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ABSTRACT
In this second part of a two-part study, a newly developed moist nonhydrostatic formulation of the spectral
energy budget of both kinetic energy (KE) and available potential energy (APE) is employed to investigate
the dynamics underlying the mesoscale upper-tropospheric energy spectra in idealized moist baroclinic
waves. By calculating the conservative nonlinear spectral fluxes, it is shown that the inclusion of moist processes significantly enhances downscale cascades of both horizontal KE and APE. Moist processes act not
only as a source of latent heat but also as an ‘‘atmospheric dehumidifier.’’ The latent heating, mainly because
of the depositional growth of cloud ice, has a significant positive contribution to mesoscale APE. However,
the dehumidifying reduces the diabatic contribution of the latent heating by 15% at all scales. Including moist
processes also changes the direction of the mesoscale conversion between APE and horizontal KE and adds a
secondary conversion of APE to gravitational energy of moist species. With or without moisture, the vertically propagating inertia–gravity waves (IGWs) produced in the lower troposphere result in a significant
positive contribution to the upper-tropospheric horizontal KE spectra at the large-scale end of the mesoscale.
However, including moist processes generates additional sources of IGWs located in the upper troposphere;
the upward propagation of the convectively generated IGWs removes much of the horizontal KE there.
Because of the restriction of the anelastic approximation, the three-dimensional divergence has no significant
contribution. In view of conflicting contributions of various direct forcings, finally, an explicit comparison
between the net direct forcing and energy cascade is made.

1. Introduction
The mesoscale dynamics producing the lowerstratospheric energy spectra, with a focus on the importance of moist processes, were investigated with
numerical simulations of idealized moist baroclinic
waves in a companion paper by Peng et al. (2015,
hereafter Part I). In Part I, a newly developed formulation of the spectral energy budget by Peng et al. (2014)
was employed to perform a detailed spectral budget
analysis of kinetic energy (KE) and available potential
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energy (APE). Diagnostic results demonstrated that the
lower-stratospheric mesoscale in idealized moist baroclinic waves is not only governed by energy cascade but
also significantly influenced by the direct forcings from
the vertical fluxes caused by the vertical convection itself
and the convectively generated inertia–gravity waves
(IGWs) and from the three-dimensional (3D) divergence.
Including moist processes can even change the direction of
the conversion between the KE and APE, as well as the
direction of energy cascade through the lower-stratospheric
mesoscale. These results, together with Waite and Snyder
(2013, hereafter WS2013), present a challenge to pure
cascade theories based on the assumption that atmospheric mesoscale can be idealized as a turbulent inertial
subrange (e.g., Gage 1979; Lilly 1983; Dewan 1979; Smith
et al. 1987; Tung and Orlando 2003; Gkioulekas and Tung
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2005a,b; Tulloch and Smith 2009; Lindborg 2006). In this
Part II, we continue to investigate the dynamics responsible for mesoscale energy spectra in the upper troposphere,
where the latent heating from moist processes occurs.
The importance of moist processes in establishing the
upper-tropospheric mesoscale KE spectrum in moist
baroclinic waves has been, to some extent, explored by
WS2013. However, there are still many aspects that are
unclear and require further investigation before a full
understanding of the physical dynamics underlying the
mesoscale energy spectra in the upper troposphere is
possible. WS2013 diagnosed the buoyancy flux spectrum
and the cross-spectrum of the latent heating and potential temperature (i.e., the heating spectrum) and
found that the buoyancy flux spectrum, as well as the
heating spectrum, in the moist simulation with relatively
high moisture exhibited a positive peak at scales of
around 800 km and a plateau throughout the mesoscale.
Therefore, two possible scenarios were proposed by
WS2013 (p. 1244) to explain how moist processes act on
the upper-tropospheric mesoscale: ‘‘1) [KE] is injected
mainly at large scales, thereby enhancing the downscale
energy cascade; 2) [KE] is directly injected at mesoscale
length scales, which directly energizes the mesoscale.’’
However, only diagnosing the buoyancy flux spectrum
and the heating spectrum cannot completely reveal these
two possible scenarios. First, based on WS2013, a quantitative diagnosis of the nonlinear spectral fluxes should
be made to clarify whether the energy cascade in the
upper-tropospheric mesoscale is still downscale in moist
baroclinic waves and, if so, whether and to what extent it
is enhanced. Second, moist processes release latent heating
that will excite IGWs; the vertical propagation of the
convectively generated IGWs will transport much of the
energy injected by latent heating to the lower stratosphere, which may result in the net forcing at the uppertropospheric mesoscale actually being small. Therefore, a
further comparison between the net forcing and the energy cascade should be made to ascertain the significance
of the direct forcing there. Third, only the influence of
total latent heating on energy spectra has been investigated; therefore, further investigation should be made
to quantify the contribution of the various microphysical
processes on the mesoscale energy spectra. Moreover,
besides acting as a source of latent heating, moist processes
also act as an ‘‘atmospheric dehumidifier’’ (Pauluis and
Held 2002), which is ignored in previous studies.
Thus, there are compelling reasons to conduct a
completely spectral budget analysis of KE and APE in
the upper troposphere of moist baroclinic waves. The
remainder of the paper is organized as follows. Section 2
reviews the moist, nonhydrostatic formulation of the
spectral energy budget and numerical simulations described
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in Part I that will be employed here. Section 3 discusses
the energy cascade, spectral energy conversion, and spectral energy vertical transportation. Section 4 discusses
spectral diabatic influences from moist processes. The
contributions from both the latent heating and the dehumidifying are considered, and the contributions of the
various microphysical processes to the mesoscale energy
spectra are also quantified. Section 5 analyzes the effects
of the adiabatic nonconservative processes and 3D divergence. Section 6 further analyzes the net direct forcing
and makes an explicit comparison with the energy cascade. Conclusions and discussion are given in section 7.

2. Methodology
a. Spectral energy budget equations
The key points of Part I are that the spectral energy
budget equations for KE and APE are formulated in a
moist, nonhydrostatic framework, and the vertical fluxes
are exactly separated from the energy cascade as in
Augier and Lindborg (2013). Horizontal wavenumber
spectra are computed by using two-dimensional discrete
^ (k) be
cosine transform (DCT; Denis et al. 2002). Let u
the DCT of field u at a given height level, where
Define the
k 5 (kx , ky ) is the horizontal wave vector.
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
total horizontal wavenumber kh 5 jkj 5

k2x 1 k2y . In the

height coordinate system, the formulation of the spectral
energy budget, which is suitable for the moist, compressible, nonhydrostatic atmosphere, can be written as
›
E [k ] 5 th [kh ] 1 ›z Fh[ [kh ] 1 Divh [kh ] 1 ›z Fp[ [kh ]
›t h h
1 CA/h [kh ] 1 Hh [kh ] 1 Dh [kh ] 1 Jh [kh ] ,
(1)
›
E [k ] 5 tz [kh ] 1 ›z Fz[ [kh ] 1 Divz [kh ]
›t z h
1 CA/z [kh ] 1 Dz [kh ] 1 Jz [kh ], and

(2)

›
E [k ] 5 tA [kh ] 1 ›z FA[ [kh ] 1 DivA [kh ]
›t A h
2 C[kh] 1 HA [kh] 1 DA [kh] 1 JA [kh],

(3)

where Eh [kh ] is the horizontal KE (HKE) spectrum,
Ez [kh ] is the vertical KE (VKE) spectrum, and EA [kh ] is
the moist APE spectrum; th [kh ], tz [kh ], and tA [kh ] are the
nonlinear transfer terms; Fh[ [kh ], Fz[ [kh ], and FA[ [kh ]
are the vertical fluxes of HKE, VKE, and APE; Fp[ [kh ]
is the pressure vertical flux, which, to some extent, corresponds to the vertical flux of IGW energy; Divh [kh ],
Divz [kh ], and DivA [kh ] are the 3D divergence terms;
CA/h [kh ] represents the spectral conversion of APE to
HKE, CA/z [kh ] represents the spectral conversion of
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FIG. 1. Initial conditions: vertical slice at the position of the maximum potential temperature
perturbation. (a) Thin black lines show the unperturbed zonal velocity (interval: 10 m s21;
negative contours are dashed); thin gray lines show the unperturbed potential temperature
(interval: 10 K); colors show the perturbation of the zonal velocity (interval: 0.5 m s21); and the
thick lime line indicates the 2 potential vorticity unit (PVU; 1 PVU 5 1026 K kg21 m2 s21)
dynamical tropopause. (b) Black lines show the relative humidity (interval: 5%), and shading
shows the mixing ratio of water vapor (interval: 2 g kg21) for the moist simulation.

APE to VKE, and C[kh ] represents the spectral conversion of APE to other forms of energy; Hh [kh ] and
HA [kh ] are the spectral diabatic terms; Dh [kh ], Dz [kh ],
and DA [kh ] are the diffusion terms; and Jh [kh ], Jz [kh ],
and JA [kh ] are the adiabatic nonconservative terms.
Square brackets indicate the one-dimensional horizontal spectra. Detailed expressions for the above terms are
given in appendixes A and B, and the derivation of the
equations is given in Peng et al. (2014). It should be noted
that the spectral energy budget formulation presented here
is a raw one rather than a cumulative one, as in Part I.

b. Simulations of baroclinic waves
For the purpose of this study, we repeat the numerical
simulations of baroclinic waves in Part I with only some
minor modifications. Simulations are performed with
the Advanced Research dynamical core of the Weather

Research and Forecasting (WRF) Model (Skamarock
et al. 2008) on an f plane in a rectangular channel with
periodic boundary conditions in x and rigid and symmetric boundary conditions in y. The domain size is
4000 km 3 10 000 km 3 30 km in x, y, and z directions,
respectively. The numbers of horizontal grid points are
Ni 3 Nj 5 160 3 400, and the vertical grid employs 180
layers. The horizontal resolution is D 5 25 km.
The initial conditions consist of a zonally uniform, dry
baroclinic jet, its fastest-growing normal mode with
small amplitude, and—for the moist simulation—a suitable moisture profile. A dry jet with a maximum velocity
of 58 m s 21 at a height of about 8.5 km (Fig. 1a) is constructed from a potential vorticity (PV) inversion approach following previous studies (e.g., Plougonven and
Snyder 2007, hereafter PS2007; WS2013). For the moist
simulation, water vapor is initialized after the PV inversion
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FIG. 2. Horizontal wavenumber spectra of (a) horizontal kinetic energy and (b) available potential energy, averaged in the vertical over 5 # z # 10 km and in time over 4 # t # 7 days. The solid reference lines have slopes of 25/3
and 23. The wavenumber is given on the lower x axis, and the wavelength is given on the upper x axis.

stage. As a modification to Part I and WS2013, a more
complex relative humidity (RH) profile, as described in
appendix C, is employed to initialize water vapor. This
complex RH profile ensures that the initial RH of the lower
troposphere is identical to that of the case starting from a
uniform RH of 60% (RH60) in Part I, while the stratosphere is dry enough (Fig. 1b). The motivation of this
modification is only to make the RH profile more reasonable. Both the dry and moist jets are perturbed with the dry
fastest-growing normal mode (Fig. 1a, shading), which is
computed with an iterative breeding procedure similar to
PS2007 and is scaled so that its maximum perturbation in
potential temperature is 2 K (Davis 2010; WS2013).
After initialization, the simulations are integrated
forward for 16 days. As one of our foci is on determining
the contribution of different microphysical processes to
the spectral energy budget, we use the WRF singlemoment 6-class microphysics scheme (WSM6; Hong
and Lim 2006), which explicitly predicts water vapor,
cloud water, cloud ice, rain, snow, and graupel. Other
physical parameterizations are identical to Part I, including the cumulus scheme, Rayleigh damping, vertical
mixing, and numerical diffusion.
Despite the differences of RH in the stratosphere, the
main results of the moist simulation here are qualitatively consistent with those of the RH60 case in Part I,
which also verifies the robustness of the conclusions in
Part I. Following WS2013 and Part I, the life cycle of
simulated baroclinic waves can be divided into three
distinct stages: the early phase (t 5 4–7 days), the intermediate phase (t 5 7–10 days), and the late phase (t 5
10–13 days). During the early phase, the baroclinic instability saturates, and the maximum convection and diabatic heating occur. Moreover, the maximum latent heating

for the moist simulation occurs at t 5 5 days; positive
latent heating mainly takes place below the height of
12 km and peaks at around 8 km. A more extensive description can be found in Part I. In what follows, we refer
to z 5 5–10 km as the upper troposphere and focus only
on the early phase to highlight the effects of moist processes. All spectra are averaged in the vertical over
5 # z # 10 km and in time over 4 # t # 7 days. Before
conducting a completely spectral budget analysis, let us
first take a look at the simulated upper-tropospheric
HKE and APE spectra in both cases, shown in Fig. 2.
As expected, these spectra are very similar to those shown
in WS2013. Both HKE and APE spectra for the dry case
(black) develop a slope of approximately 23 for wavelengths larger than around 400 km and fall off rapidly at
smaller scales. The inclusion of moist processes significantly enhances the upper-tropospheric mesoscale HKE
and APE, resulting in a 23 power law extending through
to wavelength 100 km for the moist case (red).

3. Energy cascade, conversion, and vertical
transportation
a. Energy cascade
The energy cascade can be exactly estimated by calculating the nonlinear spectral flux:
P*[kh ] 5

ðk

hmax

kh

t*[k] dk ,

(4)

where khmax denotes the largest wavenumber. By definition,
P*[0] 5 P*[khmax ] 5 0. Positive nonlinear spectral flux
(P*[kh ] . 0) means downscale energy cascade, and negative
spectral flux (P*[kh ] , 0) means upscale energy cascade.
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FIG. 3. HKE (black), APE (red), VKE (green), and total (blue) nonlinear spectral fluxes, averaged in the vertical
over 5 # z # 10 km and in time over 4 # t # 7 days, vs total horizontal wavenumber kh for (a) the dry simulation and
(b) the moist simulation. For convenience, the value of any flux at the origin (denoted by 3) has been modified to
make it equal to that of the corresponding flux at kh 5 0. The inset is an expanded view of the mesoscale subrange
kh $ 3 3 1026 rad m21 .

Figure 3a shows the HKE (Ph ), APE (PA ), VKE (Pz ),
and total (P) nonlinear spectral fluxes as a function of kh
for the dry simulation. Here, P 5 Ph 1 PA 1 Pz . At the
large scales more than about 2000 km, the total nonlinear spectral flux (blue) is dominated by positive
APE spectral flux (red) with the maximum value of
0. 88 3 1024 m2 s23 kg m23 around l 5 8000 km, which
suggests a significant downscale cascade of APE from
the planetary scales to the synoptic scales. At the mesoscale, the APE spectral flux is also positive and reaches
its local maximum of 0. 34 3 1025 m2 s23 kg m23 around
l 5 1000 km, meaning a relatively weak downscale cascade
from the large end of the mesoscale toward the smaller
scales. As for the HKE spectral flux, it can be divided
into three regions: l . 6000 km, 2000 , l # 6000 km, and
l # 2000 km. These three wavelength bands correspond
to scales of motion that exhibit downscale, upscale, and
downscale cascades of HKE, respectively. The maximum value of the HKE spectral flux at the mesoscale is
0:98 3 1025 m2 s23 kg m23 at l ’ 1333 km. Therefore, at
the mesoscale, the downscale cascade of HKE is slightly
stronger than the downscale cascade of APE.
The nonlinear spectral fluxes in the moist simulation,
shown in Fig. 3b, are quite different. Over all scales, the
HKE spectral flux is comparable to the APE spectral flux.
As a result, the total spectral flux can also be divided into
three regions, which correspond to motion that exhibits
downscale, upscale, and downscale cascades, respectively.
The maximum value of the APE spectral flux at the large
scale is 0:33 3 1024 m2 s23 kg m23 around l 5 8000 km,
which is less than half of that in the dry simulation. This

suggests that including moist processes weakens the
downscale cascade of APE through the large scale. On
the contrary, the APE spectral flux in the mesoscale
has a local maximum value of 0:24 3 1024 m2 s23 kg m23 ,
which is much larger than that of the dry simulation.
Therefore, the inclusion of moist processes significantly
enhances the downscale cascade of APE through the
mesoscale. Similarly, it also enhances the downscale
cascade of HKE through the mesoscale. Specifically, the
HKE spectral flux in the mesoscale has a plateau of
0:12 3 1024 m2 s23 kg m23 .
Furthermore, in both simulations, the VKE nonlinear
spectral flux (green line) is negligible and therefore not
discussed here.

b. Energy conversion
Figure 4 presents horizontal wavenumber spectra of
the conversion terms C[kh ], CA/h [kh ], CA/z [kh ], and
CA/q [kh ] for the dry and moist simulations. Here,
CA/q 5 C 2 CA/h 2 CA/z represents the spectral conversion of moist APE to gravitational energy of total
moist species (MGE).
For the dry simulation (Fig. 4a), the energy conversion
is dominated by the conversion between APE and HKE:
that is, CA/h [kh ]. Positive CA/h [kh ] implies a conversion from APE to HKE at horizontal wavenumber kh .
Therefore, at scales larger than 2000 km, the conversion
is from APE to HKE, which is consistent with the largescale baroclinic instability; while at the mesoscale, the
conversion is from HKE to APE. These results are
similar to the findings of WS2013 (see their Fig. 11).
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FIG. 4. Spectral conversion terms C[kh ] (black), CA/h [kh ] (red), CA/z [kh ] (green), and CA/q [kh ] (blue; for the
moist simulation only), averaged in the vertical over 5 # z # 10 km and in time over 4 # t # 7 days, vs total horizontal
wavenumber kh for (a) the dry simulation and (b) the moist simulation. Note that CA/q 5 C 2 CA/h 2 CA/z . The
plotted spectra are multiplied by kh to preserve the area in log-linear coordinates.

For the moist simulation (Fig. 4b), at scales larger than
2000 km, the energy conversion is also dominated by
positive CA/h [kh ]. At the mesoscale, however, the energy conversions are quite different from that in the dry
simulation. The term CA/h [kh ] is positive for nearly all
the mesoscale less than 1000 km, which means that the
conversion is mainly from APE to HKE. This result
should be due to the direct forcing of APE by the latent
heating. The difference between C[kh ] and CA/h [kh ] at
the mesoscale is visible, which suggests that the conversion between APE and MGE or VKE is also significant, although not dominant. For example, the ratio of
CA/q [kh ] to CA/h [kh ] at l 5 400 km is around 0.5, and
the ratio of CA/z [kh ] to CA/h [kh ] at l 5 400 km is
around 0.2.

c. Energy vertical transportation
By definition, the divergence of any vertical flux
(›z F[ [kh ]), averaged in the vertical over the upper troposphere, is given by
›z F[ [kh ] 5 (Dz)21 F[ [kh ](zt ) 2 (Dz)21 F[ [kh ](zb ) ,

(5)

where zt 5 10 km, zb 5 5 km, and Dz 5 zt 2 zb . The
terms F[ [kh ](zt ) and F[ [kh ](zb ) are the vertical fluxes at
the top and the bottom of the upper troposphere, respectively. Note that F[ [kh ] . 0 indicates a downward
vertical flux at wavenumber kh . Figures 5a and 5b present
horizontal wavenumber spectra of the divergences of the
vertical fluxes of HKE (›z Fh[ [kh ]), APE (›z FA[ [kh ]),
VKE (›z Fz[ [kh ]), and pressure (›z Fp[ [kh ]), averaged
in the vertical over 5 # z # 10 km and in time over

4 # t # 7 days. Figures 5c and 5d present the corresponding vertical fluxes at the top and the bottom of the
upper troposphere, averaged in time over 4 # t # 7 days.
For consistency, the vertical fluxes in Figs. 5c and 5d are
scaled by (Dz)21 . Figures 5a and 5c correspond to the dry
simulation and Figs. 5b and 5d correspond to the moist
simulation.
For the dry simulation, the divergence of the pressure
vertical flux (blue line in Fig. 5a) is positive throughout
the mesoscale with a local maximum around wavelength
2000 km, which is mainly because of an upward vertical
flux at the bottom layer (blue dashed line in Fig. 5c). This
result is similar to that of Waite and Snyder (2009,
hereafter WS2009; see their Fig. 12a). It suggests that
the pressure vertical flux, associated with upwardpropagating IGWs produced in the lower troposphere
(Snyder et al. 1993; PS2007; WS2009) has a significant
positive contribution to the upper-tropospheric HKE at
the mesoscale, especially at the large end of the mesoscale. Besides the positive contribution of the pressure
vertical flux, the HKE vertical flux also has a positive
contribution to the mesoscale HKE, which is also dominated by the vertical flux at the bottom layer (black dashed
line in Fig. 5c). On the contrary, the APE vertical flux has
a negative contribution to the mesoscale APE, which is
mainly because of a downward vertical flux of APE at the
bottom layer (red dashed line in Fig. 5c).
Figure 5b presents the same quantities as Fig. 5a,
but for the moist simulation. Comparing Figs. 5a and 5b,
we can see that the vertical fluxes through the mesoscale
are quite different, which implies that the inclusion
of moist processes significantly changes the vertical
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FIG. 5. Horizontal wavenumber spectra of (a),(b) the divergences of the vertical fluxes of HKE (›z Fh[ [kh ]), APE
(›z FA[ [kh ]), VKE (›z Fz[ [kh ]), and pressure (›z Fp[ [kh ]), averaged in the vertical over 5 # z # 10 km and in time over
4 # t # 7 days; and (c),(d) the corresponding vertical fluxes at the top (zt 5 10 km) and the bottom (zb 5 5 km) of the
upper troposphere, averaged in time over 4 # t # 7 days for (left) the dry simulation and (right) the moist simulation.
The vertical fluxes in (c) and (d) are scaled by (Dz)21 with Dz 5 zt 2 zb . Other details are as in Fig. 4.

transportation of energy. Moist processes release latent
heating, which will excite IGWs. A strong upward vertical flux of pressure throughout the mesoscale can be
seen at the top layer (blue solid line in Fig. 5d), which
suggests that the upward propagation of the convectively generated IGWs transport much of HKE into
the lower stratosphere. On the other hand, at the bottom
layer of the upper troposphere there is still a strong
upward vertical flux at the large-scale end of the mesoscale, as in the dry simulation, while the corresponding
flux at smaller scales (less than 1000 km) is weak
downward (blue dashed line in Fig. 5d). The outward
vertical fluxes of pressure at both the top and the bottom
of the upper-troposphere account for the significantly
negative contribution of the pressure vertical flux

divergence at scales less than about 1000 km (blue solid
line in Fig. 5b). This broad negative contribution of the
pressure vertical flux divergence suggests that the convectively generated IGWs exist throughout the uppertropospheric mesoscale. At scales between 2000 and
500 km, ›z Fh[ [kh ] is still positive. However, at other
scales of the mesoscale, ›z Fh[ [kh ] is weakly negative,
mainly owing to the downward vertical flux at the bottom of the layer for these scales (black dashed line in
Fig. 5d). Furthermore, ›z FA[ [kh ] has a positive contribution to the upper-tropospheric APE at scales less than
1000 km (red line in Fig. 5b), corresponding to the
downward flux at the top of layer (red solid line in
Fig. 5d) and upward flux at the bottom of layer (red
dashed line in Fig. 5d) at these scales.
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FIG. 6. Spectral diabatic terms (a) HA [kh ] and (b) Hh [kh ] for the moist simulation, averaged in the vertical over
5 # z # 10 km and in time over 4 # t # 7 days. Dashed lines show the contributions from microphysical processes
(MP), dotted lines show the contributions from cumulus parameterization (CU), and solid lines show the total
contributions. Other details are as in Fig. 4.

4. Diabatic effects
The quantitative analysis in the above section clearly
demonstrates that the inclusion of moist processes does
enhance the downscale cascade through the uppertropospheric mesoscale, which validates scenario 1 proposed by WS2013, and it also changes the direction of
the conversion between APE and HKE and the vertical
transportation of energy at the upper-tropospheric mesoscale. In what follows, we further quantify the direct
forcing of the diabatic influences from moist processes.

a. Spectral diabatic contributions
The spectral diabatic terms Hh [kh ] and HA [kh ], as
source terms in the spectral HKE and APE budget
equations, are calculated with the diabatic influences
Hm . In the present moist simulation, the diabatic influences Hm are from two aspects: microphysics and
cumulus parameterization. Figure 6 presents spectral
diabatic terms HA [kh ] and Hh [kh ] for the moist simulation, averaged in the vertical over 5 # z # 10 km and in
time over 4 # t # 7 days. Comparing Figs. 6a and 6b, we
can see that HA [kh ] is much more significant than
Hh [kh ], especially at the mesoscale, meaning that the
diabatic influences from moist processes mainly act on
the APE. Furthermore, for the spectral APE budget, the
total diabatic term is dominated by the contribution of
microphysics (dashed line), which is consistent with the
findings of WS2013 for the heating. However, it is shown
that the wavelength around which the spectral diabatic
contribution to the spectral APE budget has a local
maximum in the mesoscale is 1000 km, which is slightly

larger than the scale (800 km) reported by WS2013. This
should be because of the modification of the initialization of the dry basic-state jet (e.g., Davies et al. 1991;
Wernli et al. 1998).

b. Acting as both a latent heating source and an
atmospheric dehumidifier
Bannon (2005) noted that the atmospheric available
energy increases with increasing water vapor, which implies that the decrease of water vapor should have a
negative effect on the APE. Phase changes release the
latent heating and reduce the water vapor content of moist
air. In other words, moist processes act not only as a source
of latent heat but also as an atmospheric dehumidifier
(Pauluis and Held 2002). In the present formulation, the
spectral diabatic terms are calculated with the combined
diabatic influences Hm , which can be expressed as
Hm 5 (1 1 1:61qy )Su 1 1:61uSq ,
y

(6)

where Su and Sqy represent the tendencies of potential
temperature and water vapor due to moist processes,
respectively. The first term on the right-hand side is the
influence due to the latent heating, and the second term
is the influence due to the dehumidifying. Therefore,
both of these two counteracting effects of moist processes are taken into account. Figure 7a presents the
spectral diabatic contributions of the latent heating
(red) and dehumidifying (green) from microphysical
processes (solid) and cumulus parameterization (dashed)
to the spectral APE budget. Over all scales, either the
latent heating or dehumidifying is dominated by the
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FIG. 7. (a) Spectral diabatic contributions of the latent heating (red) and dehumidifying (green) from microphysical
processes (solid) and cumulus parameterization (dashed) to the APE budget for the moist simulation, averaged in the
vertical over 5 # z # 10 km and in time over 4 # t # 7 days. (b) The ratio of the contribution from dehumidifying to
the contribution from latent heating in microphysical processes, computed directly from the green solid and red solid
lines in (a). Other details are as in Fig. 4.

microphysical processes. The spectral diabatic contribution due to the latent heating (red solid) from the
microphysical processes is positive at all scales, with a
local maximum around wavelength 1000 km. On the
contrary, the diabatic contribution due to the dehumidifying from the microphysical processes (green
solid) is always negative, meaning that, to some extent, it
reduces the contribution of the latent heating.
To assess the importance of the dehumidifying by
moist processes, we further compute the ratio of the
contribution from dehumidifying to the contribution
from latent heating in microphysical processes, which is
shown in Fig. 7b. It is found that, over all scales, this ratio
is approximately 0.15, which suggests that it will reduce
the diabatic contribution of the latent heating by 15%.
Therefore, previous studies, which neglected the dehumidifying by moist processes, to some extent overestimated the effects of moist processes.

c. Further analysis of microphysical processes
The microphysical scheme used in the moist simulation is WSM6, which explicitly predicts six categories of
moist species and includes various microphysical processes (i.e., the deposition and sublimation of ice, the
deposition and sublimation of snow, and the condensation and evaporation of cloud water).
Figure 8 presents the vertical cross sections of zonalmean latent heating rates caused by the most important
microphysical processes in the present case at t 5 5 days,
when the diabatic influences are strongest. It is shown
that the latent heat release in the upper troposphere is

mainly caused by the depositional growth of ice (Fig. 8b)
and snow (Fig. 8c), especially the former, while in the
lower levels it is mainly caused by the condensation of
cloud water (Fig. 8d). The latent heating rate caused by
the depositional growth of ice peaks at a height of about
7.5 km, with a maximum of 1:7 K(3 h)21 .The spectral
diabatic contributions associated with the latent heating
from different microphysical processes are shown in
Fig. 9. The results suggest the importance of cold cloud
processes, especially the depositional growth of cloud
ice, on the upper-tropospheric energy spectra.

5. Adiabatic nonconservative processes and 3D
divergence
In this section, we briefly investigate the contributions
of the 3D divergence and the adiabatic nonconservative
processes. Figure 10 presents the horizontal wavenumber spectra of the 3D divergence terms and the
adiabatic nonconservative terms for the dry and moist
simulations, averaged in the vertical over 5 # z # 10 km
and in time over 4 # t # 7 days. Note that the range of
the vertical axis is only a quarter of that in Fig. 3. This
suggests that the contributions of these terms are, to
some extent, less than the terms above. To facilitate the
comparison, the adiabatic nonconservative JA (k) is divided into two terms: JA (k) 5 JA1 (k) 1 JA2 (k) with
JA1 (k) 5 2FA[ (k)›z lnrd and JA2 (k) 5 2FA[ (k)›z lng.
For the dry simulation (Fig. 10a) at all scales larger
than about 500 km, the terms Divh [kh ] and Jh [kh ] are
small, comparable in magnitude, and opposite in sign;

Unauthenticated | Downloaded 01/09/23 07:34 AM UTC

3932

JOURNAL OF THE ATMOSPHERIC SCIENCES

VOLUME 72

FIG. 8. Vertical cross section of zonal-mean latent heating rate at t 5 5 days. Color shading denotes the total latent
heating rate caused by (a) microphysical processes, (b) the deposition/sublimation of ice (idep), (c) the deposition/
sublimation of snow (sdep), and (d) the condensation/evaporation of cloud water (cond).

that is, they cancel each other out, and so do the terms
DivA [kh ] and JA1 [kh ]. At scales less than 500 km, similar
cancellations can also be found; however, the degree of
the cancellations between these terms becomes a little
smaller. For the moist simulation (Fig. 10b), these terms
have much larger values, especially at the mesoscale,
meaning that inclusion of moist processes significantly
enhances the 3D divergence of mesoscale motions in the
upper troposphere. However, there still exist similar
cancellations between these terms as in the dry simulation. Because of the cancellations between these terms,
the combined contributions of these terms are still
negligible. To clarify the physical reasons behind these
cancellations, let us consider the relations
Divh (k) 1 Jh (k) 5 [u, u$3  (rd v)]k /2 and
DivA (k) 1 JA1 (k) 5 g[u0m , u0m $3  (rd v)]k /2,

(7)
(8)

with $3 5 ($, ›z ) and v 5 (u, w). Thus, such cancellations suggest that

$3  (rd v) ’ 0;

(9)

that is, the flow in the upper troposphere is, to a large
extent, restricted by the anelastic approximation, which
is more accurate at larger scales.
Furthermore, there is also another adiabatic nonconservative term JA2 [kh ], which acts on the APE budget. In the moist simulation, it has a weakly negative
contribution to mesoscale APE, in comparison with
other physical processes, such as energy cascade and
conversion.

6. Net direct forcing and comparison with cascade
To ascertain the extent to which the uppertroposphere mesoscale is directly energized, we further
make a quantitative analysis of the net direct forcing
(NDF). The NDF spectrum for the spectral budget is
calculated by summing all the terms except the nonlinear
transfer term and the diffusion term in the corresponding
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FIG. 9. Spectral diabatic contributions associated with the latent
heating from the most important microphysical processes shown in
Fig. 8. Other details are as in Fig. 4.

equation. For example, the NDF spectrum for the spectral HKE budget is defined as
NDFh [kh ] 5 ›z Fh[ [kh ] 1 ›z Fp[ [kh ] 1 CA/h [kh ]
1 Hh [kh ] 1 Divh [kh ] 1 Jh [kh ] .

(10)

Mesoscale spectra of the NDFs of HKE and APE, averaged in the vertical over 5 # z # 10 km and in time
over 4 # t # 7 days, for the dry and moist simulations are
plotted as green lines in Fig. 11.

For the dry simulation, as already shown, the direct
forcing of the mesoscale HKE spectra in the upper
troposphere is dominated by negative CA/h [kh ] (i.e.,
the conversion from HKE to APE), positive ›z Fh[ [kh ],
and positive ›z Fp[ [kh ]. As a result, the corresponding
NDF (green line in Fig. 11a) is positive at wavelengths
less than 800 km and crosses zero several times at larger
scales. To mesoscale APE, apart from the significant, positive forcing from the conversion of HKE, there is also a
significant, negative forcing from the term ›z FA[ [kh ], resulting in its NDF (green line in Fig. 11b) being negative
at scales less than about 1000 km and positive at the rest of
the mesoscale.
For the moist simulation, the direct forcing of mesoscale HKE spectra is also mainly from CA/h [kh ],
›z Fh[ [kh ], and ›z Fp[ [kh ]. However, the contributions of
these terms are quite different in magnitude and sign,
especially at the small-scale end of the mesoscale. As a
result, NDF (green line in Fig. 11c) is much more significant than that in the dry simulation. The very large
positive NDF at the large-scale end of mesoscale is
mainly due to the positive contributions from CA/h [kh ]
and ›z Fh[ [kh ], especially the former, while at smaller
scales, the positive contribution from CA/h [kh ] is
largely counteracted by the negative contributions
from ›z Fh[ [kh ] and ›z Fp[ [kh ], resulting in NDF being
relatively small. Moist processes release the latent
heating, which has a significant positive contribution to
mesoscale APE. However, the release of the latent
heating will, in turn, change the modified potential
temperature perturbation and enhance vertical convection, which results in much more conversion from
mesoscale APE to other forms of energy, including KE

FIG. 10. Horizontal wavenumber spectra of the 3D divergence terms (thick) and the adiabatic nonconservative
terms (thin) for the (a) dry and (b) moist simulations, averaged in the vertical over 5 # z # 10 km and in time over
4 # t # 7 days. Other details are as in Fig. 4.
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FIG. 11. Horizontal wavenumber spectra of the nonlinear transfer terms, the net direct forcings, and the dissipation
terms in the spectral (a),(c) HKE and (b),(d) APE budgets for the (top) dry and (bottom) moist simulations, averaged
in the vertical over 5 # z # 10 km and in time over 4 # t # 7 days. Only the mesoscale range corresponding to
wavelengths less than about 2000 km is present. Other details are as in Fig. 4.

and MGE. Thus, as shown in Fig. 11d (green line), NDF
of APE is negative at nearly all of the mesoscale, except
its largest scales.
Also plotted in Fig. 11 are mesoscale spectra of the
nonlinear transfer terms (red lines) and the diffusion
terms (green lines). On the whole, in both the spectral
HKE and APE budgets and for both simulations, the
nonlinear transfer term (i.e., the gradient of the nonlinear spectral flux) and NDF are comparable in magnitude and opposite in sign at most of the mesoscale.
This robustly suggests that NDF at the mesoscale is as
important as the energy cascade, and therefore the turbulent inertial theories based on a pure energy cascade
are apparently inappropriate for the atmosphere. Comparing the dry (Figs. 11a,b) and moist (Figs. 11c,d)

simulations, we see that moist processes enhance both
the downscale cascade and NDF through the uppertropospheric mesoscale. Although the latent heating
from moist processes directly injects much energy into
the upper-tropospheric mesoscale, NDF there is not
always positive. In the moist simulation, the mesoscale
upper-tropospheric HKE spectrum (Fig. 11c) at scales
larger than about 500 km is mainly energized by the
enhanced NDF and weakened by the enhanced downscale cascade, while at the smaller scales it is energized
by the enhanced downscale cascade and mainly weakened by the dissipation. On the other hand, the uppertropospheric APE spectrum (Fig. 11d) throughout the
mesoscale is energized by the enhanced downscale cascade and weakened by the enhanced NDF.
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FIG. 12. The eddy frequency ve* (black), nonlinear transfer frequency vt* (red), and net direct forcing frequency
vNDF
* (green), computed from spectra averaged in the vertical over 5 # z # 10 km and in time over 4 # t # 7 days. The
asterisk subscript can be h or A, which denotes HKE or APE, respectively.

Following WS2009, the significance of the deviations
of NDF*[kh ] and t*[kh ] from zero can be further evaluated by comparing their characteristic inverse
time scales (i.e., vNDF
* [kh ] [ jNDF*[kh ]j/E*[kh ] and
vt* [kh ] [ jt*[kh ]j/E*[kh ]) with the eddy frequency
(ve* [kh ] [ fk3h E*[kh ]/rd (z)g1/2 , where rd (z) denotes the
density of the dry reference state). Using the vertically
and temporally averaged spectra shown above, the
, vth , veh , vNDF
, vtA , and veA for the dry and
terms vNDF
A
h
moist simulations are computed and plotted in Fig. 12.
Both veh and veA in the moist simulation are larger than
in the dry simulation, especially at the small-scale end
of the mesoscale; this is consistent with the findings of
WS2013 that the inclusion of moist processes energizes
the upper-tropospheric mesoscale. For the dry simuand vth have values on the order of 1 day21
lation, vNDF
h

for wavelengths smaller than about 400 km, which are
on the same order as or greater than veh . This suggests
that the nonlinear transfer and NDF terms at these
scales in the spectral HKE budget are dynamically
significant, which is consistent with the findings of
WS2009. In addition, similar results can also be found
in the spectral APE budget. For the moist simulation,
vth for wavelengths smaller than about 400 km, and
and vtA at the whole mesoscale also have values
vNDF
A
on the order of 1 day21. These values are also on the
same order as or greater than the corresponding eddy
frequencies, which implies that the corresponding
terms are also dynamically significant. By contrast, although the NDF is significantly enhanced by moist
has values on the order of 0.5 day21,
processes, vNDF
h
which is smaller than veh .
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7. Conclusions and discussion
In this Part II, a newly developed moist nonhydrostatic
formulation of the spectral energy budget of both KE
and APE is employed to investigate the dynamics underlying the mesoscale upper-tropospheric energy spectra
in idealized moist baroclinic waves. From the results of
the completely spectral energy budget analysis presented in this paper, we summarize and conclude as
follows:
1) The energy cascade has been exactly estimated by
calculating the conservative nonlinear spectral flux.
It is shown that moist processes enhance the downscale cascades of both HKE and APE through the
upper-tropospheric mesoscale, validating scenario 1
proposed by WS2013. Including moist processes also
changes the direction of the mesoscale conversion
between APE and HKE and adds a secondary mesoscale conversion of APE to MGE: in the dry simulation, the mesoscale conversion is from HKE to APE,
while in the moist simulation, it is mainly from APE
to HKE.
2) In both dry and moist simulations, an upward vertical
flux of pressure, associated with vertically propagating IGWs produced in the lower troposphere, results
in a significant positive contribution to the uppertropospheric HKE at the large-scale end of the mesoscale. Including moist processes generates additional
sources of IGWs, which are located in the upper
troposphere; the upward propagation of the convectively generated IGWs will transport much of
the HKE into the lower stratosphere.
3) Moist processes act not only as a source of latent heat
but also as an ‘‘atmospheric dehumidifier’’. The
latent heating has a significant positive contribution
to mesoscale APE, with a peak at the large-scale
end of the mesoscale, consistent with the findings by
WS2013. However, dehumidifying reduces the diabatic contribution of the latent heating by 15% at all
mesoscale length scales. This suggests that previous
studies, including WS2013, that neglected dehumidifying by moist processes, to some extent, overestimated the effects of moist processes.
4) The contribution of various microphysical processes
on the mesoscale energy spectra has been further
quantified. The corresponding results suggest the
importance of cold cloud processes, especially the
depositional growth of cloud ice.
5) The upper troposphere is, to a large extent, restricted
by the anelastic approximation. As a result, the 3D
divergence has no significant contribution to its
mesoscale energy spectra, in contrast to the lower
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stratosphere, where the 3D divergence has a significant positive contribution to mesoscale APE spectra
(see Part I).
6) Finally, an explicit comparison between the NDF
and the nonlinear term is made. On the whole, in
both the spectral HKE and APE budgets and for
both simulations, these two terms are comparable in
magnitude and opposite in sign at most of the
mesoscale. This robustly suggests that the NDF at
the mesoscale is as important as the energy cascade.
Moist processes enhance the NDF at the uppertropospheric mesoscale, but the enhanced NDF does
not always energize all mesoscale length scales,
which is different from scenario 2 proposed by
WS2013.
The results present here and in Part I clearly demonstrate the different effects of moist processes on
spectral energy budgets in the lower stratosphere and
upper troposphere. With moist processes, in Part I we
have shown that there is a clear upscale (inverse) energy
cascade over the large-scale end of the mesoscale range
in the lower stratosphere, whereas no such inverse cascade is obtained in the upper troposphere. The question
is, then, what are possible explanations for this difference? Recently, Augier and Lindborg (2013) have
shown that the interactions between the rotational
modes account only for the upscale HKE flux, while the
interactions involving the divergent part of the velocity
field produce the downscale energy cascade (e.g.,
Deusebio et al. 2013). Thus, this difference should be
because the inclusion of moist processes primarily enhances the divergent part of the velocity field in the
upper troposphere (Fig. 6 in WS2013), while it significantly enhances both the divergent and rotational parts
of the velocity field in the lower stratosphere (Fig. 3a in
Part I). That is to say, the enhancement of the rotational
flow accounts for the upscale energy cascade in the
lower stratosphere. However, this raises another question of why the enhancement of the rotational flow in the
upper troposphere is not as significant as that in the
lower stratosphere when moist processes are considered. Dynamically, moist processes influence the rotational flow via their effects on the direct conversion of
unbalanced (divergent) flow to balanced (rotational)
flow, which is related to the geostrophic adjustment
process. Thus, it seems more likely that this conversion
is less significant in the upper troposphere than in the
lower stratosphere for the present simulation of idealized moist baroclinic waves. To verify the robustness of
this conjecture, the spectral budget of divergence and
rotational kinetic energy in the mesoscale is currently in
progress.
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where the kh annuli have width Dk 5 p/(D  N) [D is
the horizontal grid spacing, and N 5 min(Ni , Nj ), with
Ni and Nj the number of points for the two dimensions of the horizontal domain (e.g., WS2013)]. For example, the one-dimensional kh spectrum of HKE is
defined as
Eh [kh ] 5

å

kh 2Dk/2#jkj,kh 1Dk/2

Eh (k)/Dk .

(A5)

The one-dimensional kh spectra of any other terms in
appendix B are defined in the corresponding way.

APPENDIX A
APPENDIX B
Definitions of HKE, VKE, and APE Spectra
In the height coordinate system, define the perturbation variables as deviations from a time-invariant,
hydrostatically balanced, dry reference state as
follows:
p0 5 p 2 p(z),

r0d 5 rd 2 rd (z),

u0m 5 um 2 u(z) ,

and
(A1)

where p 5 ( p/p0 )Rd /cp is the Exner pressure, p is the
pressure, p0 is a reference surface pressure, Rd is the gas
constant for dry air, cp is the specific heat of dry air at
constant pressure, rd is the density of dry air; and
um 5 u[1 1 (Ry /Rd )qy ] is a modified moist potential
temperature, with u and qy representing the potential
temperature and water vapor mixing ratio (mass per unit
mass of dry air), respectively, and Ry is the gas constant
for water vapor.
^
a(k)*b(k)]
for two scalar fields a and
Let (a, b)k 5 <[^
^
a(k)*  b(k)]
for two vector fields a
b and (a, b)k 5 <[^
and b, where the asterisk denotes the complex conjugate, and < denotes the real part. The HKE, VKE, and
APE spectra per unit volume are expressed as
Eh (k) 5 rd (u, u)k /2,

(A2)

Ez (k) 5 rd (w, w)k /2,

(A3)

Detailed Expressions of the Terms in Spectral
Energy Budget Equations
Let Du denote the dissipation of u (with u a
placeholder for the fields u, w, etc.); qt 5
qy 1 qc 1 qi 1 qr 1 ⋯ is the total mixing ratio, where
qc , qi , qr , . . . denote the mixing ratio of cloud, rain, ice,
and any other hydrometeors, respectively. The tendency
of the modified potential temperature um is given by
dum
5 Hm 1 Dm ,
dt

where Hm represents the combined diabatic influences,
and Dm represents the combined dissipations.
Detailed mathematical expression of the terms of the
spectral energy budget equations in section 2a are
given as
E*[kh ] 5
t*[kh ] 5
F*[ [kh ] 5
Div*[kh ] 5
C*[kh ] 5

and
EA (k) 5 rd g(z)(u0m , u0m )k /2,

(A4)

where u is the horizontal velocity vector, w is the
2
vertical velocity, g(z) 5 g2 /(N 2 u ) is the dimensional
prefactor with the Brunt–Väisälä frequency
N 2 5 g› lnu/›z. The resultant two-dimensional spectra
are averaged over annuli of constant jkj on the kx–ky
plane to obtain the one-dimensional kh spectra,

(B1)

H *[kh ] 5
D*[kh ] 5
J *[kh ] 5

å

E*(k)/Dk ,

(B2)

å

t*(k)/Dk ,

(B3)

å

F*[ (k)/Dk ,

(B4)

å

Div*(k)/Dk ,

(B5)

å

C*(k)/Dk,

(B6)

å

H *(k)/Dk ,

(B7)

å

D*(k)/Dk, and

(B8)

å

J *(k)/Dk ,

(B9)

k2Dk/2#jkj,k1Dk/2
k2Dk/2#jkj,k1Dk/2
k2Dk/2#jkj,k1Dk/2
k2Dk/2#jkj,k1Dk/2
k2Dk/2#jkj,k1Dk/2
k2Dk/2#jkj,k1Dk/2
k2Dk/2#jkj,k1Dk/2
k2Dk/2#jkj,k1Dk/2

where
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th (k) 5 2rd (u, u  $u 1 u$  u/2)k 1 rd [(›z u, wu)k 2 (u, w›z u)k ]/2,
tz (k) 5 2rd (w, u  $w 1 w$  u/2)k 1 rd [(›z w, ww)k 2 (w, w›z w)k ]/2 ,
tA (k) 5 2rd g(u0m , u  $u0m 1 u0m $  u/2)k 1 rd g[(›z u0m , wu0m )k 2 (u0m , w›z u0m )k ]/2 ,
Fh[ (k) 5 2rd (u, wu)k /2, Fp[ (k) 5 2cp rd u(w, p0 )k ,
Fz[ (k) 5 2rd (w, ww)k /2, FA[ (k) 5 2rd g(u0m , wu0m )k /2,
Divh (k) 5 rd [u, u(›z w 1 $  u)]k /2,

Divz (k) 5 rd [w, w(›z w 1 $  u)]k /2,

DivA (k) 5 rd g[u0m , u0m (›z w 1 $  u)]k /2, CA/h (k) 5 cp rd u(w, ›z p0 )k ,
CA/z (k) 5 rd g(w, u0m )k /u 2 cp rd u(w, ›z p0 )k 2 rd g(w, qt )k ,
C(k) 5 rd g(w, u0m )k /u, Hh (k) 5 cp rd (Hm , p0 )k ,
Dh (k) 5 rd (u, Du )k ,

HA (k) 5 rd g(Hm , u0m )k ,

Dz (k) 5 rd (w, Dw )k , DA (k) 5 rd g(u0m , Dm )k ,

and
Jh (k) 5 2Fh[ (k)›z lnrd ,

Jz (k) 5 2Fz[ (k)›z lnrd , JA (k) 5 2FA[ (k)›z ln(rd g) .

APPENDIX C
Initial Relative Humidity Profile for the Moist
Simulation
The more complex initial relative humidity (RH) for
the moist simulation is given by Tan et al. (2004):
8
 z 1:25
>
< 1:0 2 0:9
8 km
RH(z) 5
>
:
0:1

when

z , 8 km

when

z $ 8 km

RH(z) 5 min[0:6, RH(z)].
(C1)
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