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ABSTRACT
Effective diffusivity calculated from a scalar field that obeys the advection–diffusion equation has proved
useful for estimating the permeability of unsteady boundaries of air masses such as the edge of the stratospheric
polar vortex and the extratropical tropopause. However, the method does not discriminate the direction of
transport—whereas some material crosses the boundary from one side to the other, some material does so in
the other direction—yet the extant method concerns only the net transport.
In this paper, the diagnostic is extended to allow partitioning of fluxes of mass and tracer into opposing
directions. This is accomplished by discriminating the regions of ‘‘inward’’ and ‘‘outward’’ wave breaking with
the local curvature of the tracer field. The utility of the new method is demonstrated for nonlinear Kelvin–
Helmholtz instability and Rossby wave breaking in the stratosphere using a numerically generated tracer. The
method successfully quantifies two-way transport and hence the direction of wave breaking—the predominantly
equatorward breaking of Rossby waves in the extratropical middle stratosphere, for example. Isolated episodes
of mixing are identified well, particularly by the mass flux that primarily arises from the tracer filaments.
Comparison of different transport schemes suggests that the results are reasonably robust under a varying
subgrid representation of the model.

1. Introduction
Analysis of quasi-conservative quantities (‘‘tracers’’)
is instrumental to understanding the atmospheric transport associated with large-scale flows. For example, potential vorticity (PV) and long-lived trace constituents
are routinely mapped on isentropic surfaces for the lower stratosphere and the upper troposphere to elucidate
lateral excursion of air masses due to finite-amplitude
Rossby waves and mobile baroclinic eddies. When the
amplitudes of these eddies are small, transport is characterized by reversible undulation of the tracer contours.
When the eddies attain sufficiently large amplitudes,
however, the contours turn over and are stretched irreversibly to form complex geometry. This is commonly
referred to as ‘‘wave breaking,’’ although it can be described more generally as chaotic advection. Wave
breaking produces small scales in the tracer, making it
more conducive to mixing (diffusion). To encapsulate
this process, Nakamura (1996) introduced effective diffusivity of a passive tracer, which is proportional to the
square of equivalent length of the tracer contour. (For
a detailed theoretical review on effective diffusivity, see
Shuckburgh and Haynes (2003). A minimal outline is
also included in section 2b below.) As wave breaking
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stretches the contours, it enhances effective diffusivity
and accelerates downgradient transport of the tracer.
While wave breaking promotes a net downgradient
transport of a passive tracer, visual inspection of the
tracer morphology often suggests that breaking occurs
in two opposing directions, with one preferred over the
other. For example, Rossby wave breaking around the
edge of the stratospheric polar vortex is predominantly
outward, that is, the tracer contours ‘‘pinch off’’ preferentially on the equator side (Juckes and McIntyre
1987; Polvani and Plumb 1992). The inward breaking
does occur, but less frequently (Plumb et al. 1994), presumably under a contrived curvature of the vortex edge
(Nakamura and Plumb 1994). Similar kinematics is observed around the extratropical tropopause, where mobile baroclinic eddies produce pronounced equatorward
intrusions of stratospheric air along the isentropes (Appenzeller and Davies 1992; Holton et al. 1995). Figures
1a and 1b illustrate the outward and inward breaking of
a closed contour of a passive tracer.
Wave breaking causes an exchange of materials
across the boundary of air masses, and its direction determines the direction of transport and thus of chemical
influence. To appreciate this last point, consider the following highly simplified model of mass exchange (Fig.
2). A box is separated into two compartments by a semipermeable barrier. Both compartments contain a trace
gas with homogeneous (but distinct) mixing ratios denoted by q1 and q 2 . We also denote the volume of air
in each compartment by V1 and V 2 . Now imagine a
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FIG. 2. A box model of two-way transport. Notice that asymmetry
in the mass fluxes shifts the position of the boundary. See text for
details.

FIG. 1. Schematics of wave breaking patterns. The boundary of
the black air mass is marked by a contour of a quasi-conservative
tracer: (a) outward breaking, (b) inward breaking, and (c) cutoff island
(see section 2a).

mixing ‘‘episode,’’ in which DV 2 of air containing q1
of the trace gas is moved from the first compartment to
the second compartment, while simultaneously DV1 of
air containing q 2 of the same gas is moved from the
second compartment to the first. The volumes of the
first and second compartments are now V91 5 V1 1 DV1
2 DV 2 and V92 5 V 2 1 DV 2 2 DV1 , and we assume
that the tracer is homogenized within each compartment
instantly after the exchange. Then a simple calculation
gives the new mixing ratios:
q91 5 q1 1

DV1 (q2 2 q1 )
V1 1 DV1 2 DV2

q92 5 q2 2

DV2 (q2 2 q1 )
.
V2 1 DV2 2 DV1

and
(1.1)

By taking the difference,

1

q92 2 q91 5 (q2 2 q1 ) 1 2
2

DV1
V1 1 DV1 2 DV2

2

DV2
.
V2 1 DV2 2 DV1

(1.2)

Since the last factor in (1.2) is less than 1, the above
result shows that the difference in the mixing ratios

decreases after the mixing. Furthermore, (1.1) shows
that the change in each mixing ratio hinges on the mass
flux from the other compartment. This means that transport exerts chemical influence only in the downstream
direction. For example, if transport is one-sided, say DV1
5 0, then the mixing ratio of the first compartment will
not change; it is chemically isolated from the downstream compartment.
The above analysis forms a basis for the ‘‘containment vessel’’ analogy of the stratospheric polar vortex;
that is, the interior of the vortex is chemically isolated
from the exterior because of the predominantly outward
breaking of Rossby waves at the vortex edge. This argument is widely supported by now, partly because the
asymmetry in wave breaking is readily visible in tracer
fields such as PV. Yet it is more difficult to quantify
two opposing mass fluxes (‘‘gross fluxes’’) associated
with wave breaking (DV1 and DV 2 in the above example). One might do this by advecting a number of
particles with meteorological winds and counting the
number of crossings through a suitably defined boundary in a particular direction. Intuitive as it may seem,
such calculation must be done with care because, unlike
the above box model, the air being advected through
the boundary does not ‘‘mix’’ instantly and permanently
with the air on the other side but can cross the boundary
again after a finite residence time. The obtained flux
depends sensitively on how long the particles reside on
each side of the edge before recrossing it (e.g., Wernli
and Bourqui 2002). Indeed, Hall and Holzer (2003)
show that this flux fails to converge in the limit of
vanishing residence time if the particle motion is ran-
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dom. Because of this, along with the difficulty in defining the unsteady boundary accurately, one can end
up with widely varying estimates of gross fluxes through
the edge of the stratospheric polar vortex and the extratropical tropopause using particle advection (Sobel et
al. 1997; Gettleman and Sobel 2000).
In this paper, we introduce a new method for the twoway partitioning of transport associated with wave breaking. It is an extension to the effective diffusivity idea,
which concerns only nonadvective (diffusive) transport
by exploiting instantaneous morphology of a tracer field.
This eliminates dependence on residence time and other
ambiguities associated with particle advection. As we
shall see, the diagnostic is exact when the tracer obeys
the advection–diffusion equation driven by a nondivergent flow. The formalism will be outlined in the next
section. We shall demonstrate how to partition fluxes into
‘‘outward’’ and ‘‘inward’’ components. In section 3 we
will demonstrate the utility of the new diagnostic with a
numerically simulated life cycle of Kelvin–Helmholtz
(KH) instability. In section 4, the same diagnostics will
be applied to isentropic breaking of stratospheric Rossby
waves. We shall use a PV-like tracer numerically synthesized by driving the advection–diffusion problem with
the Met Office assimilated winds. Fluxes associated with
poleward and equatorward wave breaking will be computed as a function of time and equivalent latitude. To
test the robustness of the diagnostic, analyses based on
two transport models will be compared: a spectral model
with an explicit constant diffusion coefficient and a finite
volume model with an implicit diffusion. The final section summarizes the results.
2. Formalism
As in the previous work (Nakamura 1996; Nakamura
and Ma 1997), we shall define the boundary of two air
masses using a contour of a passive scalar undergoing
2D advection–diffusion (and hence wave breaking) and
quantify its permeability by the fluxes through it. (The
formalism is analogous for 3D problems, which we shall
not consider here.) To this end, one may choose a contour with a fixed scalar value and measure the flux of
mass through it. Alternatively, one may trace the contour
that encloses a fixed area and measure the flux of scalar
through it.

FIG. 3. Strategy for discriminating regions of inward and outward
breaking. The solid curve is a contour of a tracer. The tracer values
are assumed to increase outwardly. Diffusion will smear part of the
tracer contour, replacing it with the dashed curves. This results in a
decrease (increase) of tracer in the inward (outward) breaking region
following the air motion. By virtue of the advection–diffusion equation, the region of inward (outward) breaking is where the Laplacian
of the tracer is negative (positive).

t. Thus, A increases monotonically with increasing q for
a given t. The inequality can be reversed without loss
of generality [see (2.4) below]. It is straightforward to
transform (2.1) into an equation for A(q, t) (Nakamura
1996, 1998):
]
]
A(q, t) 5 2
]t
]q

EE

k¹ 2 q* dS.

(2.2)

q*#q

Note that the partial derivatives in (2.2) are defined with
respect to the (q, t) coordinate. Since advection by nondivergent flow does not alter the area of the scalar contour, the change in the area is solely due to diffusion.
Nakamura (1996) goes on to transform the rhs of (2.2)
with the divergence theorem and derives effective diffusivity for q [see (2.6) and (2.7) below]. Here instead
we rewrite (2.2) as follows:
]
A(q, t) 5 A˙ in (q, t) 2 A˙ out (q, t),
]t
where
Ȧin (q, t) 5

]
]q

EE

k |¹ 2 q*| dS;

EE

k |¹ 2 q*| dS.

(2.3a)

q*#q
¹ 2 q*#0

Ȧout (q, t) 5

]
]q

(2.3b)

q*#q
¹ 2 q*$0

a. Mass flux across the tracer contour
We start from the 2D advection–diffusion equation
for a scalar, q*:
]
q* 1 J(c, q*) 5 k¹ 2 q*,
]t
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(2.1)

where J, =, c, and k are the 2D Jacobian, gradient
operator, streamfunction, and constant diffusion coefficient, respectively. For the sake of illustration, let A(q,
t) be the area of the domain in which q* # q at time

The rhs of (2.2) is thus partitioned into contributions
from the regions where ¹ 2 q* $ 0 and from those where
¹ 2 q* , 0.
In the region where ¹ 2 q* $ 0 (i.e., where the curvature of the q* field is convex), the rhs of (2.1) is
positive, so q* increases with time following the motion
of air. This means that the contour of q* is redrawn in
such a way that air on the immediate inside of the contour will move to the outside (see Fig. 3). In other words,
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enclosed mass (area) is lost through the contour q*, and
the term Ȧout (q, t) in (2.3) defines the loss rate. Similarly,
air on the immediate outside of the contour is entrained
into the inside in the region where ¹ 2 q* , 0 (where
the tracer field is concave; Fig. 3) at the rate represented
by the term Ȧin (q, t) in (2.3). (Notice that Ȧout and Ȧin
are both nonnegative.) The net rate of change of area
enclosed by the contour q* 5 q is Ȧin 2 Ȧout .
We shall discriminate the outward and inward mass
fluxes associated with wave breaking by evaluating
(2.3b) numerically. The method is based on the instantaneous geometry (curvature) of the scalar, and the associated mass fluxes arise solely due to diffusion. In
practice, it is possible that a sizeable part of scalar contour breaks off with little diffusion (Fig. 1c), but this is
not considered as breaking in our definition because the
cutoff island can be remerged with the main part of the
contour. In other words, we are strictly concerned with
irreversible transport.
In the above, we have assumed that q increases as
the enclosed area, A, increases. More generally, the sign
of ¹ 2 q* needs to be chosen according to how the q–A
relationship is defined:
(¹ 2 q*)

1]q2 5,0
]A

.0

outward
inward,

22

1 2
]q
]A

]
]A

EE

2K

21

1 2

]q
]q
52
]A
]A
52

]
]q

EE

1 2

where K is

(2.6)

EE

k |=q*| 2 dS

q*#q

k |=q*| 2 dS.

(2.8)

Applying partitioning similar to (2.3) to separate the contributions from inward and outward breaking leads to
2K

]q
5 Fout (A, t) 1 Fin (A, t),
]A

where
]
]q

Fout 5 2

EE

k |=q*| 2 dS,

EE

k |=q*| 2 dS.

(2.9a)

q*#q
¹ 2 q*$0

]
]q

Fin 5 2

(2.9b)

q*#q
¹ 2 q*,0

Notice that both Fout and Fin contribute to a downgradient transport. Hence, the sum of the two (i.e., the net
flux) is always downgradient, even when there is no net
mass transport (Ȧin 2 Ȧout 5 0). As we will see below,
the scalar fluxes depend sensitively on the scalar gradient. In practice, it is more useful to think in terms of
the gradient-normalized fluxes, or equivalently, effective diffusivities:
2K

]q
]q
5 2(Kout 1 Kin ) ,
]A
]A

where
22

1 2
]q
]A

]
]A

Kin 5 2

22

1 2
]q
]A

EE

k |=q*| 2 dS;

EE

k |=q*| 2 dS,

(2.10a)

q*#q
¹ 2 q*$0

b. Scalar flux in the area coordinate

]
]
]q
q5
K
,
]t
]A ]A

]
]A

q*#q

Kout 5 2

Since the A–q relationship is one-to-one, it is possible
to specify q as a function of A. As shown by Nakamura
(1996), the equation for q in the area coordinate may
be obtained from (2.2) as

(2.7)

and L e is the equivalent length. Thus, the scalar equation
in the area coordinate is a diffusion equation with the
net diffusive flux of q (at a fixed area) being

(2.5)

produce identical mass fluxes.

k |=q*| 2 dS [ kL e2 ,

q*#q

(2.4)

where ]A/]q . 0 (]A/]q , 0) if q* , q (q* . q) inside
the contour q* 5 q.
The above formalism allows us to calculate separately
the outward and inward mass fluxes with respect to the
scalar contour. This is equivalent to choosing the barrier
in the box model (Fig. 2) to be a surface of constant
q*. Unlike the box model, however, the method quantifies the mass fluxes as a continuous function of q. This
is desirable because it is often difficult to characterize
the barrier with a single value of scalar and because
mixing on both sides of the barrier may not be uniformly
fast.
Although different scalars generally give different
mass fluxes, it can be shown that any two scalar fields
that satisfy the mutual linear relationship,
q*(x,
y, t) 5 a(t)q*(x,
y, t) 1 b(t),
2
1

K(A, t) 5
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]
]A

(2.10b)

q*#q
¹ 2 q*,0

although it is somewhat unclear what it means to partition diffusivity.
Again, different scalars are generally associated with
different effective diffusivities, but any two scalar fields
that are mutually compact,
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FIG. 4. Morphology of potential temperature during the life cycle of KH instability. The mean
value has been subtracted. The black contour is 0.5 K. The white contour is 20.5 K. (a) t 5
100, (b) t 5 200, (c) t 5 300, and (d) t 5 400 s.

q*(x,
y, t) 5 q*[q*(x,
y, t), t],
2
2
1

(2.11)

can be shown to have the same effective diffusivity.
Unlike the mass fluxes (2.5), the relationship between
q*1 and q*2 need not be linear.
In the following sections, we shall demonstrate the
use of the above formalism with numerically generated
scalar fields.
3. Example 1: Kelvin–Helmholtz instability
The first example concerns mixing of potential temperature (u) during the life cycle of KH instability in
the horizontally periodic vertical (x 2 z) plane. The
details of the numerical experiment are explained in
Nakamura (1996). Briefly, an unstable shear layer in a
stratified Boussinesq fluid is perturbed by a small-amplitude, normal-mode wave and allowed to develop into
a finite-amplitude billow. In this process, u is governed
by a finite-difference approximation to (2.1). The do-

main is 200 m in x and 100 m in z and discretized with
256 3 256 grids. We use k 5 0.02 m 2 s 21 .
Figure 4 shows snapshots of u at various stages of
the life cycle. Fluid with high (low) u is entrained into
a ‘‘cat’s eye’’ from above (below) by a clockwise circulation. (Because of the symmetry of the chosen flow,
the downward and upward entrainment is of equal magnitude.) This is highlighted by two representative contours: the upper (lower) contour exhibits characteristics
of downward (upward) wave breaking. As the filaments
of the contours are diffused, mass is irreversibly transported through them into the cat’s eye, and this leads
to the enhanced separation of the two contours by t 5
400 s (Fig. 4d). We shall invoke the foregoing formalism
to quantify the partitioning of the upward and downward
fluxes during this process more fully.
Figure 5a is a plot of the downward mass flux as a
function of time and u (minus the mean value). This is
equivalent to Ȧin in (2.3) because A is defined as the
area between the lower boundary of the domain and a
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FIG. 5. (a) Downward flux of mass relative to potential temperature
contours during the life cycle of KH instability. (b) Same as in (a),
but using equivalent height as a vertical coordinate. Equivalent height
is the area between the select potential temperature contour and the
lower boundary of the domain divided by the zonal length of the
channel. The letters A and B in (b) correspond to the diagrams in
Fig. 6. (c) Fraction of downward mass flux in the sum of downward
and upward fluxes. It is 50% where downward and upward fluxes
are of the same strength (i.e., where the net flux is zero).

specified contour of u. The reader is reminded that
‘‘downward’’ is defined with respect to the u contours
which themselves move. Thus, even when the mean
Eulerian velocity of the air mass is upward, if the u
contour is migrating upward faster than the air, then the
mass flux through the u contour will be downward. To
construct Fig. 5a, we evaluated (2.3b) at each time step
using a finite-difference approximation and 100 equally
spaced bins of u between the maximum and minimum
values.
A pronounced downward mass flux initially appears
slightly above the midlevel but quickly spreads over a
significant fraction of the upper domain, in which u is
higher than the mean value. This corresponds to the
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entrainment of mass from the top layer of the domain
into the cat’s eye (Figs. 4b,c). Later the mass flux becomes more focused toward the mean value of u. This
is because u is homogenized in the region where the
mass flux is concentrated and not because the physical
extent of the mass flux shrinks. To make the reference
to the physical space easier, we shall rescale the ordinate
using the area, A(u), divided by the zonal length of
channel (L x 5 200 m) so that it becomes equivalent
height (Shuckburgh and Haynes 2003), which we denote
by z. This results in Fig. 5b. It is now clear that greatest
values of downward mass flux (20–40 m 2 s 21 ) are found
in the upper flank of the cat’s eye (60 m , z , 70 m)
as it matures (250 s , t , 550 s). This would entrain
air into the cat’s eye in 100–200 s, consistent with the
time scale of Fig. 5. The broad band of mass flux is
punctuated by a number of short-lived ‘‘streaks’’ that
emanate downward with time. Some of these streaks
reach the lower half of the cat’s eye. By t ; 600 s the
mass flux weakens but spreads over the entire cat’s eye.
Shown in Fig. 6 are two representative contours of u
at different times, corresponding to the letters A and B
in Fig. 5b. Figure 6a shows the 0.15 K contour at t 5
440 s, at which the mass flux attains the maximum value.
The contour clearly shows filamentation inside the cat’s
eye, capturing downward wave breaking and entrainment. Figure 6b shows the 20.1 K contour at t 5 364
s, at the tip of the streak in Fig. 5b. Although this contour
exhibits predominantly upward wrapping inside the cat’s
eye, the horizontal flows entering from the adjacent cat’s
eyes create filaments at the base that break downward
(denoted by ‘‘b1’’ and ‘‘b2’’). This feature lasts only
briefly for this contour but migrates downward, and it
is very clearly captured as a streak in Fig. 5b.
Because of the symmetry of the experiment, the structure of the upward mass flux (Ȧout ) is the mirror image
of Figs. 5a and 5b about the midlevel, and hence it is
not shown. Figure 5c shows the fraction of the downward flux, Ȧin /(Ȧin 1 Ȧout ), using the same coordinates
as Fig. 5b. Up until t ; 350 s, the upper (lower) domain
is dominated by a downward (upward) mass flux. An
exception is the values around z ; 15 and 85 m, which
reflect breaking of gravity waves emanating from the
KH instability. From 350 s on, the flux partition is gradually equalized inside the cat’s eye; after 650 s, both
downward and upward fluxes are of comparable magnitude. However, clear asymmetry persists outside the
cat’s eye (although the fluxes are very small there).
Figure 7a shows the u (heat) flux contributed from
the downward breaking region [ | Fin | in (2.9)] as a function of time and equivalent height. The flux thus represents downward transport of warm air. Again, it is
mostly confined to the upper half of the cat’s eye, but
compared to the mass flux in Fig. 5b it is further confined to the early stage of the life cycle. This is because
the heat flux loses its intensity as the gradient in u diminishes. (Mass flux is more sensitive to the local curvature than to the gradient.) To offset the dependence
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FIG. 7. (a) Heat flux in the downward breaking region during the
KH life cycle as a function of time and equivalent height. (b) Same
as in (a), but for effective diffusivity. See text for details. (c) Fraction
of downward heat flux in the sum of downward and upward fluxes.
FIG. 6. (a) Contour of u 5 0.15 K at t 5 440 s (corresponding to
letter A in Fig. 5b). The region in which u is higher than this value
is darkened. (b) Contour of u 5 20.1 K at t 5 364 s (corresponding
to letter B in Fig. 5b). See text for details.

on gradient, we normalize the flux by ]u/]A and further
by the square of the channel length L x (Fig. 7b). This
quantity is equal to K in /L x2 (2.10) and has the dimension
of effective diffusivity (Haynes and Shuckburgh 2000;
Allen and Nakamura 2001). Typical values of effective
diffusivity in the cat’s eye are 1.2–2.4 m 2 s 21 , corresponding to a homogenization time scale on the order
of 100 s. Overall, the structure of effective diffusivity
in Fig. 7b is similar to that of the mass flux in Fig. 5b.
However, the band of large values is slightly broader,
and its location slightly lower, than the mass flux. Also
the maximum values occur much earlier and the streaks
are less clear. Presumably these differences are due to
different behaviors in | =u | and | ¹ 2 u | on the u contour

as (2.3) and (2.9) suggest; the former, which controls
the heat flux, is a measure of the proximity of adjacent
u contours, whereas the latter, which controls the mass
flux, is a measure of the curvature in u. Although both
increase as the u field is stirred, often the curvature is
greatest along the ridges and troughs of u, where the
gradient is least. This suggests that the mass flux is likely
to capture filaments (elongated ridges and troughs) better than the heat flux (or effective diffusivity) does.
As with the mass flux, contributions from the upward
breaking region are the mirror image of Figs. 7a and 7b
about the midlevel (not shown). Figure 7c shows the
fraction of the downward heat flux Fin /(Fin 1 Fout ). This
is very similar to Fig. 5c, except that the partition in
the cat’s eye is more homogeneous toward the end of
the life cycle.
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FIG. 8. (a) Northward flux of mass relative to the contours of tracer that obeys the advection–
diffusion equation on the 850-K surface. A constant diffusion coefficient of k 5 125 000 m 2 s 21
is used. The tracer is driven by the Met Office assimilated winds for the month of Dec 1998. The
ordinate is equivalent latitude f e (q) 5 sin 21 [21 1 A(q)/(2pa 2 )], where a and A(q) are the radius
of the earth and the area in which the tracer values are lower than q. (b) Same as in (a), but for
the southward mass flux. (c) Fraction of northward flux in the sum of northward and southward
fluxes. The letters A and B in these figures correspond to Figs. 9a and 9b.

4. Example 2: Rossby wave breaking in the
stratosphere
In this section, the same diagnostics will be applied
to a numerically synthesized tracer to quantify breaking
of Rossby waves in the stratosphere. The procedure of
tracer synthesis is fully explained in Allen and Nakamura (2001, 2003). Briefly, we drive the advection–
diffusion problem (2.1) using the nondivergent part of
the Met Office assimilated wind (Swinbank and O’Neill
1994) on an isentropic surface, with the tracer initialized
as a monotonic function of latitude. After a spinup period of several months, the dependence on the initial
condition is lost and the tracer attains geometry similar
to that of PV (Allen and Nakamura 2003).
a. 850 K in December 1998
We shall first look at the 850-K surface (the middle
stratosphere) during the month of December 1998. During this particular month, both the Arctic and Antarctic
vortices were dynamically active. [The isentropic distribution of the tracer during this period is found in Allen
and Nakamura (2003).] To generate the tracer field, a
spectral transform model is used, with a T96 truncation
and k 5 125 000 m 2 s 21 .
Figures 8a, 8b, and 8c show, respectively, the northward mass flux, southward mass flux, and the fraction
of the northward flux, as a function of time and equiv-

alent latitude (Butchart and Remsberg 1986). During
early to mid-December, very large values of northward
mass flux are found over a broad region surrounding
the Antarctic (Fig. 8a). This is associated with the final
warming of the southern vortex. The southward mass
flux also attains comparable magnitude at the same location but only in the earliest part of the month (Fig.
8b). Figure 8c confirms that except for the first week,
the mass flux in the Antarctic region is predominantly
northward (equatorward).
During the same period, the mid- to high equivalent
latitudes of the Northern Hemisphere are characterized
by a large southward flux (Fig. 8b). A broad band of
southward flux is found in the midlatitudes throughout
the month, whereas a distinctive maximum also occurs
in the Arctic region during the last week. This latter
feature corresponds to the major warming event documented by Allen and Nakamura (2003). In contrast, one
sees very little northward mass flux in the high latitudes
throughout the month (Fig. 8a). As a result, the mass
flux in the Arctic region is predominantly southward
(equatorward), as revealed in Fig. 8c. An equatorward
mass flux of 5 3 10 7 m 2 s 21 , a typical value found
during the warming events in Fig. 8, would flush the
air poleward of 708N equivalent latitude in 3.5 days.
In addition to the large mixing events in the extratropics, Figs. 8a and 8b show a number of streaks, similar to the ones in Fig. 5b, in the subtropics. The streaks
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FIG. 9. (a) Contour of tracer at 478N equivalent latitude on 7 Dec
1998, corresponding to the letter A in Fig. 8. (The enclosed area is
darkened.) (b) Contour of tracer at 328N equivalent latitude on 15
Dec 1998, corresponding to the letter B in Fig. 8. See text for details.

exist both in northward and southward fluxes, and their
mixture makes the subtropics of Fig. 8c appear
‘‘patchy’’; that is, regions in which the northward flux
dominates are interwoven with regions in which the
southward flux dominates. The streaks identify minor
mixing events that last only briefly at a particular equivalent latitude but propagate meridionally.
The overall structure of the partitioned effective diffusivity was found to be very similar to that of the mass
fluxes and hence will not be shown.
Figure 9 samples a tracer contour for a time and location at which the equatorward flux dominates (Fig.
9a) and at which the poleward flux dominates (Fig. 9b).
These correspond to the letters A and B in Fig. 8. Figure
9a shows a characteristic equatorward pinching of the
Arctic air into the surf zone, whereas Fig. 9b captures
a poleward intrusion of the subtropical air. These figures
attest to the consistency of the mass flux partition and
the morphology of the tracer contours.
b. Dependence on the model’s transport scheme
The above results are based on the numerical solution
of (2.1) with a constant diffusion coefficient, for which
the formalism is exact. However, in many practical situations (e.g., dealing with chemistry–transport models),
transport is not necessarily represented by (2.1). If the
model transport equation is relaxed from (2.1) to
]
q* 1 = · vq* 5 2= · F n ,
]t

(4.1)

and if the nonadvective flux F n is known, then (2.3b)
and (2.9b) can be generalized to
Ȧout (q, t) 5 2

]
]q

EE

|= · F n | dS,

q*#q
¹ · F n#0

Fout 5 2
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]
]q

EE

q*#q
¹ · F n#0

F n · =q* dS,

(4.2)

etc. However, often the precise form of F n is complicated and its values are not readily accessible, in which
case (4.2) is of limited value. In light of this, and because
the mass flux hinges on the tracer microstructure, it
would be prudent to test the robustness of (2.3b) and
(2.9b) using the output of a different transport model.
Hence, we will repeat the analysis using a tracer advected by the same wind from the same initial condition
as in the previous case but with a finite volume scheme
with the van Leer flux limiter (van Leer 1977). The
architecture of the model is explained in Allen and
Nakamura (2001); here we use n 5 5, which gives a
mean node separation of 240 km and a result comparable
to the spectral calculation with the T96 resolution and
k 5 125 000 m 2 s 21 .
Figure 10 is to be compared with Fig. 8. The mass
fluxes of the finite volume model show broad agreement
with the results of the spectral model. Although some
quantitative differences are found in high equivalent
latitudes, where the former tends to overestimate the
magnitude of the flux, the ratio of the two fluxes appears
to be closely matched (Figs. 10c and 8c). This suggests
that the diagnostics are reasonably insensitive to the
details of the subgrid-scale parameterization. An equally
good agreement was found for the effective diffusivity
(not shown). In the following, we will use solely the
results of the finite volume calculations.
c. 850 K in October 1994–May 1995
Next, we shall examine an extended period that covers an entire life cycle of the Arctic vortex and from
the final warming to the formation of the Antarctic vortex. Figure 11 is similar to Fig. 10, but for the period
between 1 October 1994 and 31 May 1995. In Figs. 11a
and 11b, signatures of pronounced equatorward wave
breaking are found outside the polar vortices (surf
zones). For example, an extremely large northward mass
flux is identified in the Southern Hemisphere from October through early December when the final warming
of the Antarctic vortex occurs (Fig. 11a). In the Northern
Hemisphere surf zone, a southward mass flux persists
throughout the period, though punctuated by a short
break in December and by a major warming in February
(Fig. 11b). The corresponding poleward flux is considerably less and only comparable in the strongest mixing
events. The flux ratio in Fig. 11c confirms the predominantly equatorward transport of mass in both hemispheres.
Figure 12 samples Fig. 11 at five different equivalent
latitudes. Except at the equator, the equatorward flux is
greater than the poleward flux by a factor of 2 (close
to 3 at 608S) on average. Some mixing events, particularly at 608N and in the Southern Hemisphere, show
a simultaneous increase in both fluxes, suggesting that
the eddies are causing symmetrical wave breaking.
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FIG. 10. Same as in Fig. 8, but based on tracer field generated by a finite-volume model with
implicit diffusion. Here k 5 125 000 m 2 s 21 is assumed.

d. 460 K in the Northern Hemisphere in January–
February 1992
We conclude this section with an additional analysis
of the Northern Hemisphere lower stratosphere during
1 January–29 February 1992. This period includes a
well-documented poleward wave breaking in the Arctic
in late January (Plumb et al. 1994).
Figure 13 shows the mass flux partition on the 460K surface for this period. At this altitude, a best estimate
for the implicit diffusion is k 5 74 000 m 2 s 21 (Allen
and Nakamura 2001; Fig. 4b). The late January event

is indeed captured in Fig. 13a by the enhanced northward mass flux, denoted by the letter A. It lasted for
about a week, and during this time, the equivalent latitude at which the poleward mass flux is maximal moved
approximately from 658 to 758N.
Figure 14 traces the geometry of the tracer contours
at these equivalent latitudes. The figure is very similar
to Fig. 3 of Plumb et al. (1994) and clearly shows the
poleward entrainment of the midlatitude air (e.g., Figs.
14b–d). At the same time, however, it is also evident
that a portion of air is breaking away from the vortex

FIG. 11. Same as in Fig. 10, but for the period 1 Oct 1994–31 May 1995.
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that eddies at this altitude tend to cause more symmetrical breaking of the vortex than at 850 K.
Although the mass fluxes associated with the wave
breaking event appear to be localized spatially as well
as temporally, one should keep in mind that the vortex
air occupies only a small volume. For example, using
the values at 718N (Fig. 15c), it is estimated that over
90% of the air poleward of this equivalent latitude has
been replaced by the midlatitude air between 20 and 30
January.
In addition to the Arctic wave breaking, Figs. 13a
and 13b show, respectively, a large northward mass flux
in the Tropics and a large southward flux in the subtropics that persist throughout the period. This indicates
that wave breaking is predominantly poleward in the
Tropics and predominantly equatorward in the midlatitudes, causing the mass fluxes to converge into the
‘‘surf zone,’’ analogous to the KH instability example
in section 3. Notice that such feature is absent on the
850-K surface (Fig. 11). Chen et al. (1994) also report
a strong altitude dependence of the isentropic mass
transport. Given this, a more comprehensive analysis
seems necessary to elucidate the spatiotemporal structure of the isentropic mass fluxes for the entire stratosphere.
5. Summary and conclusions

FIG. 12. Southward (black) and northward (red) mass fluxes on the
850-K surface at various equivalent latitudes as a function of time.
The abscissa spans the same period as in Fig. 11; (a) 608N, (b) 308N,
(c) 08, (d) 308S, and (e) 608S. The numbers on the right indicate the
mean values over the period.

over Eurasia. In fact, the equatorward mass flux during
this event has comparable magnitudes, as indicated by
the letter B in Fig. 13b. In this sense, this wave breaking
was two-way instead of purely poleward although the
poleward mass flux was indeed unusually strong.
Figure 15, the latitude-by-latitude analysis of the
mass fluxes, confirms this. Although the poleward flux
is pronounced for a few days at 668, 718, and 768N, as
denoted by the letter A, the equatorward flux is also
enhanced; particularly at 768 and 818N, there are periods
in which it exceeds the poleward flux. In fact, except
during the breaking event, both fluxes in Fig. 15 exhibit
similar magnitudes and high correlations. This is also
reflected in the broad band of medium values of the flux
ratio between 608 and 808N in Fig. 13c. This suggests

We have outlined and demonstrated a method to partition fluxes through a semipermeable boundary of air
masses into opposing directions and thereby quantify
the direction of wave breaking. The method is an extension of the effective diffusivity diagnostic, which
uses a tracer field under advection–diffusion to define
both the boundary and transport through it. The underpinning of the new formalism is to discriminate regions
of ‘‘outward’’ and ‘‘inward’’ breaking using the local
curvature of the tracer. Applying the technique to numerically generated tracers in the life cycle of Kelvin–
Helmholtz instability and stratospheric Rossby wave
breaking, we found that both mass and tracer fluxes (and
effective diffusivity) successfully separate the contributions from outward and inward breaking regions, unambiguously quantifying two-way irreversible transport
associated with wave breaking. Although some of these
results (e.g., predominantly the equatorward breaking
of Rossby waves in the polar stratosphere) have been
known for some time, such knowledge was based largely on case studies and qualitative measures. For example, diagrams like Figs. 9 and 14 may be constructed
with contour advection methods (Waugh and Plumb
1994) around the time of a mixing event and visually
interpreted for the direction of breaking (e.g., Nakamura
and Plumb 1994). The present method is more objective
and comprehensive; it quantifies two-way transport explicitly and globally for an arbitrary duration of time.
With this diagnostic, it is easy to identify major wave
breaking events with particular directionality.
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FIG. 13. Same as in Fig. 8, but for the mass fluxes on the 460-K surface between 1 Jan and 29 Feb 1992. Only the
Northern Hemisphere is shown. The letters A and B denote the Arctic wave breaking event toward the end of Jan.
Here k 5 74 000 m 2 s 21 is assumed.

Both mass flux and tracer flux (or effective diffusivity) capture the episodic nature of mixing very well, but
mass flux is especially suited for identifying tracer filaments presumably because filaments contribute more
to the mass flux than to the tracer flux. On the other
hand, that mass flux hinges on small-scale features of
tracer may cast doubt on its accuracy. By comparing
analyses based on models with different subgrid parameterization (a spectral model with an explicit diffusion

coefficient and a finite-volume model with implicit and
nonconstant diffusion), we found the diagnostic reasonably robust. Of course, the tracer morphology is subject
to the errors in the advecting winds, so it is possible
that tracers advected by winds from two different meteorological analyses yield significantly different results
for a particular wave breaking event. Yet, to the extent
that the statistics of the advecting winds is represented
correctly, one may hope that the tracer microstructure

FIG. 14. Kinematics of the Arctic wave breaking event of Jan 1992. Contours of tracer at which
the poleward mass flux is locally maximal is sampled for six consecutive days: 21 Jan, 63.58N;
22 Jan, 658N; 23 Jan, 68.68N; 24 Jan, 698N; 25 Jan, 738N; and 26 Jan, 73.88N. The conventions
are the same as in Fig. 11. Compare this figure, for example, with Fig. 3 of Plumb et al (1994).
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that our method will help better constrain the exchange
rate of mass through an unsteady boundary of air masses
such as the extratropical tropopause.
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