⫽ 10⫺3h. The
coefficient ␣ is taken as 0.5, suggesting equal weights of
the width and the peak of the footprint in the adjustment calculation. In the lower CBL (0.3h), results from
the adjusted model agree well with that from the stochastic model in the range of 0 ⬍ X ⬍ 1, which accounts
for the majority of the footprint. For the higher altitude
(0.5h), the adjusted model predicts a more rapid decrease in the footprint to the right of the peak than the
stochastic model despite good agreement in the range
of X ⬍ 0.65. The performance of the adjusted model is

poor far away from the receptor, that is, X ⬎ 1 or 2, due
to oversimplified physics. The negative footprint and its
location are not well simulated in the adjusted model,
particularly under strongly unstable conditions or at
high measurement levels. Nevertheless, the model still
can be used to estimate the footprint in the lower levels
of the CBL because the portion of the footprint in the
range of X ⬎ 1 is small (⬃10%).
We compared the flux footprints estimated from the
explicit model by Kljun et al. (2004) and the adjusted
footprint model in this study at three receptor heights
above the surface layer for L values of ⫺0.03h and
⫺0.07h with z0 ⫽ 10⫺4h (Fig. 4). The estimated footprints from the two models are qualitatively consistent
in terms of their dependences on the roughness length,
stability, and the receptor height. Quantitatively, the
differences in the peak, peak location, and the width of
the footprint are significant. In addition, the model by
Kljun et al. (2004) predicts small contributions of the
footprints downwind of the receptor (i.e., X ⬍ 0), which
is not predicted in the adjusted model. The significant
differences are most likely due to the different stochastic models used to calibrate the explicit models. The
parameters in the model by Kljun et al. (2004) are fitted
by the results from a stochastic model with the effects
of the longitudinal turbulence being considered. Alongwind turbulence is not considered in the numerical
model we used, which is a major simplification. The
uncertainty of the adjusted model is closely related to
that of the numerical model results. It should be remembered that results from other numerical models or
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FIG. 4. Comparison of the estimated CWIFs from the adjusted
model of this study [Eq. (17)] (solid lines) and from the empirical
model (broken lines) by Kljun et al. (2004) at three heights above
the surface layer with (a) L ⫽ ⫺0.03h and (b) L ⫽ ⫺0.07h for
z0 ⫽ 10⫺4h. The dot–dash lines are the results at the top of the
surface layer (0.1h) from the analytical surface layer model by
Horst and Weil (1994).

observations could also be used to adjust our explicit
model. Flux footprints for measurements at the top of
the surface layer (0.1h) are also evaluated using the
analytical model derived by Horst and Weil (1992,
1994); the flux footprint peak is higher, the peak location is closer to the receptor, and streamwise extension
is smaller as compared to the other two models (Fig. 4)
because the mean plume height is likely overestimated
at high altitudes based on the surface layer turbulence
(Weil and Horst 1992). This comparison suggests that
applying a surface layer footprint model to measurements above the surface layer may result in significant
errors.

c. An example
Flux footprints are estimated for measurements
within and above the surface layer as an example (Fig.
5). Meteorological conditions are taken from measurements at the 447-m-tall tower during the daytime on
4 June 1998. Dominant wind directions are northnorthwest and north-northeast from 0900 to 1400 and
from 1400 to 1700 local time, respectively. CBL heights
measured from a 915-MHz boundary layer profiling radar (Yi et al. 2001) vary from 1500 to 2300 m. The L
values range from ⫺200 to ⫺100 m. The roughness
length and zero-plane displacement height are assumed
to be 0.1 and 10 m, respectively. In the lateral direction,
the footprint is assumed to be a Gaussian distribution
(Horst and Weil 1992), that is,

VOLUME 23

FIG. 5. The 80% surface source (sampling) areas for flux measurements at three heights of 30, 122, and 396 m, respectively. The
cross represents the location of the tower. The three lines represent the 80% surface source area boundaries, estimated using the
averaged footprint with meteorological conditions measured at
the WLEF tower from 0900 to 1700 local time 4 Jun 1998. A
dynamically homogeneous surface is assumed in this example.

f 共x, y, zm兲 ⫽ f y共x, zm兲

1

公2y

冉 冊

exp ⫺

y2

22y

,
共20兲

where y is the standard deviation of the plume in the
lateral direction. To a first approximation, y ⫽ 0.32x(1
⫹ 0.0004x)⫺1/2 (Arya 1999). The analytical model developed by Horst and Weil (1992, 1994) is used to estimate the crosswind-integrated footprint for measurements within the surface layer, and the adjusted footprint model developed in this paper is used for
measurements above the surface layer.
Figure 5 shows the mean surface source areas evaluated from footprints for the measurements at three
heights (30, 122, and 396 m), suggesting significant differences in sampling areas. The three lines in the figure
are the contours of the footprints averaged from 0900
to 1700 local time, enclosing 80% of the surface source
areas for the measurements at the three heights, respectively. In other words, the integrated footprint over
each enclosed surface source area (where the footprint
values are greater than the value represented by the
corresponding contour) is 80% of the total integrated
footprint over the infinite area in this case (Amiro 1998;
Schmid 2002).

4. Summary and discussion
An analytical model for flux footprints in an idealized CBL is derived based on existing CBL theories and

Unauthenticated | Downloaded 09/22/21 03:53 PM UTC

OCTOBER 2006

1391

WANG ET AL.

models. The idealized model can capture the overall
characteristics of the footprint function simulated from
the stochastic model. Because of the assumptions
simplifying the model, the dependence of the footprint
on stability and roughness is not reflected in the simple
model. Our goal is to develop an explicit analytical
footprint model that can be as accurate as possible
and can be efficiently used in practice. To this end,
the idealized footprint model is adjusted to more
closely match the main features derived from a
Lagrangian stochastic model with state-of-the-art
vertical turbulence parameterizations. The solutions
from the adjusted model are in good agreement
with those from the stochastic model for X ⬍ 1,
which covers the majority of the footprint. Applying a
surface layer model to measurements above the surface
layer in the CBL would result in significant errors in
predicting the peak, peak location, and extent of the
footprint.
It should be noted that there are limitations of the
adjusted flux footprint model.

Despite the limitations, the analytical solution renders
the adjusted footprint model very convenient to use in
practice. The explicit model runs much faster (e.g.,
⬎103–105 times) than numerical models, such as stochastic and large-eddy simulation models, and, therefore, it can be used for estimating footprints in days and
years as long as the model’s applicable conditions are
met.
The present model can be improved by considering
more physics and can be better-adjusted based on direct footprint measurements or simulations from more
realistic models or using other adjustment methods.
The applicability of the model may be expanded if reliable flux footprint results under other unstable conditions or under other surface roughness conditions are
available. In addition, measurements are needed to
make further assessments about the accuracy of the
existing numerical models and to improve the ability of
footprint simulations because the accuracy of the adjusted model depends partially on the simulation results.

• The model can be used only below 60% of the CBL
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•

•

•

•

depth because the fit is only accurate below 0.6h. In
addition, the effect of entrainment on the footprint,
more significant with increasing height, is not considered in either the stochastic or the idealized footprint
models. In reality, measuring surface fluxes far away
from the surface yields very little information about
the surface flux.
The model applies to stabilities of 0.01 ⬍ ⫺L/h ⬍ 0.1
and roughness lengths of 10⫺5 ⬍ z0/h ⬍ 2 ⫻ 10⫺3,
where the model is empirically adjusted. Under extremely unstable conditions, the effects of the alongwind turbulence would be significant and are not considered in our adjusted model.
Researchers should avoid using the adjusted model
close to the surface (zm ⬍ 0.05h). The main features
of the footprint are better represented by the fitted
curves above the surface layer than within the surface
layer, because few data points below the surface layer
are fitted.
The model applies only over a dynamically homogeneous surface like other analytical footprint models
in the literature.
The negative footprint, which is more significant with
height and found at a distance of approximately X ⬎
1 or 2, is not well simulated by the adjusted model.
Because only a small portion of the total footprint is
contributed by the range X ⬎ 2, the adjusted model
still can accurately simulate the main features of the
footprint above the surface layer in the lower part of
CBL.

APPENDIX
Some Derivations
a. Expression of the vertical turbulent flux
Following the derivation by van Dop et al. (1985), we
can write the mean vertical flux of the mixing ratio of a
scalar in a fluid with zero mean vertical flow in the
Eulerian field as, by definition,
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w̃c̃共x, y, z兲 ⫽

1
N

N

兺 w̃ 共x, y, z兲c̃ 共x, y, z兲,
i

i

共A1兲

i⫽1

where N is the total number of the fluid particles passing though an infinitesimally small volume centered at
point (x, y, z); w̃i and c̃i are instantaneous values of
vertical velocity and mixing ratio, respectively. Of the
particles, only a subensemble of M (M ⱕ N) particles
has passed through the source zs with a constant mixing
ratio q, and hence the mixing ratio at the point is C(x,
y, z) ⫽ qM/N. Because c̃i is only nonzero (equal to q)
for the particles having passed the source, Eq. (A1)
reduces to

冋

M

兺

q
1
w̃i共x, y, z兲 ⫽
N i⫽1
M
⫽ 具w共x, y, z兲典 C共x, y, z兲,

w̃c̃共x, y, z兲 ⫽

M

兺

w̃i共x, y, z兲

i⫽1

册

qM
N
共A2兲

where 具w(x, y, z)典 is the mean vertical velocity of the M
particles. Equation (A2) was shown by van Dop et al.
(1985).
In the two-dimensional case, Eq. (A2) can be reduced to

冋

M⬘

兺

q
1
w̃c̃共x, z兲 ⫽
w̃ 共x, z兲 ⫽
N i⫽1 i
M⬘
⫽ 具w共x, z兲典 C共x, z兲,

M⬘

兺
i⫽1

册

M⬘
w̃i共x, z兲 q
N
共A3兲

where 具w(x, z)典 is the mean vertical velocity of the M⬘
(obviously, M⬘ ⱖ M) particles passing through the
source and point (x, z); C(x, z) is the mixing ratio at
point (x, z), which is equivalent to the y-direction integrated mixing ratio and is usually written as Cy(x, z).
For the special case in section 2 where the vertical
velocities of the air parcels passing the source can be
explicitly expressed as n discrete values, such as w̃1,
w̃2, . . . , w̃n, Eq. (A2) or (A3) can be rewritten as
w̃c̃ ⫽

q
N

M

n

n

n

兺 w̃ ⫽ N 兺 n w̃ ⫽ 兺 w̃ N n ⫽ 兺 w̃ C ,
q

i

i⫽1

i

i⫽1

gk

i

q

i

i⫽1

i

i

i

i⫽1

b. Coefficients in the fitted curves
The dimensionless ⌬Xstochastic, Fmax,stochastic, and
Xmax,stochastic are fitted as Eqs. (13), (14), and (15),
where the coefficients are dependent on the stability
(L/h) and roughness length (z0/h). The coefficients are
fitted using the following polynomial function:

L z0
L
z0
L z0
⫽ ak共0兲 ⫹ ak共1兲 ⫹ ak共2兲 ⫹ ak共3兲
,
h h
h
h
h h
⫹ ak共4兲

冉冊
L
h

2

⫹ ak共5兲

冉冊
z0
h

2

,

共A5兲

where gk represents the kth coefficient in the equations,
and k is from 1 to 6; the values of ak (0:5) are the fitted
coefficients for gk. The coefficients of determination
(r2) for the fitted curves are greater than 0.95.
For Eq. (13), ⌬Xstochastic ⫽ g1((z/h))g2,
a1 ⫽ 关0.41, ⫺7.07, 12.53, 959.65, ⫺30.45, 0.00兴;
a2 ⫽ 关0.67, 5.08, 97.26, ⫺62.77, 0.00, 0.00兴.
For Eq. (14), Fmax, stochastic ⫽ g3((z/h))g4 ⫹ g⬘((z/h))3,
a3 ⫽ 关1.33, 11.24, 11.53, ⫺500.30, 7.89, 0.00兴;
a4 ⫽ 关⫺0.69, ⫺4.78, 45.59, 679.85, 0.00, 0.00兴, and

g⬘

⫽ ⫺0.95.
For Eq. (15), Xmax, stochastic ⫽ g5((z/h))g6,
a5 ⫽ 关0.61, ⫺1.97, ⫺9.80, 494.18, 7.89, 0.00兴;
a6 ⫽ 关0.78, 2.45, 13.44, ⫺915.30, 0.00, 0.00兴.
With the parameters used (R ⫽ 1, S ⫽ 0.5) in this
study, ⌬Xideal, Xmax, ideal, and Fmax,ideal for the idealized
model [Eq. (11)] can be fitted by the following curves:

兺 d 冉h冊 ,
5

⌬Xideal ⫽

z

i

共A6兲

i

i⫽1

where di (I ⫽ 1–5) is the coefficient of the fitted polynomial function; d ⫽ [1.131, 5.7192, ⫺17.822, 17.058,
⫺5.4377];

共A4兲
where Ci and Ciw̃i are the mixing ratio and the vertical
flux, respectively, contributed by the ni (兺ni⫽1ni ⫽ M) air
parcels with the vertical velocity of w̃i. Equation (A4)
yields the result, that is, Eq. (10).

冉 冊

VOLUME 23

Xmax, ideal ⫽ 1.2305

冉冊
z
h

0.993

for

z ⱕ 0.6h,
共A7兲

and
fmax, ideal ⫽ 0.3766

冉冊
z
h

⫺1.0028

for

z ⱕ 0.6h.
共A8兲

The coefficients of determination (r2) for the fitted
curves are greater than 0.99.
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c. Examining Eq. (16)
The condition Eq. (16) is examined as follows:

冕

⫹⬁

f ya共x, zm兲 dx ⫽

0

冕

⫹⬁

␤f y共␤x ⫹ ␥, zm兲 dx.

0

共A9兲
Let
x⬘ ⫽ ␤x ⫹ ␥.

共A10兲

Equation (A9) becomes

冕
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⫹⬁

f ya共x, zm兲 dx ⫽

0

⫽

冕
冕

⫹⬁

␥

f y共x⬘, zm兲 dx⬘

⫹⬁

f y共x, zm兲 dx ⫺

0

冕

␥

f y共x, zm兲 dx.

0

共A11兲
The second integral on the far right-hand side of Eq.
(A11) is equal to zero if ␥ ⱕ 0 according to Eq. (11). In
this case, the constraint [Eq. (16)] is satisfied. If ␥ ⬎ 0,
the second integral is nonzero. For a small ␥, the integral can be negligible because the footprint near the

f ya共x,

zm兲 ⫽

冦

⫹1

⬁

兺 兺

j⫽⫺1共j⫽0兲 k⫽⫺⬁

for

␤

冋

source may be close to zero. Calculation suggests that
the integral is significant only when zm is small (e.g., less
than 0.02h). In this case, the position of the footprint
peak is close to the receptor. For the cases above the
surface layer, the integral is negligible. Therefore, the
constraint Eq. (16) is approximately satisfied for the
range of height where the model is applicable.
The case of ␥ ⬎ 0 indicates that surface sources
downwind of the receptor (x ⬍ 0, note that the wind
comes from left to right) could contribute to the measured flux. In particular, for the measurements close to
the surface under extremely unstable conditions, such
contribution could be significant due to the effect of the
along-wind turbulence, which is also shown by numerical studies (Kljun et al. 2002, 2003). In this case, with
the inclusion of the footprint at negative x, the integral
in the constraint Eq. (16) is rewritten as

冕

⫹⬁

⫺⬁

f ya共x, zm兲 dx ⫽

冕

⫹⬁

⫺⬁

f y共x, zm兲 dx ⫽ 1 ⫺

zm
,
h
共A12兲

and the adjusted footprint model Eq. (17) can be rewritten accordingly as

wkj共␤x ⫹ ␥, zm兲pw关wkj共␤x ⫹ ␥, zm兲兴
,
␤x ⫹ ␥

x ⬎ min ⫺

␥
,0
␤

册

0,

where the contribution of the surface sources downwind of the receptor is considered. In this case, Eq.
(A13) exactly meets Eq. (A12).
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