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ABSTRACT
Correlation scales have been used in the traditional scheme of three-dimensional variational data assimilation (3DVAR) to estimate the background (or first guess) error covariance matrix (the B matrix in brief)
for the numerical forecast and reanalysis of ocean for decades. However, it is challenging to implement this
scheme. On the one hand, determining the correlation scales accurately can be difficult. On the other hand,
the positive definite of the B matrix cannot be guaranteed unless the correlation scales are sufficiently small.
Xie et al. indicated that a traditional 3DVAR only corrects certain wavelength errors, and its accuracy
depends on the accuracy of the B matrix. Generally speaking, the shortwave error cannot be sufficiently
corrected until the longwave error is corrected. An inaccurate B matrix may mistake longwave errors as
shortwave ones, resulting in erroneous analyses.
A new 3DVAR data assimilation scheme, called a multigrid data assimilation scheme, is proposed in this
paper for quickly minimizing longwave and shortwave errors successively. By assimilating the sea surface
temperature and temperature profile observations into a numerical model of the China Seas, this scheme
is applied to a retroactive real-time forecast experiment and favorable results are obtained. Compared to
the traditional scheme of 3DVAR, this new scheme has higher forecast accuracy and lower root-meansquare errors. Note that the new scheme demonstrates greatly improved numerical efficiency in the analysis
procedure.

1. Introduction
The ocean is not observed frequently enough in
space or time to allow for a direct and reasonably accurate description of the large-scale oceanic state and
its variability. Such limitations can be improved by ap-
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plying a data assimilation scheme that makes use of
observation and background information in space and
time as well as physics constraints. Many ocean data
assimilation schemes have been substantially developed
since the mid-1980s (Derber and Rosati 1989; Behringer et al. 1998; Gaspari and Cohn 1999; Weaver and
Courtier 2001).
A three-dimensional variational data assimilation
(3DVAR) technique could usually be accomplished by
using correlation scales (Derber and Rosati 1989) to
form the background (or first guess) error covariance
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matrix (hereafter, B matrix), which plays an important
role in data assimilation by determining the spatial
spreading of observational information. However, a
real field at different locations may have different correlation scales which are flow dependent and difficult to
estimate. In addition, the B matrix cannot be guaranteed to be positive definite numerically unless the correlation scales are small enough. Another method to
estimate the B matrix involves using a recursive filter
(Hayden and Purser 1995), which can ensure that the B
matrix is positive definite. In the context of variational
analysis, the recursive filter is often interpreted as a
covariance function of background errors. However,
the traditional 3DVAR, using either correlation scales
or recursive filters, can only correct certain wavelength
errors (Xie et al. 2005). Note that the shortwave errors
should not be sufficiently corrected until the longwave
ones are corrected; otherwise, longwave errors could be
mistakenly treated as shortwave errors, resulting in erroneous analyses.
To correctly minimize the longwave and shortwave
errors in turn, a new 3DVAR data assimilation scheme,
called the multigrid data assimilation scheme, is proposed in this paper. The multigrid technique is often
used to solve numerical differential equation by allowing long waves to converge faster than short ones
(Briggs et al. 2000). In the variational data assimilation,
the multigrid technique also allows longwave errors to
be corrected faster than short ones. This could prevent
the longwave errors from being incorporated into
shortwave analyses. For example, at observation stations in one area, observation errors contain a 1000-km
wavelength error component and a 100-km wavelength
error component. Before removing the 1000-km wavelength error from the observation, if an incorrect estimation of correlation scales suggests a 100-km correlation scale, the traditional 3DVAR will provide an
analysis meeting the observation by taking the 1000-km
wavelength error into the 100-km scale correction.
However, a multigrid data assimilation scheme does
not allow this to happen because the 100-km wavelength error is never corrected until the 1000-km wavelength error is removed from the observation, and it can
thus provide a better or more accurate analysis. In this
paper, the multigrid data assimilation scheme is applied
to assimilate SST and temperature profiles of the China
Seas into a numerical model in a retroactive real-time
forecast experiment. A comparison of the results to
those of the traditional 3DVAR using correlation scales
is presented.
In the following section, the theory and verification
of the multigrid data assimilation scheme are introduced. The numerical model and observational data

used in the retroactive real-time forecast experiments
are described in sections 3a and 3b, respectively. In
section 3c, the results of the forecast experiments are
presented. A summary and conclusions are presented
in section 4.

2. Theory and verification
Taking the standard 3DVAR cost functional form,
which includes a background and observational term,
operating on the field of temperature correction instead
of the temperature itself (Derber and Rosati 1989), the
cost functional to be minimized is
1
1
J ⫽ XTB⫺1X ⫹ 共HX ⫺ Y兲TR⫺1共HX ⫺ Y兲,
2
2

共1兲

where X is the correction of temperature referred to
the background, B is the background error covariance
matrix, Y is the difference between the observations
and the interpolated background temperature at the
observation locations, R is the observation error covariance matrix, and H is a simple bilinear interpolation
operator from model space to observation space.
In a correlation-scale method, correlation scales are
critically important in the estimation of a B matrix,
which plays a major role in data assimilation methods
such as optimal interpolation (OI) or 3DVAR. Derber
and Rosati (1989) adopted an empirical formula to calculate the B matrix in which the correlation scales are
dependent only on latitude. Behringer et al. (1998)
modified this formula by considering the anisotropy in
the zonal and meridional directions. Gaspari and Cohn
(1999) discussed the construction of covariance functions for data assimilation. Weaver and Courtier (2001)
described a practical algorithm that can be used to
model correlation functions on the sphere. A wide
range of functions can be adopted to determine the
correlation with spatial distance. The commonly used
formula is a Gaussian-type function in which the correlations are weighted by the separate latitudinal and
longitudinal distances and/or depths. In this study, the
element B takes the following form (Derber and Rosati
1989; Behringer et al. 1998; Zhou et al. 2004):

冉

Bi,j ⫽ ah exp ⫺

⌬x 2ij
L2x

⫺

⌬y2ij
L2y

冊

,

共2兲

where Lx and Ly are characteristic of length scales that
reflect the extent of spatial correlation, x and y are
model coordinates, and ah is the first-guess error variance.
The distribution of observations in the ocean is
highly inhomogeneous, and inaccurate correlation
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scales could result in more errors for regions with
sparse observations. For a given observation system,
data-sparse regions could provide longwave information and data-dense regions could provide both longwave and relative shortwave information. An ideal data
assimilation scheme would retrieve longwave information over the whole domain and shortwave information
over data-dense regions. One way to realize this idea is
to obtain an accurate flow-dependent B matrix, which
is practically impossible. The other way is to retrieve
these waves by a sequence of 3DVAR and combine
these waves together for the final analysis. This has to
be done from longwave to shortwave. Otherwise, the
shortwave information will meet the observation perfectly and mistakenly destroy the longwave information.
For instance, a temperature field can be separated
into longwave information and shortwave information
using the Fourier theory
X b ⫽ X bL ⫹ X bS

and

XL ⫽ X aL ⫺ X bL ,

共3兲
共4兲

where the subscript L represents the longwave information and S the shortwave information. The superscript b represents the background field and a the
analysis field. The longwave and shortwave errors can
be minimized in turn and the cost functional for retrieving longwave information can be modified as follows:
1
1
J ⫽ XT
B⫺1X ⫹ 共HXL ⫺ YL 兲TR⫺1共HXL ⫺ YL 兲.
2 L L L 2
共5兲
The analysis of temperature becomes
X a ⫽ X b ⫹ XL ⫽ X bL ⫹ X bS ⫹ X aL ⫺ X bL ⫽ X aL ⫹ X bS ,
共6兲
which means that the final analysis is a combination of
the analyzed longwave information obtained from the
observations and the shortwave information obtained
from the background field. A functional for relative
shortwave information can be iteratively formed by
keeping the relative longwave information XL. The
multigrid data assimilation scheme will be applied to
correct the longwave and shortwave errors successively.
A multigrid technique is initially developed for differential equations (Briggs et al. 2000). To solve differential equations numerically, a finite difference scheme
is usually used. However, the oscillatory modes of the
error are eliminated effectively, whereas smooth modes
are corrected very slowly for many numerical iterative
methods. To overcome such limitations, the multigrid
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technique is developed because coarse grids can be
used to speed up the convergence of smooth modes
(i.e., longer waves over a coarser grid). Minimizing a
functional over a coarse grid to obtain longwave information and a functional over a relative fine grid for
shortwave information could fit the ideal data assimilation scheme discussed above. By introducing the multigrid technique into the 3DVAR data assimilation,
called the multigrid data assimilation scheme hereafter,
the cost functional should take the following form:
1
J 共n兲 ⫽ X 共n兲TX 共n兲
2
1
⫹ 关H共n兲 X 共n兲 ⫺ Y 共n兲兴TR 共n兲⫺1关H共n兲 X 共n兲 ⫺ Y 共n兲兴,
2
共n ⫽ 1, 2, 3, . . . , N 兲,

共7兲

where the superscript n represents the nth level grid
and N is the final level (which depends on the observations’ distribution).
Let Y (1) ⫽ Y obs ⫺ HXb in the first-level grid be the
difference between the observations and the interpolated background temperature at the observation locations, and in the other grid levels it is defined as
Y 共n兲 ⫽ Y 共n⫺1兲 ⫺ H共n⫺1兲 X 共n⫺1兲 共n ⫽ 2, 3, . . . , N兲.
共8兲
Here, coarse grids correspond to smooth modes
(longwave information) and fine grids correspond to
oscillatory modes (shortwave information). The B matrix is simplified to an identity matrix because the correlation scales are reflected by coarse or fine grids. During the procedure of sequential multiple-scale analysis,
the half V cycle (Briggs et al. 2000) property of the
multigrid technique is employed as it continuously refines the resolutions. The final analysis is
N

X a ⫽ X b ⫹ XL ⫽ X b ⫹

兺X

共n兲

.

共9兲

n⫽1

An idealized experiment is performed to verify the
validity of this new data assimilation scheme. The
model domain covers a square region, extending over
30°–40°N in latitude and 100°–110°E in longitude (Fig.
1). Figure 1 shows the distribution of observations (Fig.
1a), which includes 600 random points, and the profile
of the true temperature field (Fig. 1b). The true temperature field, simulating a warm front, is depicted in
Fig. 2f.
In the traditional 3DVAR using correlation scales,
the cost functional is minimized by the preconditioned
conjugate gradient algorithm via an iterative procedure
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FIG. 1. The distribution of (a) 600 random observations and (b) the true profile.

(Navon and Legler 1987; Derber and Rosati 1989).
The analyses by 3DVAR using different correlation
scales—500, 200, 100, and 50 km, respectively—are
shown in Fig. 2. The results demonstrate that the larger
the correlation scale is, the longer the corrected error

wavelength becomes. In the multigrid data assimilation
scheme, five-level grids with a grid ratio of 0.5 [i.e., the
grid spacing in the nth level grid is half of that in the
(n ⫺ 1)th-level grid] are employed, ranging from 5° ⫻
5° to 0.3125° ⫻ 0.3125°. Figure 2e gives the result of the

FIG. 2. Analysis results by using 3DVAR of different correlation scales: (a) 500, (b) 200, (c) 100, and
(d) 50 km. (e) The analysis result of the multigrid data assimilation scheme; (f) the true temperature
field.
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TABLE 1. The RMS difference between the analysis results of
the multigrid data assimilation scheme (short for multigrid) and
the traditional 3DVAR using correlation scales (short for correlation scales) and the true temperature field.
Scheme
Multigrid
Correlation scales

RMS (°C)
500
200
100
50

km
km
km
km

9.28 ⫻ 10⫺6
0.845
0.570
0.474
0.957

multigrid data assimilation scheme, which is better than
the former ones, compared to the true field in Fig. 2f.
Table 1 shows the RMS difference of different methods.

3. Retroactive real-time forecast experiment
Section 2 has demonstrated that the proposed multigrid data assimilation scheme can give much higher accuracy compared to the traditional 3DVAR using correlation scales in the idealized experiment. To examine
the performance of the new scheme in numerical forecasts of temperature, a retroactive real-time forecast
experiment is carried out as described in this section.

a. The numerical model
The numerical model used in the following retroactive real-time forecast experiment is a coastal ocean
circulation model based on the Princeton Ocean Model
with generalized coordinate system (POM; POMgcs) in
which sigma- and/or z-level vertical grids can be chosen
(Ezer and Mellor 2004). This is a fully nonlinear, prognostic model incorporating the free surface and the
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Mellor and Yamada (1974, 1982) level-2.5 turbulent
closure scheme for vertical mixing. The z-level coordinate system of POMgcs is employed in this paper.
The model domain covers the China Seas, including
the Pohai (or Bohai) Sea, the Yellow Sea, the East
China Sea, and the South China Sea (Fig. 3c), and an
adjacent sea area extending 10°S–41°N in latitude and
99°–142°E in longitude. The bathymetry employed in
the simulations is based on 5-min gridded elevations/
bathymetry for the world (ETOPO5). The bathymetry
values provided by ETOPO5 in shallow regions (e.g.,
the Pohai Sea) are found to be highly questionable.
Therefore, the bathymetry of these regions is modified
by local nautical charts to obtain a more realistic coastline. The model grid spacing is varied from 1⁄12° to 1⁄2°,
which produces a moderate number of computational
points in the model domain, thereby reducing the computation time. There are 20 vertical level of which 13
are above 450 m. In the retroactive real-time forecast
experiment, the model is forced by wind stress and air
temperature reanalysis products from the National
Centers for Environmental Prediction (NCEP), and
heat flux is calculated using bulk formulas. The open
boundary conditions of currents are provided by a global model. Orlanski radiation conditions are employed
in open boundary conditions for temperature, salinity,
and sea surface height, which are relaxed to those of the
global model.

b. Observational data processing
The data type, accuracy, and distribution in space
and time govern the quality of the results produced by
the data assimilation system. If all predicted variables

FIG. 3. The distribution of (a) temperature profiles and (b) shipboard SST in August 2004. (c) Place names used in this paper. PS:
Pohai Sea; YS: Yellow Sea; ECS: East China Sea; SCS: South China Sea; JS: Japan Sea.
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FIG. 4. The deviation of AVHRR SST from shipboard SST in
the period of the experiment. The triangle represents the global
ocean; the circle is for the China Seas.

were observed perfectly and continuously in space and
time, there would be little need for a data assimilation
system as long as the numerical model could handle the
shortest waves. Unfortunately, this is not the case. The
observational system, which is highly inhomogeneous,
typically covers large regions either without observations or without measuring all of the forecast variables.
Thus, in this study we would like to use as many types
of observations as possible. The conventional temperature observations used in the following experiments
consist of shipboard SST and temperature profiles including expendable bathythermograph (XBT) ocean
station data and conductivity–temperature–depth
(CTD) data, obtained from the Global Temperature
and Salinity Profile Project (GTSPP). A typical

monthly distribution (August 2004) of temperature
profiles and shipboard SST is shown in Fig. 3. The unconventional temperature observations used consist of
satellite remote sensing SST of Advanced Very High
Resolution Radiometer (AVHRR) Pathfinder Version
5.0 (hereafter, AVHRR SST in brief) and Argo profiles.
The shipboard SST and temperature profiles contain
observations with errors, making it necessary to perform quality control on them. For example, the shipboard SST observations are grossly checked by omitting the data with deviations larger than 3.5. Here,  is
the standard deviation statistically obtained from several decades’ observations. A similar gross check is also
done for temperature profiles. After that, the temperature profiles are vertically interpolated to the top 13
model levels. No information is inserted below level 13
because of the lack of data and our focus being primarily in the upper ocean.
As for AVHRR SST, the quality control procedure
consists of four steps:
Step 1: The dataset undergoes a gross check by omitting the SST data with quality flags less than 3.
(The overall quality flag is a relative assignment of
SST quality based on a hierarchical suite of tests.
The quality flag varies from 0 to 7, with 0 being
the lowest quality and 7 the highest. See http://
www.nodc.noaa.gov/SatelliteData/pathfinder4km/
userguide.html). Then the SST data are averaged
in each 1⁄6° ⫻ 1⁄6° bin.
Step 2: Compared with the monthly averaged shipboard SST, the AVHRR SSTs which have a devia-

FIG. 5. The distribution of AVHRR SST data on (a) 19 Apr and (b) 24 Apr 2004.
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TABLE 2. The RMS difference of temperature forecasts using
the traditional 3DVAR with different correlation scales.
Correlation scales
Lx (km)

Ly (km)

SST (°C)

Temp
profiles (°C)

1000
500
240
100
10

500
250
70
50
5

1.58
1.53
1.51
1.54
1.93

1.72
1.68
1.46
1.61
1.88

tion larger than the standard deviation of the shipboard SST are removed. The deviation of the remaining AVHRR SST from shipboard SST is
shown in Fig. 4.
Step 3: The AVHRR SST is further controlled by
omitting AVHRR SSTs that have deviations from
the daily averaged shipboard SST larger than
1.5°C. About 1⁄3 of the data that have passed step 1
are omitted in steps 2 and 3. The remaining
AVHRR SST data can still cover the whole study
domain and are shown in Fig. 5.
Step 4: The remaining AVHRR SSTs are adjusted by
making the daily averaged AVHRR SST equal to
that of the shipboard SST in the whole domain.
For the global ocean, the RMS differences between shipboard SST and AVHRR SST are 1.05°
and 0.83°C, respectively, before and after such adjustment, whereas for the China Seas, the RMS
differences are 1.20° and 1.16°C, respectively.

c. Retroactive real-time forecast experiment and
results
The retroactive real-time forecast experiment includes three subexperiments, denoted Emodel, ETV,

FIG. 6. Time series of RMS difference between analyzed and
observed SST.

FIG. 7. Time series of RMS difference between the analyzed
profiles and observations.

and EMG: EMG is the proposed model, Emodel is the
model run without assimilation, and ETV employs the
traditional 3DVAR data assimilation using correlation
scales.
Similar to the traditional 3DVAR scheme implemented by Derber and Rosati (1989), data assimilation
is performed on each model level with the vertical correlations ignored for both ETV and EMG. In ETV, the
B matrix takes the form in Eq. (2). The correlation
scales Lx ⫽ 240 km and Ly ⫽ 70 km in the China Seas
are selected from tuning experiments to optimize the
results (see Table 2 for temperature forecasts results
using the traditional 3DVAR with some selected different correlation scales for demonstration). In EMG,
five-level grids are employed, ranging from about 10° ⫻
10° to the model horizontal resolution. A grid ratio of
0.5 is employed in the first four levels, and the horizontal resolution of last grid is the same as that of model

FIG. 8. The vertical structure of the RMS difference between
the analyzed profiles and observations.
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FIG. 9. (a) AVHRR SST observations, (b) AMSR-E SST observations, (c) SST forecast, and (d) surface circulation forecast using
the multigrid data assimilation scheme on 31 Oct 2004. Note that AMSR-E was not assimilated in this experiment.

grid. At each stage of the sequential multiple-scale
analyses in EMG, the procedure is similar to ETV, except that the B matrix is implemented as an identity
matrix. The observation error covariance matrices used
in the two schemes, which are assumed to be diagonal,
are the same.
The model is initialized by using the monthly average
(January) temperatures and salinities from the National
Marine Data and Information Service (NMDIS) of the

State Oceanic Administration of the People’s Republic
of China and is spun up over 1 yr in the diagnostic mode
with temperature and salinity held to reach a steady
state. The observational data of January and February
2004 processed in section 3b are then assimilated into
the model. After the 2-month run, the initial field of the
forecast is obtained. Three sets of 72-h forecasts, each
of which spans 10 months from March to December
2004, are carried out afterward.
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FIG. 10. Time series of RMS difference between SST forecasts
and observed SST.

The analyses from the assimilation are compared to
the observations. Because the observations are used in
the assimilation, this comparison is a measure of the
assimilation technique’s ability to force the model solution toward the data. Figure 6 depicts the RMS differences between the analyzed SST and observations;
Fig. 7 depicts the RMS difference between the analyzed
temperature profiles and observations. Figure 8 is the
vertical structure of the RMS differences between the
analyzed temperature profiles and observations. In
Figs. 6–8, the RMS difference in EMG is the smallest,
which indicates that the multigrid data assimilation
scheme can provide better analysis.
Figure 9 shows AVHRR SST observations, AMSR-E
SST observations, the forecast SST, and the forecast
surface circulation derived by using the multigrid data
assimilation scheme on 10 November 2004. The forecasts of SST coincide well with AVHRR SST (assimilated) and the Advanced Microwave Scanning Radiometer for the Earth Observing System (AMSR-E SST),
which is not assimilated in this experiment. In Fig. 9d,
the main current systems are well presented, for example, Kuroshio and its extension, a southward coastal
jet off the west coast of Kyushu as part of a Kuroshio
meander, the Tsushima Warm Current, the Ryukyu
Current, the China Coastal Current, the Taiwan Warm
Current entering the East China Sea from Taiwan
Strait while turning anticyclonically, the Mindanao
Current, and the circulation in South China Sea. Figure
10 shows the time series of RMS differences between
forecasts and SST observations. The RMS differences
curve for the multigrid data assimilation scheme displays obvious improvement. For SST observations, the
forecast RMS error is 1.51°C in ETV and 1.21°C in
EMG, which indicates that the new scheme has higher

VOLUME 25

FIG. 11. Time series of RMS difference between the profile
forecasts and observations.

forecast accuracy and a smaller forecast RMS error by
about 0.30°C, and the rate of improvement is about
19.9%.
Figure 11 shows the time series of RMS differences
between the forecasts and profile observations. The
RMS differences between the forecasts of the multigrid
data assimilation scheme and profile observations are
less than those of the other two forecasts, indicating the
advantage of the new method. Figure 12 shows the vertical structure of the RMS differences. For profile observations, the forecast RMS error is 1.46°C in ETV
and 1.06°C in EMG, which indicates that the new
scheme has higher forecast accuracy and a lower forecast RMS error by about 0.40°C, and the improvement
is about 27.4%.
Figure 13 displays the spatial distribution of RMS

FIG. 12. The vertical structure of the RMS difference between
the profile forecasts and observations.
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FIG. 13. Spatial distribution of RMS difference of SST forecasts between (a) Emodel, (b) ETV, and (c) EMG and the observed
SST. The contour interval is 0.5°C and the black shading is for values greater than 1.5°C.

differences of SST in these retroactive real-time forecasts. In Emodel, large RMS differences appear almost
everywhere. RMS differences are reduced only in some
regions in ETV; however, most of the RMS differences
are reduced in EMG, especially in the South China Sea
and the northwestern Pacific Ocean. The possible reasons for regions where RMS differences are large in
both EMG and ETV are varied. For instance, in the
area near the southern and northern boundaries, including the southern part of the Japan Sea, the RMS
differences could be caused by the poor open boundary
conditions that should be improved in further studies;
inhomogeneous distribution of observations might be
another reason. As for the Pohai Sea, the Yellow Sea,
and part of the East China Sea, there are some impor-

tant near-shore fronts, such as the Changjiang River
plume and tidal fronts. The grid resolution in this area
is about 1⁄2° ⫻ 1⁄4°, which cannot simulate these fronts
very well. The large RMS differences may partly be the
result of coarse model grid resolution. Another reason
could be that the observations are relatively sparse in
the above region. In the Kuroshio extension, the large
RMS differences for SST forecasts also can perhaps be
attributed to poor distribution of SST observations.
The vertical average RMS differences of the three forecast results are drawn in Fig. 14. It can be observed in
Fig. 14 that another area with large RMS difference is
the Mindanao Current, where there is an eddy; the position cannot be well simulated by the model. Although
all the above-mentioned large RMS difference areas

FIG. 14. Spatial distribution of vertical averaged RMS difference of the profile forecasts between observations and (a) Emodel, (b)
ETV, and (c) EMG. The contour interval is 0.5°C and the black shading is for values greater than 1.5°C.
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exist not only in EMG but also in ETV, EMG has a
relatively small RMS difference area and smaller RMS
differences, which indicates that the multigrid data assimilation scheme can produce more accurate forecasts
and can generate a better forecast initial field under an
identical forecast environment.
Forecasts using the multigrid data assimilation
scheme are better than those using the traditional
3DVAR on nearly every day during the experimental
period. With the exception of the assimilation scheme,
the common influence factors (such as open boundary
conditions, atmospheric forcing conditions, and
datasets used) are the same in these subexperiments. It
can be concluded that the new method proposed in this
paper generates substantially better initial conditions
for temperature forecasts.

VOLUME 25

scheme is much higher than that of the traditional
3DVAR, so it can be concluded that the multigrid
data assimilation scheme can generate a substantially better initial field for numerical sea temperature forecasts.
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