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ABSTRACT
The spline interpolation method is applied to the inversion of the time-varying pollutant emission rate
based on an ocean pollutant diffusion model with the adjoint method. A series of numerical experiments are
performed to compare the spline interpolation with the Cressman interpolation. Experimental results show
that the spline interpolation improves the inversion results in terms of the smoothness and accuracy. Furthermore, it is the advantages of spline interpolation—better resistance to the impact of errors and demand
for fewer observations—that give rise to a better performance in practice.

1. Introduction
Human economic activities have had severe impact on
marine ecosystems (Øyvind et al. 2003; Eyring et al.
2005; Correa et al. 2015; Meissa and Gascuel 2015; Xing
et al. 2015; Sidorovskaia et al. 2016). Among these, the
accidental release of pollutants into the ocean poses a
serious threat to marine ecosystems, such as crude oil
leakage (Snowden and Ekweozor 1987; Walsh et al. 2015,
2016; Wei et al. 2015) and release of hazardous materials
(Zhang et al. 2013; Zhang and Huang 2017). For these
incidents, a crucial aspect within the evaluation of risks
and the remediation process is to identify the accurate
locations of pollutant sources and to understand the
release histories that led to the pollution (Milnes and
Perrochet 2007). This is significant for assisting decision
makers to effectively plan countermeasures.
The issue of identification of pollutant source location
has been extensively investigated over the past decades
(Neupauer and Wilson 2005; Neupauer and Lin 2006;
Corresponding author: Xianqing Lv, xqinglv@ouc.edu.cn

Datta et al. 2011). Simultaneously, the reconstruction
of pollutant release history has also attracted much attention. Atmadja and Bagtzoglou (2001) first used the
backward beam equation method to solve the advection–
dispersion equation with heterogeneous parameters and
this method was able to recover the release history
roughly. Later a new variant of robust least squares, the
constrained robust least squares, was introduced to reconstruct pollutant release history by Sun et al. (2006).
Zanini and Woodbury (2016) presented a new approach,
an empirical Bayesian method combined with Akaike’s
Bayesian information criterion, to estimate the pollutant release history. These efforts were mainly focused
on the pollution in groundwater, yet we are immersed in
the reconstruction of pollutant release history in ocean
based on the adjoint assimilation method in this work.
Essentially, the reconstruction of pollutant release
history based on limited observations is an inverse
problem (Sun et al. 2006). Many works have proved that
the adjoint assimilation method is adept in solving this
sort of problems (Yang and Zabaras 1998; Oberai et al.
2003; Michalak and Kitanidis 2004; Z. Chen et al. 2014;
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Shen et al. 2015). There are two major advantages, the
numerical stability and the reductions of simulation
runs, of the adjoint assimilation method when coupled
with numerical models (Milnes and Perrochet 2007).
Neupauer and Wilson (1999) applied the adjoint method
to obtaining backward location and travel time probabilities, which could be used to determine the prior location of contamination in an aquifer. Wang et al. (2013)
inverted the initial field of pollutants by assimilating
routine monitoring databased on the adjoint assimilation
method. Liu et al. (2017) applied the adjoint assimilation
method to inverting the prescribed spatiotemporally
distributed nonpoint source terms and initial values of
total nitrogen.
However, the inverse problem is often beset by illposedness (Smedstad and O’Brien 1991; Navon 1998).
The independent point scheme (IPS), serving as an effective solution, is an efficient method for reconstructing
the time-varying pollutant emission rate of a known point
source in ocean. In the IPS the values of model parameters at some selected points, called independent points,
are treated as independent variables and the values
of model parameters at other points are obtained by
interpolating the independent variables (Guo et al.
2017). In this work, the independent points refer to
some selected time points during the simulation period.
The IPS is a valid approach to reduce the quantity of
variables that need to be inverted and promote the
efficiency of the adjoint assimilation model. Based on
the IPS, Lu and Zhang (2006) estimated spatially varying bottom friction coefficient for a 2D tidal model;
Li et al. (2013) verified that the spatiotemporal parameters could improve the simulation precision for a
marine ecosystem dynamical model; and H. Chen et al.
(2014) estimated the spatially varying open boundary
conditions for a numerical internal tidal model. As an
improvement, the above scheme is modified in this
work, in which the Cressman interpolation (CI) is replaced by the cubic spline interpolation (SI).
This paper is organized as follows. Section 2 introduces the numerical models and interpolation methods.
Model settings and numerical experiments are conducted in section 3. Section 4 discusses the impact of
error and number of observations on inversion results.
Finally, conclusions are presented in section 5.

2. Methodology
a. The ocean pollutant diffusion model
Advection and diffusion are major physical mechanisms for the transportation process of conservative
ocean pollutants. As a result, the basic advection and
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diffusion equation is selected as a model equation, and
an item that depicts the emission rate of the pollutant
is added as a modification, which is written as follows
based on a hydrodynamic background field:
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where C represents the concentration of pollutant; t is
the time; x, y, and z are components of the Cartesian
coordinate system; u, y, and w are velocities in the x, y,
and z directions, respectively; AH and KV are the horizontal and vertical diffusivity coefficients, respectively;
and u(t) represents the time-varying pollutant emission
rate at the point source, which could be modified according to the number and locations of the known pollutant point sources in the study area. In this work, we
assume there is only one pollutant point source in the
study area. The finite difference form of the model
equation [Eq. (1)] is available in Wang et al. (2013).
To guarantee mass conservation, the open boundary
condition is set as radiation boundary conditions:
8
›C
>
>
< ›t 5 0,

Vn # 0

>
>
: ›C 5 0,
›n

Vn . 0

,

(2)

where n represents the normal directions of open boundary and Vn is the flow speed of seawater in the normal
direction of open boundary.

b. The adjoint model
To construct the adjoint model, the cost function J, the
distance between simulations and observations, is defined as
ð
1
J(C) 5
K (C 2 C)T (C 2 C) dV,
(3)
2 V C
where C and C are the simulated and the observed
pollutant concentrations, respectively. Also, T denotes
matrix transposition, V is the model domain, and KC is
the weighting matrix, which should theoretically be the
inverse of the observational error covariance matrix. But
it can be simplified by assuming that the errors of the data
are uncorrelated and equally weighted (Yu and O’Brien
1992). In this work, the element of KC is 1 where observations are available, and 0 otherwise (Liu et al. 2017).
Based on the Lagrangian multiplier method, the
Lagrangian function is defined as
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where C* denotes the adjoint variable of C. The adjoint
model can be constructed by the following equation:
›L
5 0,
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(5)

yielding the following adjoint equation:
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c. Interpolation methods
Cressman (1959) introduced a weighting factor for
the pressure–surface height analysis, and made a great
progress for the interpolation procedure in the field of
sparse data (Goodin et al. 1979). Then, this interpolation
method had been widely used in many different fields
(Barnes 1964; Le Dimet and Talagrand 1986; Xu et al.
1994; Zhang et al. 2014; Liu et al. 2016). In a series of
previous works using the IPS, the CI was selected to
interpolate the values at independent points (Zhang and
Lu 2008; Fan and Lv 2009; Li et al. 2013; H. Chen et al.
2014; Shen et al. 2015). The CI could be represented
as follows:

uj 5
fj,k 5

å fj,k 3 uk ,

(7)

k51

wj,k
N

å wj,k

k51

R2 1 rj2,k

,

(9)

where uj is the pollutant emission rate at the jth time
point, uk represents the pollutant emission rate at the
kth independent time point, fj,k is the normalized interpolation weight of the kth independent time point at
the jth time point, N is the total number of the independent time point, wj,k is the weighting factor, R
represents the influence radius, and rj,k is the distance
between the jth time point and the kth independent
time point.
However, the CI is a kind of linear interpolation,
which causes the deviation for curve interpolation
(Shen et al. 2015; Pan et al. 2017) and needs to be
improved. To deal with this problem, the SI is introduced into the IPS, which usually shows better
performance in producing smooth curves. Perrin et al.
(1987) applied the SI to mapping scalp potentials
and a higher level of smoothness and precision was
shown in the comparison with linear interpolation.
Unser et al. (1991) applied the SI to continuous image
representation and interpolation, and they concluded
that this type of interpolation method did not result
in a loss of image resolution and performed in a very
efficient manner. Wijnands et al. (2016) used the SI to
establish a model of near-surface wind speeds in
tropical cyclones and the comparison with an earlier
linear wind model demonstrated its superiority. Recently, this interpolation method combined with the
IPS had achieved success in inversion of the tidal
boundary conditions (Pan et al. 2017) and bottom
friction coefficients (Guo et al. 2017).
The SI can also be represented as Eq. (7), but the
calculation of interpolation weight fj,k is more complex.
Supposing that the pollutant emission rate can be represented as a cubic spline u(t), and
(

N

R2 2 rj2,k

u(ti ) 5 ei , u(ti11 ) 5 ei11 , i 5 0, 1, . . . , N 2 1
,
u0 (ti ) 5 mi , u0 (ti11 ) 5 mi11 , i 5 0, 1, . . . , N 2 1
(10)

,

(8)
within the time interval [ti, ti11]. Then, u(t) can be
written as







t 2 ti
t 2 ti11 2
t 2 ti11
t 2 ti 2
u(t) 5 1 1 2
ei 1 1 1 2
ei11
ti11 2 ti
ti 2 ti11
ti 2 ti11
ti11 2 ti




t 2 ti11 2
t 2 ti 2
1 (t 2 ti )
mi 1 (t 2 ti11 )
mi11 .
ti 2 ti11
ti11 2 ti

(11)
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The term u(t) is a cubic spline, so its second derivative is
continuous at the time point ti [i.e., u00 (ti1 ) 5 u00 (ti2 )], and
it is derived as follows:
6

e

h2i21 i21

2

6

e 1

h2i21 i

2
hi21

mi21 1

4
hi21

(12)

The above equation can be simplified as
i 5 1, 2, . . . , N 2 1,
(13)
where
8
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>
>
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.
>
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>
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3
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(15)

Equation (13) is an equation set that has N 1 1
variables and N 2 1 equations, which causes infinite
multisolutions. Therefore, a boundary condition is
necessary. As an example, the first boundary condition
is selected in this work, in which the slopes (m0, mN) of
tangent at t0, tN are known. It is prescribed for the
derivation that m0 5 mN 5 1. Therefore, Eq. (13) can
be rewritten as
8
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It is similar to the assumption in Pan et al. (2017) that
hi 5 hi21 5 h in this work. Hence, Eq. (14) can be rewritten as
1
ai 5 ,
2

AM 5 E,

2

6
6
4
2
5 2 2 ei 1 2 ei11 2 mi 2 mi11
hi
hi
hi
hi

(1 2 ai )mi21 1 2mi 1 ai mi11 5 bi ,

From Eq. (16) we can get the following relation:
(17)

where

mi

3(hi 5 ti11 2 ti ) .
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Assuming that B 5 (3/2h)A21 , the interpolation weight of
the kth independent point at the jth time point (tj 2 [ti, ti11])
can be expressed as
8
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3. Numerical experiments
a. Model settings
Numerical experiments are performed to test the
feasibility and reliability of the model and the interpolation methods in inversion of pollutant emission rate.
The computation area is the Bohai Sea as shown in Fig. 1
(378–418N, 117.58–122.58E) including Liaodong Bay,
Bohai Bay, Laizhou Bay, and the central area. In this
work, real bathymetry is employed. The horizontal
resolution is 40 3 40 , and there are six layers in the vertical direction. The open boundary is set at 122.58E, and
the AH and KV are set as 100 m2 s21 and 1025 m2 s21,
respectively. The time step interval is set to be 1 h and
the total simulation time is 168 h. The hydrodynamic
background field is calculated by the Finite Volume
Coastal Ocean Model (FVCOM; Chen et al. 2003).
Many previous works have used this model for the study
of tide and storm surge in the Bohai Sea (Zhao and Jiang
2011; Ding and Wei 2014). A nonoverlapping triangular
mesh is configured in the Bohai Sea, and the horizontal
resolution ranges from 0.4 to 0.8 km. According to the
description about the criteria for horizontal resolution
and time step in Chen et al. (2003), the external and
internal time steps are set as 20 and 120 s, respectively.
The data are outputted from the model every hour. The
spherical and s coordinates are set in the computational
area, and there are six s layers in the vertical direction.
According to Lu and Zhang (2006), the second-order
bottom friction coefficient is set as 1.5 3 1023. Tidal
boundary conditions, including the M2 constituent, are
implemented in this model. The Blumberg and Kantha
implicit radiation conditions are set as the temperature
and salinity open boundary conditions (Chen et al. 2003).

b. Design of numerical experiments
One pollutant point source under the water is assumed in the study area. Then, 20 monitoring points are
set around the point source (Fig. 1), and the observation
scheme is planned as follows: points 1–4 are observed
once per day on the second, the third, and the fifth days;
points 5–12 are observed once per day on the fourth, the
fifth, and the seventh days, and points 13–20 are observed once per day on the sixth and the seventh days.
Details are listed in Table 1. Considering the variations
of the pollutant emission rate, four types of time-varying
emission rate are prescribed as follows:
type 1:
u(t) 5 50 1 10 3 cos(p 3 t/350),

(22)

u(t) 5 50 1 10 3 sin(p 3 t/350),

(23)

type 2:

FIG. 1. The topography of the Bohai Sea (depth in meters),
pollutant source (marked as ‘‘3’’), and 20 monitoring stations
(blue points).

type 3:
u(t) 5 50 1 10 3 sin(p 3 t/160) ,

(24)

type 4:
u(t) 5 50 1 10 3 sin(p 3 t/80),

where 1 # t # 168.
(25)

In the above four formulas, t is in hours, the constant 50
is the mean pollutant emission rate, 10 is the varying
amplitude of pollutant emission rate, and the constants
(80, 160, and 350) are the varying periods. All constants are prescribed based on the principle that the
u(t) changes in a physically reasonable range. The maximum is 60 mg L21 h21 and the minimum is 40 mg L21 h21,
which guarantees the emission rate changes in a logical range and successful implementation of numerical
experiments.
The entire computation process of the numerical experiments can be described as follows.
1) The ‘‘observations’’ are obtained through running
the forward model [Eq. (1)] with one of these prescribed time-varying emission rates and the simulated
pollutant concentration values at monitoring points
are treated as observations.
2) We consider a constant pollution emission rate as an
initial guess value at the independent time points.
3) The values at the independent time points are interpolated in order to reproduce the time series of the
emission rate.
4) The pollutant concentration values at the monitoring
points are simulated through the forward model
[Eq. (1)] and the cost function computed [Eq. (3)].
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TABLE 1. The observation scheme for TE1, TE2, TE3, and TE4.
Observation scheme
Monitoring point

Longitude (8)

Latitude (8)

Second

Third

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

120.1000
119.9667
120.1000
120.2333
119.9667
120.2333
120.3667
120.3667
120.2333
119.9667
119.8333
119.8333
120.1000
120.3667
120.5000
120.4333
120.1000
119.7667
119.7000
119.7667

38.4667
38.6000
38.7333
38.6000
38.3333
38.3333
38.4667
38.6667
38.8667
38.8667
38.6667
38.4667
38.2000
38.3333
38.6000
38.8667
39
38.8667
38.6000
38.3333

O
O
O
O

O
O
O
O

5) The initial guess values at the independent time points
are adjusted through the adjoint method.
6) Calculation stops if the termination condition is
reached; otherwise, go back to step 3.
Finally, the most appropriate time-varying pollutant
emission rate is obtained through above procedure. The
ideal experiment based on the emission rates of type 1 is
named TE1. Similarly, TE2, TE3, and TE4 are implemented based on the emission rates of type 2, type 3, and
type 4, respectively.
The ‘‘observations’’ in TE1–TE4 are obtained through
strict mathematical calculation, meaning that there is no
error in these so-called observations. However, the situ
observations definitely contain noise. Therefore, a set
of error experiments are implemented for contrasting
the performance of SI and CI. Thus, observations
containing artificial errors are applied into those error
experiments. These artificial errors are produced by the
random number generator. As a case study, those experiments are conducted based on TE4, of which the
maximum percentage errors are 5% (TE4–1), 10%
(TE4–2), 15% (TE4–3), and 20% (TE4–4). Everything
else is the same except for the observations for TE4,
TE4–1, TE4–2, TE4–3, and TE4–4.
Except for the interpolation method and error, the
number of assimilated observations also may influence the accuracy of inversion results. For this, a series of experiments are carried out for comparison,
with different schemes and numbers of observation.
As a case study, these comparison experiments are

Fourth

Fifth

O
O
O
O
O
O
O
O

O
O
O
O
O
O
O
O
O
O
O
O

Sixth

Seventh

O
O
O
O
O
O
O
O

O
O
O
O
O
O
O
O
O
O
O
O
O
O
O
O

based on TE3 and named TE3–1, TE3–2, TE3–3, and
TE3–4.
For the experiments TE3–1 and TE3–2, the observation schemes are set as once and twice per day for all 20
monitoring points on the second to the seventh day. For
the experiment TE3–3, the observation scheme is set as
follows: points 1–4 are observed three times a day (the
interval is 8 h) on the second, the third, and the fifth days;
points 5–12 are observed twice a day (the interval is 12 h)
on the fourth, the fifth, and the seventh days; and points
13–20 are observed once per day on the fourth, the sixth,
and the seventh days. The observation scheme of TE3–4 is
planned as follows: points 1–12 are observed three times a
day (the interval is 8 h) on the second, the third, and the fifth
days; and points 13–20 are observed twice a day (the interval is 12 h) on the fourth, the sixth, and the seventh days.
The total numbers of observations are 120, 240, 108, and 156
for TE3–1, TE3–2, TE3–3, and TE3–4, respectively.
The selection of the independent time points should
depend on the specific situation. First, the purpose of
TABLE 2. MAEs (mg L21 h21) between the prescribed and inverted emission rates by two interpolation methods for TE1, TE2,
TE3, and TE4 (M0 is the MAE calculated using the initial guess
values, and M100 indicates that the MAE is obtained through
100 iterations).
TE1
TE2
TE3
Interpolation
method
M0 M100 M0 M100 M0 M100
CI
SI

3.16

0.14
0.05

4.58

0.35
0.14

2.73

0.55
0.49

TE4
M0

M100

11.22

1.33
0.37
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TABLE 3. RMSEs (mg L21 h21) between the prescribed and inverted emission rates by two interpolation methods for TE1, TE2,
TE3, and TE4 (R0 is the RMSE calculated using the initial guess
values, and R100 indicates that the RMSE is obtained through
100 iterations).
Interpolation
method
CI
SI
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TE1

TE2

TE3

TE4

R0

R100 R0

R100 R0

R100

R0

R100

3.54

0.29
0.08

0.38
0.17

0.87
0.80

12.99

1.59
0.49

5.26

3.92

this paper is to compare the performance of different
interpolation methods in estimation of pollutant emission rate. Therefore, these control experiments should
be the same except for interpolation method. So, the
selection of independent time points can be determined according to the fourth prescribed emission rate
[Eq. (25)], because it is the most complicated among
the four prescribed emission rates. Second, the original
purpose of applying the independent points is to reduce
the quantity of variables to be inverted and to promote
the efficiency of the adjoint assimilation model. Therefore, the number of independent points should be as few
as possible under the premise that the inversion is accurate. Based on the above-mentioned two principles, seven
independent time points are selected after lots of trial.
They are set at the 1st, 29th, 57th, 85th, 113th, 141st, and
168th hour, respectively. The same independent points
are used in all numerical experiments of this paper.

c. Experimental results
The hydrodynamic background data calculated by
FVCOM are processed with harmonic analysis. The
cotidal chart is available in Liu et al. (2017), and comparison with many previous works (Zhao and Jiang
2011; Yao et al. 2012; Ding and Wei 2014) demonstrates
the reliability of this hydrodynamic background field.
Then, the field is transformed into z coordinates and
interpolated into the 40 3 40 square grid using the kriging
interpolation method (Krige 1952). Such pretreatment is
implemented in all above numerical experiments.
The cost function, normalized by the value at the first
iteration step, is a significant criterion for evaluating the
TABLE 4. MAEs (mg L21 h21) between the given and inverted
emission rates by two interpolation methods for TE4, TE4–1, TE4–2,
TE4–3, and TE4–4.

TABLE 5. RMSEs (mg L21 h21) between the given and inverted
emission rates by two interpolation methods for TE4, TE4–1, TE4–2,
TE4–3, and TE4–4.
RMSEs
Interpolation
method

TE4
(0)

TE4–1
(5%)

TE4–2
(10%)

TE4–3
(15%)

TE4–4
(20%)

CI
SI

1.59
0.49

2.42
1.67

2.75
2.22

3.07
2.68

3.33
3.10

inversion process. The mean absolute error (MAE) and
the root-mean-square error (RMSE) are applied to
evaluate the inversion results. The MAE is the mean
value of the sum of absolute error between inverted and
prescribed pollutant emission rate, which can be calculated through the following equation:
N

å jIi 2 Pi j

MAE 5 i51

,

N

(26)

where I is the inverted pollutant emission rate, P is the
prescribed pollutant emission rate, and N is the number
of time points. In this paper, the number of 120 is selected
as time series, which is an effective length (the reason
is made clear in the appendix). Therefore, the figures
(Figs. 3–5) are shown from 1 to 120 h, and the results (see
Tables 2–7) are calculated with 120 h.
The normalized cost functions (NCFs) of TE1–TE4
are shown in Fig. 2, which reveals the changes of NCFs
with iterations for the four prescribed types of emission
rate. It can be deduced that the four given types of
emission rate are inverted successfully because all NCFs
are below 1 3 1023 after 100 iterations.
Tables 2 and 3 list the MAEs and RMSEs, respectively, giving a more powerful indicator for comparison
of the performances of SI and CI in inverting the timevarying pollutant emission rate. In Table 2, M0 means
the MAE calculated using the initial guess values at the
independent time points, and M100 represents the MAE
calculated using the adjusted initial guess values at the
independent time points after 100 iterations. The
same is true for R0 and R100 in Table 3. For the four
given types of emission rate, MAEs and RMSEs are
TABLE 6. MAEs (mg L21 h21) between the given and inverted
emission rate by two interpolation methods for TE3, TE3–1, TE3–2,
TE3–3, and TE3–4.

MAEs
MAEs

Interpolation
method

TE4
(0)

TE4–1
(5%)

TE4–2
(10%)

TE4–3
(15%)

TE4–4
(20%)

Interpolation
method

TE3

TE3–1

TE3–2

TE3–3

TE3–4

CI
SI

1.33
0.37

2.05
1.37

2.26
1.77

2.44
2.02

2.62
2.23

CI
SI

0.548
0.491

0.365
0.290

0.357
0.312

0.544
0.484

0.538
0.484
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TABLE 7. RMSEs (mg L21 h21) between the given and inverted
emission rate by two interpolation methods for TE3, TE3–1, TE3–2,
TE3–3, and TE3–4.
RMSEs

Interpolation
method

TE3

TE3–1

TE3–2

TE3–3

TE3–4

CI
SI

0.870
0.804

0.442
0.372

0.423
0.419

0.863
0.808

0.858
0.812

reduced significantly with iterations. For the MAE, the
least improvement after 100 iterations is 79.85% for the
CI and 82.05% for the SI in the TE3, and more than
88% for all others. It is similar to the RMSE that the
least improvement after 100 iterations is 77.81% for
the CI and 79.59% for the SI in TE3. Those improvements prove the validity of the adjoint method. More
importantly, the MAEs and RMSEs of the SI are all less
than those of the CI, showing the improvements by

VOLUME 35

choosing the SI. The least improvements are 10.91% for
the MAE and 8.05% for the RMSE in TE3, and the most
improvements are 72.18% for the MAE in TE4 and
72.41% for the RMSE in TE1. Those improvements
indicate the advantage of the SI over the CI in the accuracy of the inversion result.
The inversion results of the four prescribed types of
emission rate are illustrated in Fig. 3. It can be found that
inversion results with both interpolation methods reflect
the basic structure features of the four prescribed types of
emission rate. However, the black solid lines representing
the inversion results obtained by the SI are closer to the
prescribed values. This is consistent with the conclusion
from Tables 2 and 3. Furthermore, it is worthwhile to note
that the black solid lines are as smooth as the prescribed
curves, but the red solid lines representing the inversion
results obtained by the CI are fairly rough. So, the advantage of the SI in expressing the smoothness is revealed.

FIG. 2. Normalized cost functions (NCFs) of (a) TE1, (b) TE2, (c) TE3, and (d) TE4. Note that, in all panels, the
red solid lines are the NCFs by the Cressman interpolation (CI) and the black solid lines are those by the spline
interpolation (SI).
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FIG. 3. The prescribed and inverted pollutant emission rates of (a) TE1, (b) TE2, (c) TE3, and (d) TE4. Note that,
in all panels, the blue solid lines are the prescribed emission rates, and the red solid lines and the black solid lines are
the inverted emission rates by the CI and SI, respectively.

The effect of error on the inversion results is shown in
Fig. 4, which is obvious through the comparison with the
inversion in TE4. The error in assimilated ‘‘observations’’ increases the deviation between the prescribed
emission rates and inversion results based on TE4, and
the larger the error is, the larger the deviation is. But, it
still can be seen that the inversion results obtained by
the SI are smooth curves.
Tables 4 and 5 list, respectively, the MAEs and
RMSEs of TE4–1 through TE4–4 under the effect of
error. Along with the increasing error, the MAEs and
RMSEs are increased for both interpolation methods.
Also, the improvement of MAE for the inversion results
obtained by SI is reduced continuously, from 72.18% for
the error-free experiment (TE4) to 31.71% (TE4–1),
18.70% (TE4–2), 17.21% (TE4–3), and 14.89% (TE4–4).
For the RMSEs, the improvement by choosing the SI is
reduced from 69.18% (TE4) to 30.99% (TE4–1), 19.27%

(TE4–2), 12.70% (TE4–3), and 6.91% (TE4–4). The
error weakens the improvement by applying the SI.
However, under the same error, the MAEs and RMSEs
obtained by SI are less than those obtained by CI. Even
the MAE of the ‘‘observations’’ containing higher error
obtained by SI is less than that containing lower error
obtained by CI. For example, the MAE obtained by SI in
TE4–2 (10%) is less than that obtained by CI in TE4–1
(5%). The MAE obtained by SI in TE4–3 (15%) is less
than that obtained by CI in TE4–1 (5%) and TE4–2 (10%).
A similar conclusion can be found from the RMSEs, which
shows that the advantage of SI in the accuracy of inversion
results is still valid even under the effect of error.
Figure 5 exhibits the inversion results of experiments
with different numbers of observations to be assimilated, and the MAEs and RMSEs are shown in Tables 6
and 7, respectively. Those comparison experiments are
based on TE3, so the inversion results of TE3 (Fig. 5a)
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FIG. 4. The prescribed and inverted pollutant emission rates of (a) TE4–1, (b) TE4–2, (c) TE4–3, and (d) TE4–4.
Note that, in all panels, the blue solid lines are the prescribed emission rates, and the red solid lines and the black
solid lines are the inverted emission rates by the CI and SI, respectively.

are also displayed for the comparison. Figures 5b–e are
the inversion results of experiments TE3–1, TE3–2,
TE3–3, and TE3–4, respectively, which assimilate 120,
240, 108, and 156 observations respectively. For better
comparison of inversion results with different numbers of observations, three significant digits are kept
in Tables 6 and 7.
From Fig. 5, it is obvious that the inversion results in
Figs. 5b and 5c are the closest to the prescribed pollutant
emission rate. For the two subfigures, it seems that the
inversion results in Fig. 5c are better, which reflects the
downswing of emission rate from 90 to 120 h well. However, there is almost no difference among the others
subfigures in Fig. 5. It can be verified from Tables 6 and 7
that the MAEs and the RMSEs of TE3–1 and TE3–2 are
the least among the five experiments, and the others are
very close. As a result, the effect of observation number is
discerned to be that the inversion result is more similar to

the prescribed emission rate with more observations
for both interpolation methods. In addition, with the
smoother inverted emission rates (Fig. 5), the lower
MAEs and RMSEs (Tables 6 and 7) obtained by the SI
again demonstrate the advantage of SI in smoothness
and accuracy.
Through the aforementioned numerical experiments,
satisfactory results can be obtained by both interpolation methods. However, there are still significant improvements in accuracy and smoothness by using the SI.

4. Discussion
The above numerical experiments demonstrate the
application of SI results in a successful and better inversion of the pollutant emission rate, in terms of the
smoothness and accuracy of the inversion results. The
priority of SI in smoothness and accuracy had been
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FIG. 5. The prescribed and inverted pollutant emission rates of (a) TE3, (b) TE3–1, (c) TE3–2, (d) TE3–3, and (e) TE3–4. Note that, in
all panels, the blue solid lines are the prescribed emission rates, and the red solid lines and the black solid lines are the inverted emission
rates by the CI and SI, respectively.

revealed in many previous works (Perrin et al. 1987;
Unser et al. 1991; Wijnands et al. 2016; Pan et al. 2017),
so it is a natural characteristic for the SI. It is appropriate
and necessary for the SI to be introduced into the estimation of pollutant emission rates.
Error is inevitable in situ observations, so the attention should be paid to searching for ways to weaken the
effects of observation error. Through the comparison of
error experiments (TE4–1, TE4–2, TE4–3, and TE4–4),
it is demonstrated that the SI could reduce the MAE
more than the CI. So, the SI method is more applicable
for the situ observations. Furthermore, these error experiments also exhibit the level of MAE when the SI is
applied to situ observations containing errors. Comparing MAEs obtained by SI in TE4–1 and TE4–2 with
that obtained by CI in TE4, it can be found that when the
SI is applied to situ observations containing errors, the
MAE is at the same level with that obtained by CI for
observations that are ideally error free. At this point, the
effect of error on inversion results could be ignored
completely when SI is applied.
The observation scheme is necessary before carrying out the situ observation. A good scheme means the
cost is low but the data amount is sufficient. Through

comparing the inversion results of TE3, TE3–1, TE3–2,
TE3–3, and TE3–4, it can be deduced that adding more
observations is useful for improving inversion results for
both interpolation methods. However, an inconsistent
phenomenon should be noticed regarding the changes of
MAEs or RMSEs with the adding of numbers of observations by the CI and SI. The MAEs or RMSEs obtained by the CI decrease with more observations, while
those obtained by the SI are invariant (TE3–3, TE3–4)
or even increased (TE3–1, TE3–2). We do not know why
the MAEs or RMSEs increase with more observations,
but it is clear that there is a maximum of the number of
observations for the SI. In other words, the number of
observations is already sufficient for the SI; however,
more observations are needed for the CI. Also, all
MAEs and RMSEs obtained by the SI are less than
those obtained by the CI. Therefore, fewer observations
are needed for the SI to achieve the same accuracy,
which means lower data amounts and observation costs.

5. Conclusions
In this paper, an ocean pollutant diffusion model with
the adjoint method is used to reconstruct the time-varying
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FIG. A1. The prescribed and inverted pollutant emission rates of (a) TE1, (b) TE2, (c) TE3, and (d) TE4. Note
that, in all panels, the blue solid lines are the prescribed emission rates, and the red solid lines and the black solid
lines are the inverted emission rates by the CI and SI, respectively.

emission rate of a known pollutant point source in ocean.
To solve the ill-posedness of the inversion problem, IPS is
implemented with different interpolation methods, the
CI and the SI. The model with different interpolation
methods is calibrated by a series of numerical experiments.
Experimental results show that four prescribed types of
pollutant emission rate are inverted successfully by both
interpolation methods, but the application of SI improves
the inversion results in most cases. The improvement
focuses on the smoothness and accuracy of the inversion
results. In error experiments, compared with the CI, the
SI has a better performance in resisting the influence of
error. The accuracy of inversion results obtained by SI for
the situ observations containing errors is at the same level
with that obtained by CI for observations that are error
free ideally. Furthermore, to achieve the same accuracy
of inversion, fewer observations are needed for the SI
than for the CI. For the SI, better resistance to the impact

of error and demand for fewer observations give rise to
better appropriateness in practice.
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APPENDIX
The Selection of Effective Length
This part explains the reason why the inversion results
in Fig. 3 stop at 120 h although the simulation time spans
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FIG. A2. The absolute errors between the inverted and prescribed pollutant emission rate for (a) TE1, (b) TE2,
(c) TE3, and (d) TE4. Note that, in all panels, the red solid lines and the black solid lines are the inverted emission
rates by the CI and SI, respectively.

to 168 h. In fact, the pollutant emission rate during 120 to
168 h can also be inverted. However, the difference between the inverted and prescribed pollutant emission
rate is large during this period (Fig. A1). This is caused
by the limitation of the adjoint method. In the adjoint
model, the calculation process is implemented in a reverse chronological order. So, the initial field of the
adjoint model should be the distribution of the pollutant
concentration at the 168th hour. However, this distribution cannot be given appropriately before the calculation of adjoint model. Therefore, it needs time to be
optimized by adjusting the values at independent time
points. This is the reason why the inversion results are
bad during 120 to 168 h.
There are two reasons for the selection of the time
120 h when the figures and tables stop. First, the absolute
error between the inverted and prescribed pollutant

emission rate is set as less than 3 mg L21 h21. Too much
error will result in less reliability of the inversion results.
Figure A2 shows the change of absolute error with the
time. It can be found from Fig. A2c that the absolute
error exceeds 3 mg L21 h21 when the time exceeds 120 h.
So, the time 120 h is selected. In addition, the selection of
time 120 h considers the experiments TE3–1, TE3–2,
TE3–3, and TE3–4. Because those experiments are
conducted to test the influence of ‘‘observation’’ number
on inversion result, it can be found that the deviation
between the inverted and prescribed emission rate gets
increasingly larger from 80 to 120 h in Fig. 3c. The objective for reserving this period is to test if the deviation
gets smaller when the number of observations is increased. Thus, the selection of 120 h is appropriate.
Also, it is possible to invert the pollutant emission rate
acceptably during 120 to 168 h by extending the total
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simulation time, adding more observations, and adjusting
the number and locations of independent time points. But,
it is not the key point and is beyond the scope of this paper.
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