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ABSTRACT
In this study, empirical orthogonal functions (EOFs) are used as basis functions in a spectral model of the
atmospheric circulation. Two hypotheses are tested. The first hypothesis is that a basis of EOFs is more efficient
in describing large-scale atmospheric dynamics compared to spherical harmonics. The second hypothesis is that,
by using EOFs as basis functions, the forecast skill and climatology of the model can be improved.
Two experiments are performed with a three-level, quasigeostrophic, hemispheric spectral T21 model. In the
first experiment, a perfect model approach is taken. In the second, T21 is used to produce forecasts for the
Northern Hemisphere in winter. In the perfect model experiment, EOFs are determined from a long model
integration; in the second experiment, EOFs are determined from 10 winters of ECMWF analyses.
The first hypothesis is tested by comparing the forecast skill of EOF truncated versions of T21 with the skill
of a T17 version. In both experiments it is found that with less than half the number of degrees of freedom the
EOF model beats T17. However, although the EOF model is more efficient with respect to the number of degrees
of freedom, it is more expensive to integrate numerically.
The second hypothesis is tested in the perfect model experiment by producing forecasts of the T21 circulation
with T17, filtered on the leading EOFs, in an attempt to reduce the error propagation from the trailing EOFs
and thus improve the forecast skill of T17. In contrast to previously obtained results in the barotropic case, the
filter does not improve the forecast skill. With an empirically determined dissipation on the EOFs as a closure
for neglected interactions, both the forecast skill and the climatology of T17 show some improvement. In the
second experiment T21 is filtered on the leading atmospheric EOFs. Also in this experiment, the EOF filter does
not improve the forecast skill of T21. By introducing an empirically determined dissipation on the EOFs, the
variability of T21 shows some improvement.

1. Introduction
In order to predict a future state of the atmosphere,
a model of the atmosphere is integrated forward in time,
starting from an ‘‘observed’’ initial state. The predicted
evolution diverges from the observed one due to the
amplification of small errors in the initial state, often
referred to as internal error growth, and due to imperfections of the model (see Boer 1984). These model
errors not only contribute to the forecast error but also
lead to climate drift: the attractor of the model differs
from the atmospheric attractor. Climate drift shows up
in, for example, too intense storms, too little blocking
activity, no southern oscillation or sudden stratospheric
warmings, errors in the mean position, amplitude of the
stationary planetary waves, and so on. One way to diagnose climate drift is to calculate empirical orthogonal
functions (EOFs). EOFs efficiently describe the attractor
[see Selten (1995b) for a discussion of EOFs of the
Lorenz (1963) attractor]. Changes in the attractor are
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reflected in changes in the amount of variance associated
with each EOF. One way to reduce climate drift would
be to adjust the model equations in order to obtain the
right amount of variance for each EOF. In Selten (1995a)
two promising results were obtained with respect to the
effect of the model error on forecast skill and on the
ability to simulate the climate. In the following we will
refer to this paper as SE. In SE, a T21 barotropic model
was regarded as truth. EOFs were calculated from a
50 000-day integration. Model errors were introduced
by truncating the model to T20. The T20 version was
used to forecast the T21 circulation. The model error
of T20 caused a systematic increase of the variance of
the trailing EOFs during the first couple of days of the
forecasts. Putting the amplitude of the trailing EOFs to
zero after each day of integration substantially improved
the forecast skill of the leading EOFs. Apparently, this
EOF filter slowed down the error propagation from the
trailing EOFs to the leading ones. In a second experiment in the same paper, evolution equations were derived for the leading 20 (out of 231) EOFs. Integrating
this reduced model, starting from many different initial
conditions on the attractor of T21, it was found that the
variance of almost all EOFs systematically increased
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during the integration. The mean state and the variability
pattern, determined from a 10-y integration with the
low-order EOF model, differed substantially from T21.
By adjusting the linear dissipation on each EOF such
as to balance the mean initial drift of the associated
variance, the reduced model reproduced the mean and
variability quite well.
EOFs have been shown to efficiently describe barotropic dynamics (Rinne and Karhilla 1975; Schubert
1985; SE), but it remains to be seen whether EOFs are
suitable basis functions in more realistic models of the
atmospheric circulation. In this study, we investigate the
merits of using EOFs as basis functions in a quasigeostrophic, baroclinic three-level model, truncated to
T21. More specifically, two hypotheses are tested. First,
it is hypothesized that a basis of EOFs is more efficient
in describing the dynamics compared to spherical harmonics. Second, it is hypothesized that by using EOFs
as basis functions, the effect of model errors can be
reduced, leading to an improved forecast skill and climatology of the model. Due to model errors, model
attractors differ from the atmospheric attractor. This difference shows up in the variance associated with each
of the EOFs. In general, the trailing EOFs gain variance.
It is hypothesized that either removing the trailing EOFs
or increasing the dissipation on the EOFs improves the
forecast skill and climatology of the atmospheric model,
since the model trajectory is confined to that part of
phase space where the atmospheric attractor resides.
Each hypothesis is tested in two experiments. In the
first experiment, a perfect model approach is taken; the
T21 model is regarded as perfect and model errors are
introduced by truncating the model to T17. In the second
experiment, T21 is used to simulate the Northern Hemisphere winter circulation. In the perfect model experiment, EOFs are determined from a long model integration, in the second experiment the EOFs are determined
from 10 winters of ECMWF analyses. The motivation
for doing these two experiments is that the model error
is quite different in both experiments. In the perfect
model experiment, the only model error is a reduced
horizontal resolution. In the second experiment, other
model error sources are involved like the coarse vertical
resolution, the representation of diabatic sources and
sinks by an empirically determined constant potential
vorticity forcing, the parameterization of orographic effects, and the quasigeostrophic approximation.
This paper is organized as follows. Section 2 presents
a brief description of the T21 model. In section 3 an
explanation is given of how the EOFs are calculated,
followed by a discussion of their properties, both for
the EOFs of the model data and the ECMWF analyses.
In section 4, the EOF filter is introduced and it is explained how the EOF dissipation is determined. The first
hypothesis is tested in both experiments in section 5, in
section 6 the second hypothesis. Conclusions and some
discussion of the results are presented in section 7.
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2. The model
The quasigeostrophic, baroclinic T21 model used in
this study is the one described in Marshall and Molteni
(1993). It consists of three equations describing the time
evolution of quasigeostrophic potential vorticity Q at
pressure levels 200 hPa, 500 hPa, and 800 hPa, respectively. For details on the model formulation we refer
to Marshall and Molteni (1993). The model was made
hemispheric by antisymmetrization of the orography
field multiplied by the Coriolis parameter and the orography dependent diffusion at the lowest level with respect to the equator. The model contains a scale-selective horizontal ¹8 diffusion on Q to prevent accumulation of energy near the truncation limit. This diffusion
has an e-folding timescale of one day at the largest
wavenumber 21. Without scale-selective diffusion, the
variance of Q at the tail of the spectrum rapidly increases
during a model integration starting from an analyzed
initial condition. With the mentioned scale-selective diffusion, the model is able to simulate the observed spectrum of the variance of Q quite well for high wavenumbers. A constant vorticity forcing term is calculated
from 10 winters of ECMWF analyses such that the mean
vorticity tendency generated by the model is zero, as in
Liu and Opsteegh (1994). The model is integrated forward in time using a fourth-order Runge Kutta scheme
with a time step of four hours. With this empirical forcing, the model is able to simulate the Northern Hemisphere winter climatology and variability reasonably
well.
3. Empirical orthogonal functions
a. Definition
EOFs are determined from a set of observations of
the system under study. EOFs of the T21 model are
estimated from a dataset produced as follows. Starting
from a state of rest, the model was integrated for 1000
days. Assuming the model had reached its attractor, it
was integrated for another 10 000 days. Once each day,
the model state was archived. At T21 resolution, the
state is completely specified by the 693 spherical harmonic coefficients of the streamfunction expansion (231
coefficients at each level). Put differently, the phase
space of the model is 693-dimensional. EOFs of the
atmosphere are estimated from 10 boreal winters of
ECMWF analyses (DJF 1983/84 to 1992/93) of 200-,
500-, and 800-hPa streamfunctions in the Northern
Hemisphere at T21 resolution.
The EOFs were defined as follows: We choose to
calculate EOFs from the geopotential field in order to
focus on the extratropical areas. Relating the geopotential height F to the streamfunction field C by the linear
balance equation, the geopotential height is formally
given by
F 5 LC,

(1)
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where L denotes a linear operator. On a hemispheric
domain, the operator L is invertible. Since we want to
calculate EOFs for the three levels simultaneously, in
order to incorporate vertical correlations into the EOF
structures we need to make a choice on how the three
levels are weighted. In order to get, at a given truncation,
the same relative representation error in the geopotential
fields at the three levels, we choose the weights such
that all three levels have the same amount of variance.
So we solve the eigenvalue equation
LC9C9TLT Mei 5 liei

(2)

for the EOFs ei and the corresponding eigenvalues li.
The overbar denotes a time average and M denotes a
diagonal matrix containing weights that depend on the
dataset. The primes indicate that the time mean has been
subtracted. The dimension of the covariance matrix is
693.
b. EOFs of the T21 model
The covariance matrix was estimated from the 10 000day dataset and Eq. (2) was solved for the EOFs and
the eigenvalues.
1) EIGENVALUES
A plot of the eigenvalues is given in Fig. 1a. The
eigenvalue spectrum is steep: 70 EOFs acount for 95%
of the variance. It implies that on average the model
state is rather well described with a limited number of
EOFs. To get an idea of the accuracy of the representation of the state vector with a limited number of EOFs,
we calculated the rms error as a function of the number
of EOFs (Fig. 1b). With 150 EOFs, the mean representation error at 200 hPa is about 15 m, at 500 hPa about
13 m, and at 800 hPa 9 m. This error was calculated
from 200 days, separated by intervals of 10 days, taken
from an independent dataset of 2500 days. Thus an arbitrary model state on the attractor is rather well described using 150 EOFs. It remains to be seen whether
the dynamics on the attractor is also well described using
150 EOFs.
2) SPACE

AND TIME CHARACTERISTICS

The EOFs are optimized with respect to the variance.
Since the variance is dominated by low-frequency fluctuations of large-scale structures, the EOFs are a time
and a spatial filter. To illustrate this, we calculated for
each EOF amplitude the autocorrelation from the
10 000-day dataset. In Fig. 2a, the lag is plotted at which
the autocorrelation drops below 0.8 and 0.6, respectively, for each of the EOFs. It is evident that the time
evolution becomes faster with increasing EOF index.
Note that at the tail of the spectrum the decorrelation
time tends to increase again. Since this behavior is not
found in case of atmospheric EOFs (see Fig. 5a) and

FIG. 1. (a) Eigenvalues (or variances) [m2] of the EOFs determined
from a 10 000-day time series of the T21 model. (b) Mean representation error [m] of 200-hPa, 500-hPa, and 800-hPa geopotential height
due to EOF truncation.

since it happens at the end of the spectrum, it is probably
caused by the inability of the model to correctly evolve
the modes near the truncation limit.
To get an idea of the spatial scales, we calculated for
each EOF a weighted mean wavenumber
n̄ 5

1
21

O
21

n51

f n2

Of

n,

21

(3)

2
n9

n951

where fn denotes the total projection of the EOF onto
spherical harmonics with total wavenumber n. The results are plotted in Fig. 2b as a function of the EOF
index for the 500-hPa level. The graph shows that the
dominant EOFs are dominated by large-scale structures,
whereas trailing EOFs are dominated by smaller-scale
structures.
Given the large difference in energy content and time
and spatial scales, it is to be expected that the influence
of the trailing EOFs on the leading ones is negligibly
small, at least on short timescales. The extent to which
this is true will be investigated in sections 5 and 6.
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FIG. 2. (a) Lag in days at which the autocorrelation of the EOF
amplitudes drops below 0.8 and 0.6, respectively. (b) Spatial-scale
dependence of the EOFs as characterized by a weighted mean wavenumber.

3) VERTICAL
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FIG. 3. Variances of EOFs from observations (DJF 1983–92
ECMWF analyses) for each of the 10 winters and the variances of
these EOFs in 10 independent 90-day periods in the 10 000-day time
series of T21. (b) Kinetic energy spectrum at 200 hPa for each of
the 10 winters of ECMWF analyses for anomalies with respect to the
winter mean and kinetic energy spectra for 10 independent 90-day
periods in the 10 000-day time series of T21.

STRUCTURE

A final characteristic of the EOFs that we would like
to discuss is their vertical structure. For each of the
EOFs we calculated the pattern correlation between the
different pressure levels. For the first several tens of
EOFs, the correlation between the different levels is
around 0.9. This indicates an equivalent barotropic
structure. Then the correlations drop to smaller values
and become slightly negative, indicating a more baroclinic structure. There are no large negative correlations
between the levels for any of the EOFs. Apparently, the
norm that we have chosen to define for these EOFs
favors equivalent barotropic structures. If we had chosen
the total energy norm, which puts more weight on the
temperature structure, we would have found more pronounced baroclinicity in the leading EOFs. As discussed
in Selten (1993), this has consequences for the energy
cycle in a truncated EOF model. Both the velocity fields
as well as temperature fields need to be well represented
in order to describe the energy conversion correctly. To
check how many EOFs are needed to accurately describe
the temperature field, we calculated the mean represen-

FIG. 4. Mean representation error of 200-, 500- and 800-hPa geopotential height of ECMWF winter analyses due to EOF truncation.
Values below 0.1 m are not shown.
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boring eigenvalues are close together. To get an idea of
the sampling error, we plotted the variances of the EOFs
for each of the 10 winters in Fig. 3a. Averaging these
10 values would give the eigenvalue of the corresponding EOF. It turns out that even the dominant EOFs are
not well resolved since the order of the EOFs changes
from winter to winter (EOFs are ordered with respect
to their variance). Much of the interannual variability
projects onto these patterns, and many more years of
observations would be required to accurately resolve
the individual EOFs. For our purpose, it is not really
necessary to resolve the individual EOFs accurately. We
aim to partition the phase space into two subspaces, one
that contains the flow structures that dominate the dynamics and another that contains the more or less slaved,
low-energetic flow structures. For instance, the subspace
spanned by the first 80 EOFs is well resolved from the
subspace spanned by EOFs beyond index 100.
For the atmospheric EOFs, we also determined the
error in the representation of atmospheric fields as a
function of the EOF truncation. With 150 EOFs the
mean representation error is about 13 m at 200 hPa, 10
m at 500 hPa, and 6 m at 800 hPa (see Fig. 4.)
(ii) Comparison between model and observations

FIG. 5. (a) Lag in days at which the autocorrelation of the EOF
amplitudes drop below 0.8 and 0.6, respectively. (b) Spatial-scale
dependence of the EOFs as characterized by a weighted mean wavenumber.

tation error in the 200–500 hPa and 500–800 hPa thickness as a function of the number of EOFs in the expansion (not shown). It turned out that more EOFs
(about 300) are needed to represent the temperature
fields with similar accuracy as the geopotential height
fields. It is not clear whether another choice of the norm
would allow an accurate representation of both the three
geopotential height fields and the two thicknesses with
less than about 300 patterns.
c. EOFs of the atmosphere
From the 10 boreal winters of ECMWF analyses, we
estimated the covariance matrix and computed the EOFs
and their eigenvalues according to Eq. (2).
1) EIGENVALUES
(i) Spectrum of eigenvalues
The eigenvalue spectrum is steep. The first 83 EOFs
account for 95% of the variance. It is a well-known fact
that individual EOFs are not well resolved when neigh-

In order to compare the model variability with observations, we computed the variances of the atmospheric EOFs in 10 independent 90-day periods in the
10 000-day time series of the T21 model. These variances are also plotted in Fig. 3a. Comparing the model
and the observations, it turns out that the model has
larger variability than the atmosphere. For EOFs with
index beyond 400, the variance is more than 10 times
larger. Reducing this aspect of the model drift might
improve the forecast skill and climatology of the model.
It is worth noting that the pronounced difference in
phase space structure between the model and the atmospheric attractor is not apparent from a comparison
between the kinetic energy spectra. In Fig. 3b the kinetic
energy spectrum is plotted for each of the 10 winters
of ECMWF analyses for the Northern Hemisphere at
200 hPa for anomalies with respect to the winter mean.
The same was done for 10 independent 90-day periods
selected from the 10 000-day time series of T21. The
model has less energy at total wavenumbers 1 and 2,
more at wavenumbers 4 to about 10, and somewhat less
at the very end of the spectrum. The picture is qualitatively the same at 500 and 800 hPa. Although the
scale-selective diffusion is able to prevent the accumulation of energy at the tail of the spectrum and simulate about the right spectrum, it is not able to preserve
the right phase relations between the spherical harmonics. Put differently, with the scale-selective diffusion,
the model is not able to simulate the correct small-scale
structures. Too much energy projects onto structures described by the trailing EOFs. A better closure might be
to formulate the dissipation in terms of EOFs instead
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of spherical harmonics. This will be investigated in section 6.
2) SPACE

AND TIME CHARACTERISTICS

For the atmospheric EOFs, we also determined the
autocorrelation of the amplitudes and the characteristic
spatial scale. The results are plotted in Figs. 5a,b. As
was the case for the model EOFs, the atmospheric EOFs
are both a spatial as well as a time filter. Low (high)
index EOFs predominantly project onto large(small)scale waves and have a slow(fast) time dependence.
Comparing the spatial-scale dependences (Figs. 2b and
5b), the main difference is that in case of the atmospheric EOFs the dominant spatial scale of EOFs between index 100 and 200 is smaller (approximately
wavenumber 13) as compared to the model EOFs (wavenumber 11). Comparing the autocorrelations (Figs. 2a
and 5a) it turns out that the atmosphere has a longer
memory of the initial conditions.
4. EOF filtering and dissipation
Having determined the EOFs, they can be used in an
attempt to improve the forecast skill and climate simulation of the model. Two methods are tested in section
6, which we will refer to as EOF filtering and EOF
dissipation. In SE these methods were succesfully applied in a barotropic model. A brief outline of both is
given in the section below.
a. EOF filtering
The model state is completely specified by the geopotential height at the three model pressure levels. In
terms of EOFs, the state is given by a sum over the
EOF patterns, multiplied by time-dependent amplitudes
(usually referred to as principal components)

O a (t)e (l, f, p),
T

F(l, f, p, t) 5

i

i

(4)
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the model errors rapidly deteriorate the forecast for the
trailing EOFs. In SE the trailing EOFs gained variance
rapidly during the forecast due to the model error. Filtering on the dominant EOFs during the integration, not
afterward as in Branstator et al. (1993), improved the
forecasts for these EOFs.
The filter removes the contributions from the trailing
EOFs to the tendency of the leading EOFs. This can
easily be seen from the following expression for the
tendency of the EOF amplitudes

O b a (t) 1 O O g
N

ȧ i (t) 5 a i 1

N

ij

j51

N

j

ijk

a j (t)a k (t),

j51 k5j

for i 5 1, · · · , N,

(5)

where N is the dimension of the phase space of the
model. Both the barotropic model as well as the baroclinic model of this paper lead to evolution equations
of this form when formulated in terms of EOFs. The
quadratic terms are due to the advection term in the
model equations. If now the state is filtered on the leading (N 2 1) EOFs, which is equivalent to saying that
aN is put to zero, it is clear from Eq. (5) that the Nth
EOF no longer contributes to the tendency of the leading
(N 2 1) EOFs. If the state is filtered on the leading T
EOFs at every time step during the model integration,
it is the same as running an EOF model truncated to
the leading T EOFs. Running an EOF model using Eq.
(5) (usually referred to as the interaction coefficient
method) is far more expensive than running the full T21
model with an EOF filter, except for severe truncations.
The reason for this is that the T21 model makes use of
the transform method, which is computationally attractive due to the efficient fast Fourier transform algorithm.
An equivalent of the fast Fourier transform in case of
an expansion into EOFs does not exist to our knowledge.
In conclusion, an EOF model can be integrated at any
truncation at about the cost of the full T21 model by
integrating the T21 model with an EOF filter.

i51

where l and f denote the geographical longitude and
latitude, respectively, p is the pressure, and t is the time.
The number of EOFs in the representation, T, can be
varied. If in the representation T is smaller than the total
number of EOFs, which is equal to the model’s phase
space dimension of 693, we say that the state is filtered
on the first T EOFs.
Branstator et al. (1993) filtered ECWMF forecasts on
the leading EOFs and found that the filtered forecasts
verified better with filtered analyses than the unfiltered
forecasts with unfiltered analyses. They concluded that
the leading EOFs identify flow structures that are better
predictable on average at longer lead times than the flow
structures represented by the trailing EOFs. This is partly explained by the slower time evolution of the dominant EOFs (Fig. 5a). Another explanation might be that

b. EOF dissipation
The filter introduced in the previous section can be
looked upon as a kind of dissipation formulation. If
energy is transferred to EOFs beyond truncation limit
T, it is immediately dissipated. Another way to reduce
the climate drift might be to dissipate energy at a finite
timescale. The dissipation timescale can be tuned for
each individual EOF as follows (see also SE). During
a forecast, the variances of the EOF amplitudes start to
diverge from the climatological variances due to the
model error. We assume that the systematic effect of the
neglected small-scale structures onto the resolved ones
is mainly dissipative and that it can be adequately described by a linear dissipation term
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O b a (t) 1 O O g
T

ȧ i (t) 5 a i 1

T

ij

T

j

j51
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ijk

a j (t)a k (t)

j51 k5j

1 db ii a i (t),

for i 5 1, · · · , T,

(6)

that implies that the drift in the variance, determined
from a set of forecasts, can be adequately described by
var(a i (t)) 5 var(a i (0))e 2d b ii t

for i 5 1, · · · , T,

(7)

where t denotes the forecast day, and var(ai) the variance of the ith EOF in the available set of forecasts.
The coefficients dbii can be estimated from a set of
forecasts by fitting Eq. (7) to the observed drift in variance or by solving Eq. (7) for dbii at a particular time
in the forecast t,

db ii (t) 5

1

2

var(a i (t))
ln
var(a i (0))

for i 5 1, · · · , T,

2t

(8)

where ln() denotes the natural logarithm.
The EOF dissipation is introduced in the T21 model
by projecting the model state at each time step onto the
EOF basis, then calculating the dissipation and transforming back to physical space,

O db a (t)e (l, f, p),
T

Ḟ(l, f, p, t) 5

ii

i

i

(9)

FIG. 6. Mean anomaly correlation coefficients of 200 10-day forecasts of the T21 circulation for persistence, T17, and EOF truncated
models. The ACCs are calculated for 500-hPa geopotential height
truncated to the first 150 EOFs.

at this truncation the mean representation error of the
geopotential height at 200, 500, and 800 hPa is comparable to or only slightly larger than present day analysis errors (see Fig. 1b). We considered all of these
truncations since an objective criterion for truncation
based on the spectrum of eigenvalues is not immediately
obvious.

i51

where Ḟ denotes the contribution of the EOF dissipation
to the geopotential height tendency.
5. First hypothesis
The first hypothesis is that EOFs capture the dynamics
more efficiently than spherical harmonics. This hypothesis is tested in the two experiments described below.
a. The perfect model experiment
1) SETUP
To check the first hypothesis, the forecast skill of EOF
truncated models is compared with the forecast skill of
a T17 version. The skill is estimated from 200 10-day
forecasts of the T21 circulation with a T17 version and
EOF truncated models with varying numbers of EOFs.
The initial states were selected at 11-day intervals
from the 2500-day dataset and subsequently first projected onto the first 150 EOFs and then truncated to
T17. The choice of similar initial conditions makes a
fair comparison of the forecast skill of the different
models possible.
The EOF truncated runs were produced by using an
EOF filter at every time step in T21 integrations. The
total number of EOFs is 693, which equals the dimension of the T21 phase space. The truncations considered
run from a minimum of 150 up to 500 EOFs in steps
of 50 EOFs. A minimum of 150 EOFs is chosen because

2) RESULTS
The forecasts were verified by means of the rms error
of the 500-hPa height and the anomaly correlation of
500-hPa height with respect to the mean state of the
10 000-day dataset. Prior to the verification, both the
forecasted and the verifying fields were projected onto
the first 150 EOFs.
Since the rms errors did not contain any additional
information regarding the forecast skill, only the anomaly correlation coefficients (ACC) are shown and discussed. The mean ACCs of the 200 forecasts are plotted
in Fig. 6 for persistence forecasts, T17, and the EOF
models at various truncations. The persistence forecasts
cross the 0.6 level around day 2, T17 at about day 5,
and the perfect model at about day 8. The severest truncated EOF model, EOF150, crosses the 0.6 level at day
5. A monotonic increase in forecast skill is found as an
increasing number of EOFs is retained in the model.
With 200 EOFs, the EOF model has the same level of
skill as T17, which has a 459-dimensional phase space.
Evidently, a truncation in EOF space affects the dynamics less than a truncation in Fourier space. With 400
EOFs, the mean useful forecast range is still one day
less than the perfect model. So the extremely low-variance EOFs still have a significant influence on the forecast skill.
This monotonic increase in forecast skill may not be
so trivial as it seems. All models produce the same
tendency initially since there is no interaction between
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FIG. 7. Correlation between observed and predicted EOF amplitudes for 200 forecasts of the T21 circulation with T17 from initial
conditions truncated to the first 150 EOFs. Negative values are not
plotted.

the first 150 EOFs and the remaining ones initially due
to the special choice of the initial condition. However,
in due course of the integration, EOFs beyond index
150 become excited and start interacting with the leading EOFs. The effect of this feedback on the evolution
of the leading EOFs becomes appreciable within a couple of days and improves the forecast skill significantly.
This result indicates that an increased resolution improves the forecast skill of the dominant flow structures,
even when the resolved small scales are not properly
initialized. The forecast skill of the perfect model (T21)
for the individual EOFs is analyzed by calculating the
correlation between the time series of the forecasted and
observed amplitude. Figure 7 shows this correlation at
day 1, 2, 5, and 10 of the forecast. The first thing to
note is that the forecast skill is a function of EOF index:
the dominant EOFs are better forecasted. This result is
in agreement with the results obtained by Branstator et
al. (1993), who did a similar analysis for ECMWF forecasts. Second, although EOFs beyond index 150 have
zero initial amplitude, there is skill in forecasting these
modes at day 1 and even more so at day 2. It seems
that to a certain extent the trailing EOFs are slaved to
the leading EOFs, adjusting quite rapidly to the state of
the leading EOFs.
b. The ‘‘real world’’ experiment
Starting from 1 December, we made eight nonoverlapping forecasts of 10 days for each of the 10 winters
with the T21 model, a T17 version, and an EOF truncated version with 150 EOFs. All forecasts are started
from initial conditions that are first truncated to the leading 150 EOFs and next to T17 to make a fair comparison
of the forecast skill of the different models possible.
Figure 8 contains the mean ACCs of the 80 forecasts.
The forecasts are verified after projecting forecasts and
analyses onto the first 150 EOFs. It was verified that
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FIG. 8. Mean anomaly correlation coefficients of 80 10-day forecasts of the Northern Hemisphere in winter for persistence, T17, T21,
and T21 filtered on the leading 150 EOFs.

the projection hardly affected the mean ACCs. The
mean useful forecast range of the T21 model turns out
to be approximately 3.5 days, a gain of 1.5 days over
persistence. For comparison, the current useful forecast
range of the ECMWF model for the 500-hPa geopotential height field of the Northern Hemisphere extratropics
in winter is about 6.5 days. With 150 EOFs, the EOF
model has the same level of skill as T17, which has a
459-dimensional phase space. Also in this experiment
in which the model error is large and not only due to
a limited horizontal resolution, it turns out that EOFs
describe the dynamics more efficiently than spherical
harmonics.
To conclude this section, we can state that a basis of
EOFs more efficiently captures the dynamics than a basis of spherical harmonics in terms of the number of
phase space coordinates needed. However, EOFs with
variances four orders of magnitude smaller than the
leading EOF still contribute significantly to the forecast
skill of the leading EOFs. The trailing EOFs are to some
extent slaved to the leading ones, which gives some
hope that a parameterization of their influence on the
evolution of the leading EOFs is possible.
6. The second hypothesis
In this section the hypothesis is tested that the forecast
skill and climatology of the model can be improved by
using EOFs as basis functions. The methodology was
explained in section 4. The hypothesis is first tested in
the perfect model experiment, then in the ‘‘real world’’
experiment.
a. The perfect model experiment
In practice, EOFs are estimated with limited resolution only. The resolution is at most the resolution of the
model. Therefore, in the context of this idealized experiment, EOFs will be used that are calculated at T17
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FIG. 9. Correlation at day 2 between observed and predicted EOF
amplitudes as determined from 200 forecasts of the T21 circulation
with T17 and T21 from initial conditions truncated to T17.

resolution in an attempt to improve the forecast skill of
T17 by reducing the effect of the model error.
1) IMPACT

OF MODEL ERROR

To investigate the effect of the model error on the
forecast skill of the EOFs, we repeated the forecast experiment of section 5a but this time starting from T17
truncated initial conditions with both the perfect model
(T21) and T17. The error in the T21 forecasts is solely
due to the error in the initial condition. The correlation
at day 2 between predicted and observed EOF amplitude
is plotted in Fig. 9 for the T17 and T21 forecasts. Comparing both graphs, it is evident that the model error
dominates the internal error growth and rapidly degrades
the forecasts for the trailing EOFs in the T17 forecasts.
One reason for the rapid loss of skill is that the trailing
EOFs gain variance. Figure 10 shows the variance of
the EOFs in the 200 forecasts with T17 at day 0 and at
day 10. Note first that the sampling error is small. Although we have a sample of only 200 days, separated
by intervals of 11 days, the variance at day 0 is close
to the variance calculated from the 10 000-day dataset
(curve labeled eigenvalues). At day 10 however, the
variance of the trailing EOFs has increased significantly.
We hypothesize that either filtering the trailing EOFs
during the T17 forecasts or increasing the dissipation
on these EOFs will improve the forecast skill of the
leading EOFs.
2) EOF
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FIG. 10. Drift of T17 measured by the variances of the EOFs,
calculated at day 0 and day 10 of 200 T17 forecasts. For comparison,
the variances of the EOFs in the 10 000-day time series is plotted.

ber of EOFs retained in the filter is increased. With 350
EOFs or more, the forecast skill is as good as the full
T17 model, which has 459 degrees of freedom. However, we do not find an improvement of forecast skill
by filtering every time step on a limited number of
EOFs. This is to be contrasted with the results of SE in
the barotropic case. There it was shown that the forecast
skill of a T20 version of a barotropic T21 model improved substantially by filtering the model state after
each day of integration on the first 20 EOFs. Unpublished results revealed that the skill also improved by
filtering every time step on the first 20 EOFs.
3) EOF

DISSIPATION

(i) Influence on forecast skill
The EOF filter did not improve the forecast skill. We
may try to reduce the drift of T17 and improve its prediction skill by an additional dissipation on the trailing

FILTER

We repeated the forecast experiment with T17, this
time filtered every time step on a fixed number of EOFs.
The mean anomaly correlation coefficients are plotted
in Fig. 11. All forecasts started from the same initial
conditions, which were truncated to the first 150 EOFs.
The forecasts are verified on the first 150 EOFs. A
monotonic increase of forecast skill is found as the num-

FIG. 11. Mean anomaly correlation coefficients of 200 10-day forecasts of the T21 circulation for persistence, T17, and EOF truncated
models. The ACCs are calculated for 500-hPa geopotential height
truncated to the first 150 EOFs.
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FIG. 12. Empirical damping coefficients estimated from 200 T17
forecasts of the T21 circulation at forecast day 2 and day 5. Assuming
an exponential growth of the variance of the EOFs, these damping
coefficients balance the drift. The values according to the thick solid
line are used in subsequent experiments.
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FIG. 13. As in Fig. 8 but for persistence forecasts, T17, and T17
with empirical dissipation according to Fig. 12 (T17dis).

(ii) Influence on climate simulation
EOFs in order to prevent an accumulation of variance
on these EOFs. We assume that the systematic effect of
the neglected small-scale structures onto the resolved
ones is mainly dissipative and that it can be adequately
described by a linear dissipation term (see section 4).
The drift in variance of the first 350 EOFs is estimated
from the 200 10-day forecasts with T17 starting from
T17 initial conditions. The analysis is limited to the first
350 EOFs since T17 filtered on the leading 350 EOFs
has the same forecast skill as the full T17 model. Apparently, the trailing EOFs beyond 350 do not contribute
significantly to the dynamics and will be filtered in the
sequel. The coefficients dbii are estimated from Eq. (8).
A plot of these estimates is shown in Fig. 12 for forecast
days 2 and 5. For most EOFs, the two estimates are not
too far off, which indicates that the variance increases
approximately exponentially during this period. The
strength of the dissipation increases with increasing
EOF index, which implies that the dissipation is scale
selective. The small scales are damped more efficiently.
The damping timescale is of the order of days, so we
may expect an effect on the forecast skill. Guided by
these two curves, damping coefficients were chosen as
given by the thick solid line. That we chose a somewhat
stronger dissipation on the trailing EOFs as indicated
by the drift deserves some explanation. At first, we applied the damping coefficients as estimated from the
drift at day 2. It turned out that the EOFs at the tail still
drifted, gaining too much variance. Apparently, a stronger dissipation was required to prevent this drift.
With the additional dissipation as indicated by the
thick solid line in Fig. 12, the T17 forecasts were repeated. The mean ACCs are plotted in Fig. 13 (curve
labeled T17dis). Compared to forecasts without a correction for the drift, the mean useful forecast range increases with about half a day.

The impact on the forecast skill of the empirical dissipation on the EOFs is small. The additional dissipation
might be more relevant with respect to the climatology
of the model. Therefore a 2500-day integration with T17
was performed to establish its climatology. T17 with
the EOF dissipation as given by the thick solid line in
Fig. 12, was also integrated for 2500 days to check
whether its climatology is closer to the truth (T21) compared to T17. Of both runs, the first 500 days were
discarded. In Fig. 14 the variance of the EOFs in the
two runs is plotted and compared with the variance of
the EOFs in the 10 000-day T21 run. The variance of
the trailing EOFs is overestimated in T17 but well simulated in T17dis. However, the variance of the leading
EOFs, especially of the first one, is underestimated in
T17dis.
For both runs, we calculated the variance of 500-hPa
geopotential height for 10-day running means and daily
deviations from 10-day running means. The results (not

FIG. 14. Variance of EOFs in the 10 000-day time series of T21,
in a 2000-day time series of T17, and in a 2000-day time series of
T17 with empirical dissipation to balance the initial drift (T17dis).
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FIG. 15. Mean 500-hPa geopotential height of (a) the 10 000-day time series of T21, (b) a 2000-day time
series of T17, and (c) a 2000-day time series of T17 with empirical dissipation to balance the initial drift
(T17dis).

plotted) show that the low-frequency variance, which is
dominated by the first EOF, is underestimated in T17
and even more so in T17dis. The high-frequency variance, overestimated in T17, is better simulated in
T17dis. Although the model has been corrected to reduce the drift of the variance, it turns out that the mean
state has improved as well. In Fig. 15, the mean 500hPa geopotential height is plotted for T21, T17, and
T17dis. Compared to T21, the strength of the mean
circulation is greatly reduced in T17. In T17dis the mean
circulation is much better simulated.
To summarize, the EOF filter did not improve the
forecast skill, in contrast to previously obtained results
in the barotropic case (SE). The empirical EOF dissipation gave a small improvement of the forecast skill,
but had a larger impact on the climate simulation. The
mean and high-frequency variability were improved, the
low-frequency variability remained too low.
b. The ‘‘real world’’ experiment
In this section an attempt is made to improve the skill
of T21 in predicting the evolution of the Northern Hemi-

sphere winter circulation and its ability to simulate the
winter climatology. For this purpose, EOFs of the
ECMWF analyses are used (see section 3).
1) IMPACT

OF MODEL ERROR

The climate drift of T21 is diagnosed from the set of
80 forecasts of section 5b by computing the variance of
the atmospheric EOFs at each day in the forecast. In
Fig. 16, the variance is plotted for day 0, 1, and 10.
Within 1 day, the variance of the trailing 500 EOFs
increases significantly. Within 10 days, the trailing
EOFs have reached their (model) climatological values.
In an attempt to reduce this aspect of the climate drift,
first the EOF filter is applied to T21, second EOF dissipation is introduced.
2) EOF

FILTER

In a first attempt to improve the forecast skill, forecasts were produced with an EOF filter applied every
time step to the model state. The number of EOFs retained in the filter ran from 150 up to 500 EOFs with
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FIG. 16. Drift of T21 measured by the variances of the EOFs,
calculated at day 0, day 1, and day 10 of 80 T21 forecasts. For
comparison, the variances of the EOFs in the 10 winters of ECMWF
analyses are plotted.

steps of 50 EOFs. All EOF truncated runs started from
initial conditions truncated to the first 150 EOFs to make
a fair comparison possible. The mean ACCs of T21 and
the EOF truncated models for truncation limits 150, 300,
and 450 EOFs are plotted in Fig. 17. In the range of
useful forecasts, a monotonic improvement is noted as
an increasing number of EOFs is retained in the model.
The EOF filter degrades the forecast skill throughout
the whole forecast range. With 150 EOFs out of a total
of 693, the average useful forecast range reduces to
about 3 days. In contrast to the results of SE in the
barotropic case, the EOF filter does not improve the
forecast skill of the unfiltered model.
3) EOF

DISSIPATION

(i) Influence on forecast skill
In a second attempt to improve the forecast skill, a
linear dissipation on the EOFs is introduced as in the
perfect model experiment [Eq. (8)]. Since all EOFs contribute to a better predictive skill, all EOFs are retained.
The estimated strength of the dissipation for each of the
EOFs is plotted in Fig. 18 for forecast day 1, 2, and 3.
Again, the estimated dissipation turns out to be strongly
scale selective. The three estimates for EOFs beyond
index 300 differ substantially, which implies that the
variance does not increase exponentially. Note that the
drift in the ‘‘real world’’ experiment is much more rapid
compared to the perfect model experiment. For the trailing EOFs an e-folding timescale less than 1 day is found
whereas in the perfect model experiment the drift of
T17 has an e-folding timescale of 5–10 days. In the
latter case, a limited horizontal resolution is the only
error source. In the former case, other important error
sources are, for instance, the coarse vertical resolution,
the representation of diabatic sources and sinks by the
empirically determined constant potential vorticity forc-
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FIG. 17. Mean anomaly correlation coefficients of 80 10-day forecasts of the Northern Hemisphere in winter for persistence, T21, and
T21 filtered on an increasing number of EOFs.

ing, the representation of the orographic forcing, and
the quasigeostrophic approximation.
The dissipation was approximated by the solid thick
line in Fig. 18. With these dissipation coefficients, the
forecast experiment was repeated. The mean ACCs (not
plotted) were hardly affected by the empirically determined dissipation. In contrast to the perfect model experiment, it turns out that reducing this aspect of the
model drift has no significant effect on the forecast skill.
Probably, in this case the contribution of the trailing
EOFs to the forecast error evolution of the leading EOFs
is small compared to the other model error sources mentioned. These model error sources can not be adequately
described by a linear dissipation on the EOFs.
(ii) Influence on climate simulation
Although the empirical correction has no effect on
the forecast skill, it might improve the climatology of

FIG. 18. Empirical damping coefficients estimated from 80 T21
forecasts of the Northern Hemisphere in winter at forecast day 1, day
2, and day 3. Assuming an exponential growth of the variance of the
EOFs these damping coefficients balance the initial drift. The values
according to the thick solid line are used in subsequent experiments.

Unauthenticated | Downloaded 01/17/22 04:15 PM UTC

15 AUGUST 1997

2111

SELTEN

FIG. 19. Variance of EOFs in the 10 winters of ECMWF analyses,
in a 10 000-day time series of T21 and in a 2000-day time series of
T21 with empirical dissipation to balance the initial drift according
to Fig. 18 (T21dis).

the model. Therefore, with and without the dissipation
coefficients plotted in Fig. 18, the model was integrated
for 2500 days. The first 500 days were discarded. From
the remaining 2000 days, the variances of the EOF amplitudes and the mean 500-hPa geopotential height and
its daily variability were calculated. The variances of
the EOF amplitudes are plotted in Fig. 19 for T21,
T21dis, and the 10 winters of ECMWF analyses. The
variances of T21dis are closer to the observed variances.
Despite the strong dissipation, the variances of the trailing EOFs, although small, are still too large. The spatial
pattern of daily 500-hPa geopotential height variability
is plotted in Fig. 20. The variability has been reduced
in T21dis, especially in the polar areas and the spatial
pattern is closer to the observations. The mean 500-hPa
height field is plotted in Fig. 21. The jet maximum over
the Atlantic is better simulated in T21dis, but in other
areas the circulation is too strong and is better simulated
in T21.
To conclude we can say that trying to improve the
forecast skill of T21 by merely truncating the trailing
EOFs or by an empirically determined dissipation on
the EOFs was not succesful. The empirically determined

FIG. 20. Daily variability of 500-hPa geopotential height of (a) the 10 winters of ECMWF analyses, (b)
the 10 000-day time series of T21, and (c) a 2000-day time series of T21 with empirical dissipation to balance
the initial drift according to Fig. 18 (T21dis).
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FIG. 21. Mean 500-hPa a height field of (a) the 10 winters of ECMWF analyses, (b) the 10 000-day time
series of T21, and (c) a 2000-day time series of T21 with empirical dissipation to balance the initial drift
according to Fig. 18 (T21dis).

dissipation on the EOFs resulted in some improvement
of the simulated atmospheric variability.
7. Discussion and conclusions
In this study, we investigated the merits of using
EOFs as basis functions in a baroclinic model of the
atmosphere. A quasigeostrophic, hemispheric, threelevel T21 model (693-dimensional phase space) was
used in two experiments. In the first experiment, a perfect model approach was taken. Model errors were introduced by reducing the horizontal resolution, EOFs
were derived from a long model integration. In the second experiment, T21 was used to produce forecasts for
the Northern Hemisphere in winter. EOFs were derived
from ECWMF analyses.
Two hypotheses were tested. The first hypothesis is
that a basis of EOFs is more efficient in describing largescale atmospheric dynamics compared to spherical harmonics. The second hypothesis is that the forecast skill
and climatology of the model can be improved by using
EOFs as basis functions.
The first hypothesis was tested in both experiments

by comparing the predictive skill of EOF truncated models and a T17 version of the T21 model. It was found
that with less than half the number of phase space dimensions the EOF truncated model had the same predictive skill as T17. However, the EOF truncated model
is computationally more expensive since an equivalent
of the fast Fourier transform for EOFs does not exist.
One could live with the fact that using EOFs as basis
functions is more expensive if the second hypothesis of
this paper were true: predictions and/or climate simulations with EOF-based models are superior to traditional spectral models. In Selten (1995a) encouraging
results were obtained in a barotropic model using an
EOF filter and a dissipation formulation in terms of
EOFs. However, in the baroclinic model of this study,
an EOF filter did not result in better predictions. In the
perfect model experiment, the forecast skill and the climate simulation of T17 were somewhat improved by
the introduction of the EOF dissipation. However, in the
second experiment, the EOF dissipation did not significantly improve the ability of T21 to simulate the Northern Hemisphere winter circulation. In the former case,
a reduced horizontal resolution is the only error source.
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In the latter case, other important error sources are, for
instance, the coarse vertical resolution, the representation of diabatic sources and sinks by the empirically
determined constant potential vorticity forcing, the representation of the orographic forcing, and the quasigeostrophic approximation. Apparently, the systematic
effect of these model errors cannot be adequately described by a linear dissipation on the EOFs.
The present results in the baroclinic case are not very
encouraging. Nevertheless, the present study may be
regarded as just a first attempt and the method might
be improved upon. Probably the present choice of empirical basis functions is not optimal and no doubt the
empirical linear dissipation on the EOFs as a parameterization for the model error can be improved upon.
Arguments and suggestions are given below.
Probably the variance criterion used in the definition
of the EOFs is not optimal. For instance, it was verified
that T17, on average, better represents an arbitrary state
on the T21 attractor than a representation with 200
EOFs. However, the dynamics is better described by the
200 EOFs. This implies that optimizing a representation
with respect to the variance will not necessarily yield a
representation that is optimal in describing the dynamics. Thus there might be a set of basis functions that at
a given truncation better describes the dynamics compared to EOFs, although the amount of variance explained by these functions is less. This is likely to be
the case. In the perfect model experiment it was found
that with 400 EOFs the mean useful forecast range is
still one day less than the perfect model (693 EOFs).
So the extremely low-variance EOFs still have a significant influence on the forecast skill. This problem is
connected to the problem of choosing a norm in phase
space to measure distances between phase points. The
norm that we have chosen in the definition of the variance and the EOFs is probably not the optimal one. The
choice of a suitable norm certainly deserves more investigation.
An alternative way to determine basis functions that
better capture the dynamics is given by Hasselmann
(1988). He described a general method to derive a set
of basis functions [referred to as principal interaction
patterns (PIPs)] that minimizes the tendency error in a
least squares sense. Kwasniok (1996) applied this technique to the barotropic model of SE and found a set of
PIPs that better captures the dynamics compared to
EOFs, although the amount of variance explained by
the PIPs is less. A drawback of the PIP approach is that
the method becomes prohibitively expensive in highdimensional phase spaces (order 100).
To be able to still make use of the fast Fourier transform and at the same time reduce the number of expansion functions, one could limit the EOF or PIP expansion to the meridional direction and replace the associated Legendre functions in the spherical harmonics
by an orthogonal set of EOFs or PIPs. This might lead
to a description that is more efficient than traditional

models in terms of computational resources. The idea
is to use EOFs of the form Gmnl(p)Emn(f)exp(iml) instead of E(p, f, l) as in the present study. This approach
for the horizontal representation might lead to a more
efficient description, since in the meridional direction,
the atmospheric variability is very inhomogeneous with
most variability at latitudes where the jet meanders.
Thus probably the number of meridional basis functions
can be significantly reduced by using meridional EOFs
of the form Emn(f), especially for low zonal wavenumbers m for which in a triangular truncation T there
are the most Legendre functions retained (T 2 m). However, since the computational cost is only linear in the
number of meridional basis functions used, the computational gain will probably be limited.
With respect to the representation of the vertical structure in terms of EOFs, it is hard to say anything about
the performance of such a model. To our knowledge,
the first attempts to formulate a model using a threedimensional spectral representation were not very successful (Machenhauer and Daley 1974). If a realistic
spectral model in three dimensions could be formulated
using theoretical basis functions, then it would be worthwile to try EOFs for the vertical structure since Holmström (1963), for instance, has shown that the large-scale
vertical structure of the atmosphere is well described by
only a few EOFs.
The results in this paper suggest that the empirically
determined dissipation as a parameterization of the systematic effect of the model error is only marginally
successful. Other parameterizations might be formulated
that perform better: for instance, a combination of the
current parameterization, the approach of Sausen and
Ponater (1990), and the statistical closure developed in
Selten (1997) along the lines of a proposition made by
Leith (1978). In any case, to substantially improve the
forecast skill, the nonsystematic part of the model error
needs to be more accurately parameterized.
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