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ABSTRACT
The fluctuation–dissipation theorem (FDT) has been suggested as a method of calculating the response of
the climate system to a small change in an external parameter. The simplest form of the FDT assumes that the
probability density function of the unforced system is Gaussian and most applications of the FDT have made
a quasi-Gaussian assumption. However, whether or not the climate system is close to Gaussian remains open
to debate, and non-Gaussianity may limit the usefulness of predictions of quasi-Gaussian forms of the FDT.
Here we describe an implementation of the full non-Gaussian form of the FDT. The principle of the quasiGaussian FDT is retained in that the response to forcing is predicted using only information available from
observations of the unforced system, but in the non-Gaussian case this information must be used to estimate
aspects of the probability density function of the unforced system. Since this estimate is implemented using
the methods of nonparametric statistics, the new form is referred to herein as a ‘‘nonparametric FDT.’’
Application is demonstrated to a sequence of simple models including a stochastic version of the threecomponent Lorenz model. The authors show that the nonparametric FDT gives accurate predictions in cases
where the quasi-Gaussian FDT fails. Practical application of the nonparametric FDT may require optimization of the method set out here for higher-dimensional systems.

1. Introduction
The prediction of the response of the climate system
to an external forcing or to a change in some parameter
of the system is seen as a key problem in climate science.
It is an example of the general mathematical problem of
predicting the change in a dynamical system, for example, the change in the probability density function (PDF)
of the system as manifested by changes in selected
observables, as a response to a change in the parameters of the system. In a broad class of physical systems
this problem can potentially be addressed using the
fluctuation–dissipation theorem (FDT). The FDT remains an active topic of research interest—for example, to extend the range of systems to which it can be
applied and to clarify the conditions under which it
holds. For a recent review, see Marconi et al. (2008).
The possible application of the FDT to climate was
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first suggested by Leith (1975) and over the last decade
there has been a surge of interest in this topic (e.g.,
Majda et al. 2005; Gritsun and Branstator 2007; Majda
et al. 2010a and references therein).
The FDT is relevant to cases where the applied forcing or change in parameters is sufficiently small that the
change in the PDF, or correspondingly in any observable, is a linear function of the applied forcing. The FDT
gives an expression for the corresponding linear operator, relating the response to the forcing, in terms of the
statistics of the unforced system. This has potential advantages for determining the forced response in a model
climate where, for example, it may be more efficient to
calculate the response to a large set of different forcings
via the FDT-determined operator rather than to carry
out a large set of perturbation simulations. For the real
climate it offers the possibility of determining the linear
response operator from past climate observations. Additionally knowledge of the linear operator allows not
only prediction of the response to a given forcing but
also, if the inverse operator can be calculated, prediction of the forcing that excites a given response or
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indeed what sort of forcing will most efficiently excite
a response.
One remarkable aspect of the FDT (e.g., Marconi et al.
2008) is that it does not require any detailed knowledge
of the unperturbed governing equations of the system in
question. It is naturally applicable to any system that
behaves suitably randomly, which might be through deterministic chaos, that is, internally generated randomness, or through the inclusion of explicit randomness.
Broadly speaking, the system must have a time-invariant
PDF (which defines the climate) although extension to
the time periodic case is possible; e.g., Majda and Wang
(2010) and this PDF must be differentiable. However,
there are well-known simple dynamical systems for which
the differentiability property does not hold, and it remains an open question whether climate models (which
might include simplified models with few degrees of
freedom and complex models with very many degrees
of freedom) have this property. One way of ensuring it is
to add suitable explicit stochastic terms to the governing
equations and, if these are small enough in magnitude, it
is reasonable to assume that the overall properties of the
system are not changed as a result.
Consider a dynamical system described by a state
vector x and governed by a set of evolution equations
that give dx /dt in terms of x. The equilibrium state of the
system is described by a PDF r(x), which is assumed to
satisfy the differentiability requirement mentioned previously. A forcing df(t) is applied to the system, meaning
that df(t) is added to the expression for dx/dt. A more
general perturbation where parameters appearing in
the evolution equations are changed is straightforward
to include (e.g., Risken 1984) but will not be considered further here except in the derivation presented
in the appendix. The mean response to the forcing is
given by
hdx(t)i 5 hx f (t)i  hx0 (t)i,
where hx0(t)i is the mean state vector of the system at
time t in the undisturbed system and hxf (t)i is the corresponding mean state vector with the applied forcing.
The mean denoted by hi is an ensemble mean, for
example, over all realizations of explicitly random terms
that appear in the evolution equations, or over a large
number of initial conditions if the randomness arises
through deterministic equations. The FDT relates the
response hdx(t)i to a small amplitude forcing df(t), assumed only applied at times t . 0, through the equation
 +
ðt * 
$r(x(0)) T
x(t)
df(t  t) dt,
hdx(t)i 5 
r(x(0))
0

(1)
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where superscript T denotes the matrix transpose (Deker
and Haake 1975; Hänggi and Thomas 1977; Risken 1984;
Majda et al. 2005; Marconi et al. 2008). A derivation of
Eq. (1) is presented in the appendix, primarily to clarify
its connection to other approaches to calculating the
response, particularly that of Thuburn (2005).
The requirement of differentiability of r(x) is clear
from the appearance of $r in expression (1). The expression (1) is a linear relation that will be valid only in
the limit of a small forcing df(t). It is, in principle, possible to write down an extended expression containing
higher order terms, but the practical usefulness of such
higher order expressions is not yet clear. For a linear
dynamical system, of course, the expression (1) will be
valid without restriction. For a nonlinear system, the
skill of estimate (1) will depend on the magnitude of the
forcing vector, but we expect that there is some small
but finite range of magnitudes for which Eq. (1) will be
of practical use.
In this paper, motivated by the steady-state response
of the climate, or of a climate model, we will consider the
special case of a steady forcing applied for t . 0 and the
steady-state response hdx(‘)i in the limit t / ‘, which we
hereafter denote hdxi, given by
hdxi 5 Ldf,
where from expression (1) the matrix L is given by
L5

ð‘*

ð‘

0


 +
$r(x(0)) T
x(t)
dt
r(x(0))

L(t) dt.

5

(2)

0

It is useful to note at this point that L(0) 5 I, with I the
identity matrix, which may be shown by expressing the
expected value as an integral over the state space and integrating by parts.
In both expressions (1) and (2) a significant simplification arises if the equilibrium system is assumed to be
Gaussian, that is, that


1
1 T
1
r(x) 5 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp  x C(0) x
2
det[2pC(0)]

(3)

in which C(t) 5 hx(t)x(0)Ti is the lag t covariance matrix, C(0) is the covariance matrix, and we have assumed
without loss of generality that hxi 5 0. Combining Eqs. (2)
and (3) implies that

hdxi 5

ð‘

C(t)C(0)1 dt df.

(4)

0
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Note that in Eq. (4), as in Eq. (2), the integrand is equal
to I at t 5 0. Explicit dependence on r(x) has now disappeared and the response is predicted in terms of covariance matrices, which are in principle straightforward
to evaluate from data from the unperturbed system. [A
similar simplification would be possible for distributions
other than Gaussian if the explicit form of r(x) were
known.] Expression (4) and the corresponding version of
the more general expression (1) applying to the timeevolving response are expressions of the quasi-Gaussian
FDT, which is the form of the FDT that has appeared in
the vast majority of applications.
The primary practical concerns in using Eq. (4) or
similar forms of the quasi-Gaussian FDT are (see, e.g.,
Gritsun and Branstator 2007) in choosing an appropriate
finite upper limit for approximation of the integrals, in
having accurate estimates of the lagged covariance matrix for different values of t, and for high -dimensional
systems, avoiding inaccuracies associated with calculation of C(0)21.
A related approach is to assume that the system may
be modeled by linear equations driven by noise, that is,
by equations of the form
dx
5 Bx 1 j,
dt

(5)

where B is a constant matrix and j is a stochastic white
noise term. The system is stable if eigenvalues of B have
negative real parts, and it then follows (Penland 1989)
that

1
1
log[C(t)C(0)1 ] ,
L5
t

(6)

where t can in principle be chosen freely [i.e., the expression in Eq. (6) is independent of t, since C(t) 5
exp(Bt) C (0)]. Note that (5) implies that L 5 2B 21, but
Eq. (6) provides an estimate of L when B is unknown.
Under the assumptions of Eq. (5) the expressions for
L in Eqs. (6) and (4) are equivalent. Note that the quasiGaussian assumption (3), which leads to Eq. (4), is more
general than the assumptions leading to Eq. (6) since
Eq. (5) implies Gaussianity.
The quasi-Gaussian form of the FDT has been applied
to a general circulation model (GCM) by Gritsun and
Branstator (2007). While results were encouraging, the
magnitude of the difference between the response estimate and the true response was often up to 50% (and in
some cases more), with predictive skill varying with the
type of forcing (see their Fig. 4). Ring and Plumb (2008)
applied the quasi-Gaussian FDT via the inverse linear
modeling approach (6) to a simple dynamics-only GCM

and found that their predicted response to a mechanical
and thermal forcing was not quantitatively accurate. We
have also found in work to be reported elsewhere that
the Gaussian FDT fails to predict the correct response in
a dynamics-only GCM. In none of these cases does the
system being studied have an exactly Gaussian PDF
nor, indeed, does the real atmospheric circulation (see,
e.g., Branstator and Selten 2009). This suggests that it is
worth investigating the possibility of implementing the
general form of the FDT expressed by Eqs. (1) and (2)
without any assumption of Gaussianity. Thuburn (2005)
has already suggested an approach to calculating climate
response for a non-Gaussian system using the Fokker–
Plank equation (which assumes that explicit randomness
is induced in the evolution equations via a white noise
forcing), but makes no reference to the FDT. Eyink et al.
(2004) and Abramov and Majda (2007, 2008, 2009) have
also presented approaches requiring integration of linearized adjoint equations along trajectories of the unperturbed system. But these different approaches lose
the essential simplicity of the FDT (1), which requires
only observation of the unperturbed system.
In this paper the novel approach that we take is to
estimate the PDF as part of a response calculation using a standard nonparametric kernel density estimation
method. The assumption of a Gaussian PDF is then
replaced by the assumption that the PDF may be sufficiently well estimated by a sum of kernel functions. In
section 2 we introduce this ‘‘nonparametric FDT’’ and
explain how it may be implemented in practice. In section 3 we apply the nonparametric FDT to some simple
models to test its ability at predicting the response to
a forcing compared against that of the quasi-Gaussian
FDT. The relation to the other approaches to calculating
responses in non-Gaussian systems, along with issues
regarding the application of the nonparametric FDT to
more complex models, is discussed in section 4.

2. A nonparametric fluctuation dissipation relation
a. Application of the density estimation procedure
If r(x) appearing in Eqs. (1) and (2) is not known, then
in principle it may be estimated from data. A standard
method of estimating a multidimensional PDF is to use
the kernel density estimator (Silverman 1986). For a
given choice of kernel function K we estimate the PDF
by centering a kernel function of specified scale h at each
data point

r^(x; h, n) 5



n
x  Xi
1
.
K
h
nhd i51

å

(7)
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Here r^(x; h, n) is the estimated PDF, n is the number of
available data points, Xi is data point i, d is the number
of dimensions of the state vector x, and h . 0 is conventionally known as the bandwidth in the statistical
literature (Silverman 1986). In effect the density estimate
is simply a convolution of the data and the kernel function. As the number of data points n / ‘, the estimate of
the PDF r^(x; h, n) tends to the convolution of the true
PDF r(x) and the kernel function K,
r^(x; h, n ! ‘) 5 r(x)*K(x/h),

(8)

where the asterisk denotes the convolution operator.
See Silverman (1986, sections 3.5 and 3.7 and references
therein) for a discussion of the rate of and weak conditions required for this convergence. Therefore, for any
finite value of h the estimated PDF can only be an approximation to the true PDF and, indeed, should be
regarded as a biased estimator with the bias being a
function of h. As h / 0, K tends to a delta function and
the bias tends to zero.
We use, for simplicity, an isotropic Gaussian kernel
with identity covariance and, hence, write
n

r^(x; h, n) 5

1
N(x; Xi , h),
n i51

å

(9)

N(x; y, h) 5

1
(2ph2 )

exp 
d/2

(x  y)T (x  y)
2h2

#
(10)

denotes the multivariate normal distribution function
with mean y and standard deviation h, evaluated at x.
It is useful to note that
$x N(x; y, h) 5 

xy
N(x; y, h).
h2

In estimating the operator L in Eq. (2) we make two
further approximations. First, we truncate the integral
to have finite upper limit T. Second, we express the ensemble average appearing in Eq. (2) as a time average,
justified by requiring the system to be sufficiently ergodic.
Assume that the time interval between each data point
Xi is Dt. Then for some lag sDt the integrand, L(sDt), may
be approximated by
2

3

n

å

6 (X j  Xi )T N(X j ; Xi , h)7
6 i51
7
^
7,
L(sDt) 5
Xj1s 6
n
6
7
j51
4
5
h2
N(X j ; Xi , h)
m

å

å
i51

where, to recap, h is the bandwidth of the kernel density
estimation, m is the number of points included in the
sample used to obtain the time average, and n is the
number of points included in the sum used for the density
estimate. The operator L may then be approximated as
r

^
L(m,
n, h, m) 5

^
å
ms L(sDt),
s50

(11)

(12)

where m is a vector of weights used to estimate the integral appearing in Eq. (2). In the calculations to be
reported subsequently, the method of estimation is the
trapezium rule applied to the integral truncated at some
^
finite upper limit. It is expected that L(m,
n, h, m) will be
a good approximation of L provided that the numbers
m and n are sufficiently large, the bandwidth h is sufficiently small, and the vector m extends to large enough
time lags and has a sufficient number of elements r to
accurately approximate the integral. Equation (12) may
be regarded as the practical implementation of a nonparametric FDT that uses the methods of nonparametric
statistics. No matrix inversion is required, in contrast to
the standard quasi-Gaussian FDT (4). Note further that,
^
while L(0) 5 I, it is not necessarily the case that L(0)
5 I.
This suggests the alternative estimator
^
^
^
^ 1 L(sDt),
L(sDt)
5 L(0)

where
"
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(13)

^
^
which is constrained to satisfy L(0)
5 I, with a correspondingly defined
^
^
^ 5 L(0)
^ 1 L.
L

(14)

Note that Eq. (11) assumes that all sample points are
used in the estimation of $r/r (i.e., the summations in
the numerator and denominator of the bracketed expression are over all sample points). But given that it is
computationally expensive to compute the double sum
appearing in Eq. (11), it may be that it is optimal only
to use a subsample for summation in the expression
within braces. Another way of saying this is that, as
written, Eq. (11) assumes that the time intervals for which
the lag correlations are evaluated are multiples of the
time intervals of sampling used to estimate $r/r. But
these time intervals could be multiples of some fraction
of the latter sampling interval.

b. Choice of bandwidth parameter h
For the practical application of Eq. (12) picking an
optimal value of the bandwidth parameter h is crucial.
Some insight into how to make this choice may be obtained by considering the PDF estimation procedure (7).
The variance and bias of the kernel PDF estimator may be
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approximated, using Taylor’s theorem assuming bounded
and continuous second derivatives (Silverman 1986), as
var[^
r(x)] ’

b
r(x),
nhd

(15)

"
2 2

bias[$^
r(x)/^
r(x)] 5 aij r(x) h r(x)

bias[^
r(x)] 5h r^(x)  r(x)i
1
’ h2 aij xij ,
2

that corresponds to the estimate of $r(x)/r(x). By writing
this as a Taylor series, assuming jr^(x)  r(x)j  r(x), then
standard methods imply that

(16)

 $r(x)

where
1
›2 r(x)
,
x ij (x) 5
›xi ›xj

(18)

and
ð

b 5 K(y)2 dy.

(19)

In Eqs. (16)–(18) standard suffix notation is used and the
summation convention is used in Eq. (16). So, for large h
the estimate has large bias but small variance, but for
small h the estimate has a small bias but a large variance.
When choosing h there is, therefore, a tradeoff between
an incorrect answer (large bias) and uncertain answer
(large variance). The variance is also a function of n, the
number of data points, with larger n implying a more
certain estimate of the PDF.
One approach to choosing an optimal value for h is to
minimize the mean square difference between the true
and estimated PDF, averaged over all x. The optimal
value of h is then given by

hd14
opt

"
#1
ð 2
db
› r(x) ›2 r(x)
a a
5
dx ,
n ij kl ›xi ›x j ›xk ›xl

›2
r(x)
›xi ›xj

b d
h r(x)2 $r(x).
2n

(21)

(17)

ð
aij 5 yi yj K(y) dy,

›2
$r(x)
›xi ›x j
#

(20)

where again the summation convention is applied. Note
that hopt reduces with n at the rate n21/(d14), with precise details depending on the density being estimated
(Silverman 1986). Other approaches to choosing hopt include maximizing an appropriate likelihood function and
to estimate a PDF that is uniformly close to the true PDF.
Again, see Silverman (1986) for further details.
While the approaches described above for optimizing
the choice of h for the problem of estimating r(x) are not
directly relevant to the estimation problem posed by
Eqs. (2), (11), and (12), it is expected that some of the
issues mentioned will also be relevant to this new estimation problem. Consider, for example, the part of Eq. (11)

A new ingredient over the standard problem (16) is,
therefore, that bias depends upon n and increases as h
reduces. It is difficult to go further than this and estimate
^
the bias of L(sDt)
because of problems with divergent
integrals, but the form of Eq. (21) suggests an optimal
estimate at some finite value of h: hopt, say, which depends
upon n, with hopt ; n21/(d12). The corresponding bias
varies as n22/(d12). Thus, as d increases, reduction of the
bias to a specified level requires larger and larger n.
We can gain further insight by considering various
possible values of h, in particular taking account of the
expression in braces inside the summation over j in
Eq. (11). For large h, and given j, many i will contribute
to each of the sums appearing in the numerator and
denominator. A typical value of jXj 2 Xij for those terms
that do contribute will be h or less. [Terms that have
jXj 2 Xij  h will have N(Xj; Xi, h)  1.] Therefore,
bearing in mind the h2 factor in the denominator, the
term within braces is expected to be O(h21) and the
^
expression for L(sDt)
is expected to include a factor
proportional to h21. An opposite limit is for h very small
when for given j all terms that have i 6¼ j are exponentially small in h22. The largest term in the denominator
will be the i 5 j term. However, the i 5 j term in the
numerator is identically zero since Xj 2 Xi 5 0. Therefore the numerator will be dominated by the i 6¼ j such
that jXj 2 Xij is smallest. The expected size of this term
^
will
decreases exponentially as h22; therefore, L(sDt)
reduce to zero as h reduces to zero. We expect a situa^
tion where L(sDt),
and therefore any estimate of dx for
given forcing df is expected to be small for large h and to
increase in magnitude as h decreases. On the other hand,
the estimate is likely to be very small for h small, suggesting that a best estimate will come for intermediate h.
Furthermore, by analogy with standard results for density estimation, the variance of the estimate is expected
to be large for small h and also to depend on the size n of
the sample being used to estimate the PDF. Therefore,
in considering any estimate it is likely to be important to
examine the effect of changing both h and n.
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3. Testing the nonparametric FDT
In this section we test the nonparametric form of the
FDT developed above by applying it to some simple
models. We consider only the steady-state responses as
described by Eq. (2) and not finite time predictions of
the state vector as potentially described by Eq. (1). We
first consider two linear stochastic models that exhibit
Gaussian statistics: first with 1 degree of freedom and
second with 3 degrees of freedom. We are therefore able
to compare the performance of the Gaussian and nonparametric algorithms. The third model considered is
a one-dimensional bimodal stochastic model that has
a strongly non-Gaussian PDF. Here the Gaussian form
of the FDT fails, and we demonstrate that the nonparametric form does not. Finally, we consider the application of the nonparametric FDT to the Lorenz model
(Lorenz 1963) with the addition of stochastic white noise
to avoid difficulties with nondifferentiable PDFs. The
nonparametric form of the FDT is once again able to
predict the response to forcing of this stochastic Lorenz
system. Throughout we take m 5 n when applying Eq.
(11) although, as noted previously, variations on this
might have advantages.

a. A Gaussian model
To produce a system with a Gaussian PDF we use the
d-dimensional linear stochastic model specified by Eq. (22):
dx
5 Bx 1 j 1 f,
dt

BC(0) 1 C(0)B 1 Q 5 0.

The practical application of the FDT to such an equation has been considered in detail in various earlier publications, for example Risken (1984) and Penland (1989).
We choose to restrict ourselves to the case Q 5 I, where
I is the identity matrix, and use the method of Rümelin
(1982) to solve Eq. (22) by applying the Euler–Maruyama
scheme
pﬃﬃﬃﬃ
x(t 1 dt) 5 x(t) 1 Bx(t) dt 1 Ij dt 1 f dt

(24)

in which j is a Gaussian distributed random vector with
covariance Q.
In making comparison between the predicted form of
L and the exact form of 2B21, it needs to be kept in
mind that the accuracy of Eq. (24) as an approximation
to Eq. (22) is limited by the size of the time step dt. Note
further that in some of the comparisons to be reported
there was some indication of sensitivity to the type
of random number generator used to generate j, and
for the work throughout this paper we used the
Mersenne Twister algorithm (Matsimoto and Nishimura
1998) that is now increasingly used in standard software
packages.
Given that, for the system (22), we know that the form
of the PDF is described by Eq. (3), we are able to compute the expected value of the nonparametric response
calculation as n / ‘ by evaluating r^ in Eq. (8) as the
convolution of two Gaussians and then substituting this r^
for r in Eq. (2), which yields

(22)
^ 5 B1 C(0)[C(0) 1 Ih2 ]1 .
L

where x is a d element state vector, t is time, B is a d 3 d
constant matrix chosen such that the system is stable, j is
a white noise stochastic term with a constant covariance
matrix Q 5 hjjTi, and f is a forcing term. For this system
L is simply equal to 2B21. With f 5 0 the covariance
matrix may be found via the Lyapunov equation
T
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(25)

In this case the bias, indicated by the fact that the product
of the second two matrices in Eq. (25) is not equal to I, may
be removed by multiplying by the inverse of this product
to give
^
hdxi 5 L[C(0)
1 Ih2 ]C(0)1 f.

(26)

(23)

For a linear stochastic system the lag t covariance matrix
is given by
C(t) 5 exp(Bt)C(0).
In the one-dimensional case where B 5 2bI say, this
reduces to the autocorrelation function acorr(t):
acorr (t) 5 acorr (0) exp(bt).
It is the autocorrelation that determines the time scale in
the model and therefore the number of independent or
uncorrelated data points in a given integration.

For the one-dimensional case we take B 5 20.5I (i.e.,
b 5 0.5) as a first example. We used dt 5 0.01 and recorded the state variable for the purpose of evaluating
Eqs. (11) and (12) at unit time intervals. The upper limit
T 5 10, significantly greater than the autocorrelation
time, was taken for the integral (2). The integration time
was taken to be 65 536 (i.e., ;3 3 104 times the correlation time of the system). Figure 1 shows predictions of
the forced response based on eight independent
integrations, allowing assessment of the uncertainties
involved in estimating Eq. (12). There is a clear dependence on the choice of h, broadly consistent with the
qualitative arguments presented in the previous section.
(Note that the scale for h is logarithmic.) For large h the
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0

1 0
1
fx
3.3143
B C
f 5 @ f y A 5 @ 0.2447 A3 102 .
fz

d as a function of h for the oneFIG. 1. Predicted response hdxi
dimensional linear model with B 5 20.5I and f 5 1. The actual
response hdxi 5 2B21f 5 2. The dots represent the mean over all
realizations. The dashed lines indicate two standard deviations
divided by the square root of the number of realizations.

response is underpredicted, consistent with the general
arguments and also with Eq. (25), but the variation between estimates from different samples is small. For an
intermediate range of values of h the estimate is close
to the correct value, still with little variation between
samples. For small values of h there is very large variation between samples (so estimates from an individual
sample would essentially be useless).
Similar comparisons were carried out for B 5 2bI,
with b taking various values between 0 and 1. Results
were broadly consistent with those reported for b 5 0.5,
bearing in mind that increasing b implies a shorter autocorrelation time and hence, for fixed integration length
and sampling interval, effectively larger samples of the
system. Increase of b, keeping the magnitude of the stochastic term fixed, also implies that the bias associated
with the finite width of the kernel functions will tend to
be larger at fixed h (since the width of the distribution
itself is smaller relative to h).
A three-dimensional system was also considered with
0

1
6.8634
4.0196
2.0789
B 5 @ 2.1943 92.5446
4.1803 A3 103
4.6435
5.6232 77.5484

1.0769

In this case it is useful to show explicitly the effect of the
choice of suitable upper limit T for the integral (2), or
equivalently integral (4) if the quasi-Gaussian approximation is made. The top left panel shows the variation
with T of the predicted response under the quasiGaussian approximation. Note that the optimal choice
of T is finite for any finite sample size since the uncertainty in the prediction increases as T increases. The
results shown in Fig. 2 show that, for the parameter
values here, T 5 1000 is a suitable choice and gives
a quasi-Gaussian estimate within a few percent of the
exact answer. The top right panel of Fig. 2 shows, for this
choice of T, the corresponding variation of the nonparametric FDT estimate with h. As for the one-dimensional case, the magnitude of the response is seen to
be underpredicted for large h. In this case the behavior
at small h is slightly different from that seen in the onedimensional case. In the one-dimensional case the variance of the predicted response increases rapidly as h
decreases, but there is no clear increase in bias. In the
three-dimensional case shown in Fig. 2, on the other
hand, there is a clear increase in bias at small h, associated with an anomalously small predicted response consistent with arguments given in section 2b above. The
bottom left panel shows the ‘‘corrected’’ FDT estimate
according to Eq. (14). This reduces but does not eliminate the inaccuracies at large h and gives a greatly increased variance at small h. The bottom right panel
shows the corrected FDT estimate according to Eq. (26).
This highlights the bias due to finite sample size n, which is
dominant for small h.
These Gaussian examples have served to confirm that
the nonparametric FDT works in practice and to highlight the implications of the choice of h. The bias increases with h; therefore h should be chosen to be as
small as possible. On the other hand, the variance and
the bias of the estimate increase at small h, but in a way
that depends strongly on the sample size n. Therefore
in any particular application the choice of h should be
specified on the basis that for this h the estimate is robust
to modest changes in h and to modest changes in n.

b. A multiwell potential model
with B chosen randomly subject to the constraint that
the system is stable. Note that the eigenvalue of B with
smallest real part is 26.6067 3 1023, implying an autocorrelation time of ;150. Typical results are shown in
Fig. 2. In this case 10 integrations, each of 106 time units,
were performed and the forcing f was taken to be

We now test the nonparametric method on a system
that is far from Gaussian. We start with a one-dimensional
example defined by
dx
5 b1 x  b2 x3 1 b3 j 1 f
dt

(27)
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d to a particular choice of f for the three-dimensional linear model. (top left)
FIG. 2. Predicted response hdxi
Equation (4) was used for the quasi-Gaussian estimate, (top right) Eq. (12) for the nonparametric estimate, (bottom
left) Eq. (14) for the corrected nonparametric estimate, and (bottom right) Eq. (26) for the nonparametric with
Gaussian bias correction. The quasi-Gaussian estimate is plotted as a function of T; the other, nonparametric estimates are plotted as a function of h with a logarithmic h axis. The range indicates two standard deviations divided by
the square root of the number of integrations and the horizontal solid lines are the analytic response calculated from
Eq. (22).

in which b1 5 1, b2 5 0.02, and b3 5 5; j is Gaussian
distributed stochastic noise with unit variance, and f represents an applied forcing.
This model has a bimodal behavior and, as can be seen
in Fig. 3, its PDF is smooth and strongly non-Gaussian.
Since all of the requirements for the nonparametric FDT
are met, we expect it to make accurate predictions of the
forced response, whereas we expect the standard Gaussian FDT to fail. We simulated the system defined by
Eq. (27) by applying a fourth-order Runge–Kutta method
to the deterministic part of Eq. (27) with an added noise
term identical to that used in Eq. (24). We used a time step
of 2 3 1023 and recorded the state x every 0.2 time units.
With f 5 0 we generated 100 independent integrations,
each of 2 3 105 data points after discarding the first 100.
Both forms (2) and (4) of the FDT capture only the
linearized response and can therefore make accurate
predictions only when the forcing is small enough in

amplitude. The system (22) considered previously is
exactly linear and the linearized prediction of the response will be valid for any choice of the forcing f. For
the system (27) on the other hand, the linearized prediction can be valid only for small enough jf j. To test
linearity we integrate Eq. (27) for a range of choices of f,
for each choice generating 10 independent integrations,
each of 105 data points (with the first 1000 being discarded). The response is plotted against forcing in Fig. 4.
The graph shows only small deviations from linearity
over the range 0 # f # 1, and we take f 5 0.1 as the case
against which the linearized prediction can be reliably
tested. The gradual reduction of the slope of the curve as
f increases toward 1 can be expected to strengthen as
f increases further and the nonlinearity of the response
becomes more important.
Explicit results for application of the Gaussian and
nonparametric forms of the FDT to this case are shown
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FIG. 3. PDFs of the system described by Eq. (27) for f 5 0 (solid)
and f 5 0.1 (dashed).

in Fig. 5. Application of the Gaussian form of the FDT
required only a subset of our dataset to reduce the variance to an acceptable level. Ten independent integrations each of 105 data points were used. With this data
Eq. (4) yields at an upper limit of the integral of 50, a
d 5
calculated response to a forcing of f 5 0.1 of hdxi
0.496 6 0.027, which is not consistent with the true
d 5
response, estimated by model integrations to be hdxi
0.336 6 0.032 (see Fig. 5). Application of the nonparametric FDT, using the full set of 100 integrations, each of
2 3 105 data points, yields a response that depends on
the choice of h. However, there is a range of h between
about 2 3 1022 and 5 3 1021 where the predicted response is independent of h and the uncertainty is acd 5 0.342 6 0.005 is
ceptably low. For h 5 0.1, say, hdxi
consistent with the true response.

FIG. 4. Response of the system described by Eq. (27) for various
magnitudes of forcing, illustrating the accuracy of the linear approximation. The dashed lines indicate two standard deviations
divided by the square root of the number of integrations.

dx
5 10(y  x) 1 f x 1 jx ,
dt
dy
5 x(28  z)  y 1 f y 1 jy ,
dt
dz
8
5 xy  z 1 f z 1 jz ,
dt
3

(28)

where x, y, and z are the components of the threedimensional state vector and f 5 ( fx, fy, fz) is the applied
forcing.

c. A stochastic Lorenz model
We now wish to test the ability of the nonparametric
FDT to predict the response of a system where the PDF
is to a large extent controlled by the chaotic behavior
of the internal nonlinear dynamics rather than primarily
by applied stochastic forcing. The three-dimensional
Lorenz model (Lorenz 1963) is a natural choice because it
is often used as a conceptual paradigm for climate (e.g.,
Palmer 1993), although it possesses a fractal equilibrium
PDF, which violates the assumption of smoothness required by the FDT. However, if we smooth the PDF by
adding a stochastic white noise term, j 5 (jx, jy, jz), to the
Lorenz equations, we expect that the conditions required
for the nonparametric FDT should apply.
With standard parameters and an additional forcing
term our stochastic version of the Lorenz model is defined by

FIG. 5. Estimated and actual response of the system described by
Eq. (27) with f 5 0 when a forcing of f 5 0.1 is applied. The
Gaussian estimate is a function of the upper limit of the integral
used to approximate Eq. (4), while the nonparametric estimate is
a function of the bandwidth parameter, h in Eq. (7), with the upper
limit of the integral in Eq. (2) taken to be 50. The regions indicate
the mean response plus or minus two standard deviations divided
by the square root of the number of integrations.
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This is the model considered by Thuburn (2005), who
showed, at least for a particular amplitude of the stochastic term, that the linear response to a forcing was well
estimated by consideration of the Fokker–Plank equation
for the system, that is, the deterministic partial differential equation for the equilibrium PDF. We first compare
the FDT algorithm proposed here with Thuburn’s results
and then apply it to a system with a smaller stochastic
component.

1) HIGH AMPLITUDE UNIFORM NOISE
In this case we take the amplitude of the noise to be
the same as that in Thuburn (2005), where the standard
deviation of the noise components jx, jy, and jz is chosen
so that Eq. (28) is equivalent to a vector stochastic differential equation including in each component term
a Wiener process multiplied by a factor of 20. We approximate solutions to the stochastic Lorenz Eqs. (28)
using the same method as that used in section 3b. A
fourth-order Runge–Kutta scheme was applied to the
deterministic parts of the equation with an added noise
term identical to that in Eq. (24). We used a time step of
0.002 nondimensional time units and recorded the
state vector every 0.01 nondimensional time units. We
recorded 10 model runs, each of 106 data points after
discarding the first 1000. A typical trajectory from this
model is shown in Fig. 6.
The response in the x direction to unit forcings applied independently in the x, y, and z directions was
estimated by direct simulation and is shown as solid
lines in Fig. 7, alongside the corresponding estimate from
Thuburn (2005), shown as dotted lines, which are in good
agreement. This suggests that the unit forcings are in the
amplitude range consistent with linear theory. The corresponding quasi-Gaussian FDT estimates of the response
in the x direction to forcings in the x, y, and z directions
are respectively 0.0252 6 0.0018, 0.1287 6 0.0010, and
25.6114 3 1024 6 6.0076 3 1024, where an upper limit
of the integral in Eq. (4) of 1 was used in each case.
These results are summarized in Table 1. In the first two
cases (forcings in x and y directions), these are clearly
inconsistent with the simulated response (respectively underpredicted by 65% and overpredicted by 24%). The
case of forcing in the z direction is not so clear since the
mean simulated response is significantly smaller than its
variance. Also shown in Fig. 7 is the response predicted
by the nonparametric FDT, with dependence on the
bandwidth parameter h and on the sample size both shown.
Taking a value of h around 1 as providing the ‘‘best’’ estimate it is clear that the nonparametric FDT is much
more accurate than the Gaussian FDT and very comparable in accuracy to the Thuburn (2005) approach. Note
that, if the direction of forcing is fixed, then optimization

FIG. 6. A typical trajectory of the stochastic Lorenz model with
(top) a large uniform stochastic term as used by Thuburn (2005)
and (bottom) a smaller nonuniform stochastic term.

of the choice of h for each component of the response
(by minimizing some component of bias and variance)
naturally gives a different optimal value of h for each
component. A more satisfactory approach might be to
optimize by applying a criterion on dx as a vector, rather
than to individual components of dx.

2) LOWER AMPLITUDE NONUNIFORM NOISE
The forcing of trajectories toward the strange attractor of the Lorenz model is exceptionally strong in comparison with movement along the attractor itself (Tucker
2002). Therefore, the effect of a stochastic forcing in an
arbitrary direction is strongly suppressed in a direction
perpendicular to the attractor. On the other hand, to
provide sufficient smoothing of the PDF for application
of the nonparametric FDT to be feasible the isotropic
noise term needs to be large, which reduces correlations
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FIG. 7. Response of the uniform stochastic noise Lorenz model in the x direction to a forcing in the (top) x, (middle) y, and (bottom)
z directions. (left) All three responses plotted on the same axis to give an idea of scale; (middle) response as a function of h for a run length
of n 5 106 data points; (right) three responses for particular values of h as a function of run length to show the rate of convergence. The
horizontal solid lines are the responses estimated by direct simulation, the circles are estimated using Eq. (12), the dotted line is the
response estimated by Thuburn (2005), and the dashed lines indicate two standard deviations divided by the square root of the number of
runs. An upper limit of the integral in Eq. (2) of 1 was used in all cases.

in time and disrupts the structure of the attractor as a
whole. The solution we use is to add a stochastic forcing
locally normal to the attractor itself. To find an approximation of this direction we use numerical approximations
of time differentials
v’

›
(x, y, z)
›t

and
›
›
^v ’ (x 1 x^, y 1 y^, z 1 z^)  (x  x^, y  y^, z  z^)
›t
›t

^, where the caret denotes
to define the vectors v and v
a small random perturbation. If the perturbations x^, y^,
and z^ are sufficiently small with respect to the time step,
v  vj  jvj, and we assume that v and ^
v are not parallel.
j^
Then, since for a sufficiently small noise term movement
in one time step along the attractor is further than movement toward it, the cross-product v 3 ^
v is a vector approximately perpendicular to the plane of the attractor.
We now define the stochastic noise vector to be

j 5 aj0

v3^
v
^j
jv 3 v

Unauthenticated | Downloaded 01/09/23 07:09 AM UTC

948

JOURNAL OF THE ATMOSPHERIC SCIENCES

VOLUME 68

TABLE 1. A summary of the responses of the uniform noise stochastic Lorenz model to a unit forcing in the x, y, and z directions.
Responses were calculated using simulation, the quasi-Gaussian FDT, and the nonparametric FDT, all using 10 integrations each of 106
data points, and compared with results from Thuburn (2005). Data points are recorded every 0.01 Lorenz time units, an upper limit of the
integral in Eq. (2) of 1 time unit was used, and the values of h used for the nonparametric method are given. The errors are given by two
standard deviations divided by the square root of the number of integrations.
Simulation

Gaussian

23

f 5 ( fx, 0, 0)
f 5 (0, fy, 0)
f 5 (0, 0, fz)

0.0725 6 1.401 3 10
0.1038 6 2.980 3 1024
(21.270 6 5.434) 3 1024
Nonparametric

Thuburn

f 5 ( fx, 0, 0)
f 5 (0, fy, 0)
f 5 (0, 0, fz)

0.0667 6 0.0023 (h 5 0.8)
0.1031 6 8.026 3 1024 (h 5 1.6)
(25.335 6 5.253) 3 1024 (h 5 3)

0.0701
0.1050
23.5 3 1027

in which j0 is a Gaussian distributed random variable
with zero mean and unit variance and a is the noise
amplitude. In practice it may be difficult to be sure that a
chosen perturbation is small enough, and for very small
perturbations j may be subject to significant numerical
inaccuracy. To mitigate this we doubled the time step
used to calculate ^
v in our numerical solver. After applying a range of noise amplitudes we found that using
Gaussian distributed random numbers with a standard
deviation of 0.5 for the perturbations x^, y^, and z^ and
a 5 5 is sufficient to enable application of the nonparametric FDT with reasonable computational effort
while not being too large so that structure and lag correlation is retained, as shown in Fig. 6. We approximate
solutions to these stochastic Lorenz equations using the
Runge–Kutta method used above with a time step of 1024
and record the state vector every 0.01 nondimensional
time units.
In this case, without any guidance from previous work,
we must be careful to consider a forcing small enough to
be in the linear regime. We choose a range of forcing in
the x direction and calculate the response from a series
of model integrations, Fig. 8. We generated a total of 104
independent integrations, each of 106 data points after
discarding the first 104, for each value of applied forcing.
This clearly demonstrates that a forcing of fx 5 0.1 is well
within the linear regime. Applying the Gaussian FDT
to predict this response, using 1000 of our unforced integrations leads to a large overestimate of the x and y
components, as shown in Fig. 9. Again, the variation in
the upper limit of the time integral is shown for the
Gaussian calculation demonstrating convergence. The
nonparametric FDT, using only the first 105 data points
of 1000 of our unforced integrations and an upper limit
of the integral in Eq. (2) of 20 time units, gives a predicted response that is much more consistent with the
simulated response. Numerical results are summarized
in Table 2.

0.0252 6 0.0018
0.1287 6 0.0010
(25.611 6 6.008) 3 1024

The predicted response in the y direction, although
consistent with the error bars, suggests an overestimate.
This could be an effect of finite h, as discussed previously, and we attempt to understand it by examining the
convergence of our predicted response with integration
length. Figure 10 illustrates our general conclusions (stated
earlier) that, as integration length is increased, we are able
to choose lower and lower values of h and that, for a integration length n $ 4 3 104 data points, change in the
calculated response is slow with respect to n.
Naive application of the Gaussian and nonparametric
forms of the FDT to the system (28) without any added
noise was unable to give an accurate prediction of the
response to forcing. This may be a practical issue of estimation of the underlying PDF with reasonable computational resources, or it may be a more fundamental
problem to do with nondifferentiability of the PDF. The

FIG. 8. Response of the (top) x, (middle) y, and (bottom) z components of the low amplitude noise stochastic Lorenz system to
a forcing in the x direction, 0 , fx , 0.5. The dashed lines indicate
two standard deviations divided by the square root of the number of
integrations.
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FIG. 9. Estimated and actual response of the x, y, and z components of the nonuniform noise stochastic Lorenz
system to a forcing in the x direction of fx 5 0.1. The dashed lines indicate two standard deviations divided by the
square root of the number of integrations. The top left plot corresponds to estimates made using the Gaussian FDT,
while the others arise from the nonparametric method, taking 20 as the upper limit of the integral in Eq. (2). Note the
change in scale between plots.

idea that in any practical application computational numerical rounding error will provide sufficient noise to
smooth the PDF does not seem to apply in this case.

4. Discussion
In this paper we have proposed an approach to exploiting the FDT in its general form [Eq. (1)], particularly in the steady-state limit [Eq. (2)], as a predictor of
the linearized response of a dynamical system to an

applied forcing (or, by simple extension, to a change in
the parameters of the system). The key step in the approach is to follow standard practice in nonparametric
statistics and to use a kernel density estimation procedure to meet the requirement for knowledge of the
equilibrium PDF of the system. The estimator for the
response of the system, which results from this ‘‘nonparametric FDT,’’ is constructed from a sample of the
unforced system, just as is the case in the much more
standard quasi-Gaussian form [Eq. (4)] of the FDT.

TABLE 2. A summary of the responses of the nonuniform noise stochastic Lorenz model calculated using simulation, 104 integrations
each of 106 data points; the quasi-Gaussian FDT, 1000 integrations of 106 data points; and the nonparametric FDT, 1000 integrations of 105
data points. Data points are recorded every 0.01 Lorenz time units, an upper limit of the integral in Eq. (2) of 20 time units was used, and
the values of h used for the nonparametric method are given. All numbers are quoted to four decimal places and the errors are given by
two standard deviations divided by the square root of the number of integrations.

hdxi
hdyi
hdzi

Simulation

Gaussian

Nonparametric

0.0195 6 0.0028
0.0095 6 0.0028
20.0009 6 0.0018

0.1464 6 0.0010
0.1307 6 0.0010
0.0001 6 0.0002

0.0192 6 0.0035 (h 5 0.27)
0.0129 6 0.0034 (h 5 0.24)
0.0017 6 0.0051 (h 5 0.55)
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FIG. 10. Response in the y direction of the low amplitude noise
stochastic Lorenz model predicted by the nonparametric FDT.
Compare with the bottom left plot in Fig. 9. The prediction for n 5
104 data points is clearly poor. As n increases the behavior is
broadly consistent with that seen in other examples, namely convergence at large values of h, but to a prediction that has an
h-dependent bias, and n-dependent behavior at small values of h.
We take the peaks as providing a crude ‘‘best’’ estimate for each
n with the peaks moving to smaller values of h as n increases.

Note that, while we have focused on the forced response
in the mean state vector, this nonparametric FDT can be
applied straightforwardly to estimate responses in other
observables, including quadratic and other nonlinear
observables. The appropriate generalization of Eq. (2) is
to replace the x(t) with g[x(t)] and of Eq. (11) to replace
Xj1s with g(Xj1s).
We have demonstrated using relatively simple examples that the new nonparametric FDT works in practice
to give a quantitatively accurate prediction of the response. Linear systems with stochastic forcing, where
the response operator is known analytically and may also
be evaluated using the quasi-Gaussian FDT, were considered as test cases. These demonstrated the important
principle, well known in the context of density estimation, that both the bias and variance of the predicted
response depend on the bandwidth parameter h of the
kernel function used in the density estimation and on the
size n of the sample of the unforced system. Thus, any
application of the nonparametric FDT needs to consider
carefully the optimal choice of h, perhaps by testing sensitivity to changes in h or by subsampling to test sensitivity to sample size n, and also to estimate the variance.
Bearing these points in mind, the nonparametric FDT
was applied successfully to two simple nonlinear systems,
a one-dimensional system driven by stochastic noise,
with a bimodal probability distribution, and the threedimensional Lorenz system.

VOLUME 68

It remains to be seen whether the application of the
nonparametric FDT outlined here can be improved, for
example, by use of an adaptive or non-Gaussian kernel
in the density estimation procedure. In the standard problem of density estimation this can improve bias from
h2 to h4 (Silverman 1986). It is also possible that theoretical prediction of the asymptotic form of the bias for
small h and large n would allow a correction to estimates
obtained for finite h and n.
In all the systems that we considered, including the
Lorenz system, the inclusion of explicit stochastic forcing ensures that the equilibrium PDF is smooth. It has
been speculated that, for many chaotic dynamical systems, including the Lorenz system, whether or not the
‘‘true’’ equilibrium PDF is smooth, the effect of rounding error in numerical integration is akin to stochastic
forcing and ensures smoothness. Whether or not that is
true, our efforts to apply the nonparametric FDT to the
Lorenz system without explicit stochastic forcing were
unsuccessful, but this could have been due to the practical problem of requiring too small a value of h alongside
feasible sample size rather than any fundamental barrier
caused by nonsmoothness of the PDF. If nonsmoothness
were relevant, then one would have to consider alternative approaches that do not make the smoothness assumption (e.g., Ruelle 1998; Abramov and Majda 2007,
2008).
The nonparametric FDT is one of several different
approaches that have been proposed to consider the
forced response of a dynamical system without making
the assumption of Gaussianity that is necessary for the
standard form of the FDT. One line of approach has
been via an ensemble adjoint technique, which requires
performing an ensemble of integrations of the adjoint
system along trajectories of the unforced dynamical system (see, e.g., Eyink et al. 2004). This approach has the
strong disadvantage that quantities of interest, in particular those that make up the response function which
appears in integrals such as Eq. (1), grow without bound
in individual integrations of the adjoint system. This unbounded growth is, in principle, suppressed in ensemble
averaging, but the number of realizations required to
suppress the growth of ensemble-averaged quantities up
to some finite time t grows very rapidly as a function of t.
Abramov and Majda (2007, 2008, 2009) have suggested
a ‘‘blended-response approach’’ in which the response
function is estimated using the ensemble adjoint technique for small times and then gradually replaced
by that estimated through the quasi-Gaussian FDT at
larger times. A different line of approach has been suggested by Thuburn (2005), who considers the evolution
equation not for individual trajectories of the dynamical
system, but for the PDF, so that the equation for the PDF

Unauthenticated | Downloaded 01/09/23 07:09 AM UTC

MAY 2011

COOPER AND HAYNES

is the Fokker–Planck equation (assuming that additive
stochastic forcing is included in the evolution equations).
The resulting expression for the forced response requires
knowledge of the solution of the adjoint to the Fokker–
Planck equation with appropriate forcing, which Thuburn
demonstrates may be obtained either by numerical solution of this partial differential equation or else by suitable ensemble averaging of an integral along trajectories
of the dynamical system. Either method essentially requires tabulation of the solution in phase space and the
cost therefore rises extremely rapidly with the dimension
of the phase space.
Thuburn (2005) does not mention the FDT, but the
approach he proposes is clearly related to the FDT, and
we clarify that relation in the appendix (in doing so
noting how Thuburn’s approach, which he presents for
the steady-state problem, can be extended to the timedependent problem.) The key point is that writing down
the response to forcing naturally requires solution of
the equation governing the time evolution of the PDF
of the undisturbed system, with an initial condition that
is not the equilibrium distribution (otherwise the solution would be trivial). In Thuburn’s approach that solution appears explicitly (albeit as the solution of the
adjoint problem). In the FDT approach the required
quantities are obtained not by knowledge of the time
evolution of the PDF but from the time decay of correlations of appropriate functions.
The nonparametric FDT approach does not require
tabulation of any function in phase space, potentially
very expensive in high dimensions, but instead an evaluation of an estimator at sample points. This evaluation
naturally occurs in those parts of phase space favored by
the system, that is, those parts where the PDF is relatively large. In other words, potentially inefficient evaluation in parts of the phase space that are infrequently
occupied is avoided. That efficiency notwithstanding,
the required computation is potentially expensive, with
the required number of operations increasing as n2, where
n is the sample size, and this is the main difficulty ahead
in applying the nonparametric FDT in high dimensions
[where n must be large, perhaps impossibly large—recall
the interplay between n and h and the dependence on
dimension implied by Eq. (21)]. One question for the future, therefore, is whether alternative forms of the estimator are possible that improve on n2. A possible
approach would be to map the density estimation problem to a nearest neighbor problem and order the data into
a tree, which reduces the number of computations required to the order of dnlogn, where d is the dimensionality of phase space. This approach works in a low
dimensional phase space, but severe difficulties present
themselves when the dimensionality is increased.
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The n2 dependence of the computation described in
this paper requires that the sample is as efficient as possible. For example, if successive sample points are separated only by short time intervals and therefore by small
distances in phase space, then it might be that n can be
reduced without adversely affecting the bias or uncertainty in the estimate and allow considerable computational saving. Note that for accurate evaluation of the
integral appearing in Eq. (2), for example, it is necessary
to sample the system at relatively short time intervals so
that lag correlations can be calculated as functions of
delay time at correspondingly short intervals. However,
it may not be optimal to use the whole sample in the
estimation of $r/r, that is, in the inner sum in Eq. (11).
The advantage of the nonparametric FDT, as compared to the other approaches such as the ensemble
adjoint method, is that no explicit knowledge of the underlying equations for the unperturbed system is needed.
All necessary information about these equations is obtained from the observed decay in the unforced system
of correlations of appropriate quantities. (Note that the
explicit form of the perturbation is, of course, needed;
otherwise df would be unknown.) This means that the
FDT is, for example, potentially a predictor of the zonal
mean response of the atmospheric circulation to an applied forcing that does not require any explicit parameterization of the eddy fluxes in terms of the zonal mean
flow (e.g., Ring and Plumb 2008): indeed, the FDT provides such a parameterization.
For all of the different approaches mentioned above
attention needs to be paid to computational requirements and, in particular, whether the approaches are
computationally feasible for systems with large or even
modest numbers of dimensions. The ultimate aim is to
apply the nonparametric FDT to a realistic climate model
in which the dimension of the phase space is very large.
Gritsun and Branstator (2007), for example, apply the
quasi-Gaussian FDT to a system with 1800 degrees of
freedom, and this is a significant reduction to the number of degrees of freedom of the full underlying model.
The effective number of degrees of freedom of a system
may be significantly less than the dimension of its phase
space. (For example, consider adding extra spatial degrees of freedom to a simulation of a fluid system when
the number of degrees of freedom is already sufficient
for a good representation of the true solution.) Since the
expressions arising in the nonparametric FDT are evaluated only in those parts of phase space that the system
visits, it is possible that the convergence and accuracy
properties of the nonparametric FDT depend upon the
effective number of degrees of freedom present rather
than the actual dimensionality of phase space. If the dimensionality of a system is found to be too large to allow
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practical application of the nonparametric FDT and
improvements cannot be found, then another approach
would be to project the large system onto a small number of degrees of freedom. This might, for example, be
based on the widely made, but often poorly justified,
assumption that the spatial structure of forced response
is dominated by a small number of empirical orthogonal
functions representing leading modes of natural variability [e.g., see the discussion in Branstator and Selten
(2009)]. Majda et al. (2010b) discuss some of the conditions under which reduction in the number of degrees
of freedom is possible and consider some simple examples. The nonparametric FDT that we have presented
in this paper opens up various related possibilities, including, for example, some kind of combination of the
nonparametric approach, to capture the dependence of
the equilibrium PDF on a small set of key state variables,
with a quasi-Gaussian assumption to represent dependence on remaining variables.
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dynamical system contain explicit randomness. Without
explicit randomness Mx would be the Liouvillian operator. Define Mtx to be the operator that integrates
Eq. (A1) from an initial condition at t 5 0 to later time t;
that is, P(x, t) 5 Mtx P0(x) is the solution to Eq. (A1) with
initial condition P(x, 0) 5 P0(x). Now consider a perturbation to the dynamical system of the type considered
in section 1, where df(x, t) 5 xf(t)df(x) is added to the
right-hand side of the evolution equations of the dynamical system, implying that MxP changes to MxP 2 $x[df(x,
t)P]. Note that in the main part of the paper we consider
only the simple case where df is independent of x and t.
The corresponding correction to P(x, t) will be dP(x, t),
which satisfies the equation
›
dP 5 Mx dP  $x  [df(x, t)P]
›t
with solution
dP(x, t) 5 

ðt
0

ds xf (s)Mxts $x  [df(x)P(x, s)].

(A3)

t
t
ÐNow consider the change dG in an observable G 5 hgi 5
g(x)P(x, t) dx, confining attention to the case where the
unperturbed system is in equilibrium; that is, P(x, t) 5
r(x), where consistent with the notation in section 1, r(x)
is the equilibrium PDF. Then, from the above,

ð
ðt
dGt 5  dx g(x) ds xf (s)Mts
x $x  [df(x)r(x)].

Relation with Thuburn (2005)

(A2)

(A4)

0

Thuburn (2005) presents a method for calculating climate sensitivity via the adjoint of the evolution equation
for the PDF. This method has advantages over those
previously proposed based on linear adjoint calculations (Eyink et al. 2004 and references therein) since it
does not suffer from unbounded growth of important
quantities at large times. However, Thuburn (2005) does
not relate his approach to the fluctuation–dissipation theorem, and therefore we clarify the relation between the
two approaches below.
Consider a dynamical system with X(t) as a single
realization of the time evolution and for an ensemble of
realizations described by a PDF P(x, t) that satisfies an
equation of the form
›P
5 Mx P,
›t

(A1)

where Mx is some partial differential operator, assumed
not to depend explicitly on time. Thuburn considers the
case where the above equation is the Fokker–Planck
equation, relevant where the evolution equations for the

The fluctuation–dissipation theorem approach is to
consider the lag correlation hg[X(t 1 t)]h[X(t)]i, which
can be written as
hg[X(t 1 t)]h[X(t)]i
ð
ð
5 dx g(x) dy h(y)P(x, t 1 tjy, t)r(y),

(A5)

where P(x, t 1 tjy, t) is the conditional PDF for X at
(x, t 1 t), given that X(t) 5 y. It follows that P(x, t 1 tjy, t) 5
Mtx d(x 2 y) and, hence, that
ð
ð
hg[x(t 1 t)]h[X(t)]i 5 dx g(x) dy h(y)r(y)Mtx d(x  y)
ð
(A6)
5 dx g(x)Mtx [h(x)r(x)].
Comparing with Eq. (A4) and reordering the integration, it follows that
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ðt
D
dGt 5  ds xf (t  s) g[X(t 1 s)]fr1 (x)$x  [df(x)r(x)]g
0

This is the general form of the fluctuation–dissipation
theorem (1).
Now reconsider Eq. (A4), again with the integration
reordered,
ðt
ð
dGt 5  ds xf (s) dx g(x)Mts
x $x  [df(x)r(x)]
0

ðt
ð
1
5  ds xf (s) dx[(Mts
x ) g(x)]$x  [df(x)r(x)]
0

ð

5  dx $x  [df(x)r(x)]

ðt
0

1
ds xf (s) (Mts
x ) g(x) ,

(A8)
where the second expression follows by defining the
adjoint operator (Mtx )1 . The integral with respect to s in
the third expression is the solution c(x, t) of the equation
›c
5 (Mx )1 c 1 g(x)xf (t)
›t

(A9)

with initial condition c(x, 0) 5 0. Integrating the third
expression by parts gives
t

dG 5

ð

dx r(x)df(x)  $x c(x, t),

(A10)

which expresses dGt in terms of the solution c of the
adjoint equation with the function g(x) appearing in the
forcing term. In the steady-state limit where xf (t) 5 1
and t / ‘, this is simply the expression (15) given by
Thuburn (2005).
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Rümelin, W., 1982: Numerical treatment of stochastic differential
equations. SIAM J. Numer. Anal., 19, 604–613.
Silverman, B. W., 1986: Density Estimation for Statistics and Data
Analysis. Monographs on Statistics and Applied Probability,
Vol. 26, Chapman and Hall, 175 pp.
Thuburn, J., 2005: Climate sensitivities via a Fokker–Plank adjoint
approach. Quart. J. Roy. Meteor. Soc., 131, 73–92.
Tucker, W., 2002: A rigorous ODE solver and Smale’s 14th problem. Found. Comput. Math., 2, 53–117.

Unauthenticated | Downloaded 01/09/23 07:09 AM UTC

