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ABSTRACT
In previous studies, a steady-state assumption has been frequently used for the analysis of wave-induced meridional circulation. In general, however, the wave forcing is not constant and thus induced circulation can vary in
time. Thus, to understand such transient behaviors, time evolutions of a slow variable describing balanced flows
and two fast variables describing gravity waves and flows that are slaved to balanced flows are investigated. A
Boussinesq equation system is used to examine zonal-mean flow responses to unsteady zonally uniform forcing.
Green’s function is used to analytically obtain the evolution of meridional circulation. Responses to zonal wave
forcing are mainly examined although responses to a diabatic heating and to wave forcing are discussed in brief.
For forcing with a step function shape in time, gravity waves are radiated as a transient response. The time needed
to form the circulation depends on the aspect ratio (i.e., latitudinal to vertical lengths) of wave forcing, which
determines the group velocity of gravity waves. When the forcing time scale is longer than the inertial period, the
response does not include gravity wave radiation and mainly involves a meridional circulation, which is similar to
the solution for steady forcing. The two-celled meridional circulation describes the early stage response to the
forcing and can be used to examine how the wave forcing is distributed to zonal wind acceleration and Coriolis
torque. It is shown that the distribution depends on the aspect ratio of the forcing.

1. Introduction
Dynamic processes play a crucial role in the middle atmosphere. Circulation in the middle atmosphere
transports minor species such as ozone, affecting chemical
and radiative processes, and modifies the temperature
structure through adiabatic heating/cooling associated
with vertical branches. Middle-atmosphere circulation and
transient dynamical phenomena such as stratospheric sudden warming (SSW) also affect tropospheric dynamics
(Baldwin and Dunkerton 2001; Kodera and Eguchi 2009;
Kohma and Sato 2013; Hirano et al. 2016). Lagrangianmean middle-atmospheric circulation is mainly driven
by the remote redistribution of momentum by atmospheric waves. Most previous studies have examined the
middle atmosphere in terms of zonal-mean features. An
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approximate form of Lagrangian-mean circulation was
derived as the residual circulation of transformed Eulerianmean (TEM) equations by Andrews and McIntyre (1976).
Wave forcing is described as the Eliassen–Palm (EP)
flux divergence =  F in the TEM equations. As the first
approximation for the large-scale circulation at midlatitudes, the nonlinear terms are neglected to examine
zonal-mean fields. Using these approximations, the equation of motion for the zonal direction is composed of
the following three terms: the acceleration of zonal wind,
the Coriolis term, and wave forcing. When only wave
forcing is given, the other two terms cannot be determined
from the zonal momentum equation alone. However, it is
necessary to determine how wave forcing distributes to
zonal wind acceleration and Coriolis torque, as the latter
relates meridional circulation to zonal wave forcing.
Steady meridional flows require zonal wave forcing
to conserve angular momentum. The downward control
(DC) principle (Haynes et al. 1991) serves as a useful tool
for estimating meridional circulation from wave forcing
in a steady state (i.e., all physical variables are constant
in time). According to this principle, the circulation is
described as follows:
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where c is the streamfunction of meridional circulation,
f is latitude, z is altitude, r0 is basic density, a is the radius
of the earth, X is wave forcing, and m(f, z) is angular
momentum. The variables denoted by overbar are zonalmean ones. The term downward control principle was
coined based on the fact that the mean vertical velocity
at a vertical level z is determined solely by the vertical
integral of wave forcing between z and the top of the
atmosphere. The DC principle is advantageous in that the
contributions of each wave forcing to circulation can be
evaluated, as (1) is a linear equation for wave forcing X
(McLandress and Shepherd 2009; Okamoto et al. 2011).
It is worth noting that thermal relaxation to the radiative
equilibrium is inherently assumed to remain balanced
with the adiabatic heating of wave-induced vertical flows
according to this principle in a steady state. The adiabatic
heating produced by the vertical component of the meridional circulation will not be balanced only by radiative
relaxation initially but cause a time tendency of temperature. Only after the transient response dies out will the
balance be solely between upwelling/downwelling and
radiative relaxation.
However, the DC principle has some limitations. First,
it uses the steady-state assumption. Generally speaking,
wave forcing is not constant, and thus, the ut term is
not negligible. Extratropical planetary wave forcing is
sometimes larger instantaneously than its climatological
value and causes circulation change. The time scale of this
variation of the wave forcing and mean circulation is one
or two weeks. Such a strong wave-forcing event occurs
several times in a given winter (Randel et al. 2002). The
out-of-phase relationship of polar warming and tropical
cooling resulting from such rapidly varying wave-forcing
events have been illustrated through the satellite observations (Fritz and Soules 1970). In addition, the group
velocities of gravity waves are generally much faster than
those of Rossby waves. Thus, the wave forcing caused
by a burst of gravity waves may vary more rapidly than
that by a Rossby wave one. The response to such a
transient wave forcing needs to be investigated to understand the dynamics of the atmospheric circulation.
Responses to unsteady wave forcing have also been
investigated in several previous studies. Garcia (1987)
theoretically investigated responses to oscillating forcing.
When the frequency of forcing is sufficiently low, the
forced circulation accords with the steady DC state.
Hereafter, the steady state and the steady circulation
obtained by the DC principle are referred to as the steady
DC state and the steady DC circulation, respectively.
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When the frequency of forcing is sufficiently high, the
response occurs independently of the degree of relaxation through what is referred to as ‘‘the adiabatic regime’’
response (Dickinson 1968). Holton et al. (1995) investigated the difference between adiabatic and steady responses using an idealized numerical model. The steady
response, when the frequency of forcing is sufficiently
low, accords to the steady DC state. When forcing oscillates rapidly, the meridional circulation does not reach
the ground like the steady-state solution but is observed
in the surrounding region of the wave forcing. Haynes
et al. (1991) theoretically examined the formation of
meridional circulation as a response to unsteady step
function wave forcing using quasigeostrophic equations.
The response is described in terms of the initial time
evolution value and final steady state. The final steady
state is the form of circulation that is identical to the
steady DC state. In contrast, initial time evolution is described as a form of localized balanced circulation that
varies in strength. The initial circulation has a vertically
aligned two-celled structure that gradually extends
downward after forcing occurs, which describes the formation of the steady DC circulation. Semeniuk and
Shepherd (2002) investigated a case in which the radiative
relaxation rate was not uniform temporally and spatially
(while DC principle uses the uniform damping rate), and
the response was found to be modulated by the spatial
and temporal variability of relaxation.
Transient meridional circulation can be investigated
by extending the DC principle by treating the zonal
acceleration term as an external forcing (Randel et al.
2002; Chun et al. 2011). Chun et al. (2011) calculated
residual-mean circulation using Whole Atmosphere
Community Climate Model (WACCM) data through
the following equation:
c(f, z) 5
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Using this method, the subseasonal variability of meridional circulation is effectively reproduced, and the
acceleration term ut , which becomes zero when using a
time integral for a long period, has the same order of
magnitude as wave forcings and Coriolis torque (Randel
et al. 2002). Subseasonal variability was also examined
using (2) for induced circulation patterns such as upwelling across the tropical tropopause in response to
wave forcing at mid- and high latitudes (Abalos et al.
2014). However, this method requires the use of information on the acceleration term and cannot be used
to estimate circulation using the wave forcing alone. In
addition, this method does not allow one to evaluate the
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contribution of each wave forcing separately, in marked
contrast to the method based on the DC principle
(McLandress and Shepherd 2009; Okamoto et al. 2011).
A typical phenomenon for which wave-forcing unsteadiness is critical is the stratospheric sudden warming
(SSW). SSW is a phenomenon in which the temperature
of the polar stratosphere increases by several tens of degrees Celsius over several days (Sherhag 1952). Zonal
winds are usually eastward in the winter stratosphere,
allowing planetary-scale Rossby waves to propagate upward (Charney and Drazin 1961). Westward forcing
caused by Rossby wave breaking thus induces a poleward
flow, and adiabatic heating associated with downwelling
over the polar cap warms that region. When SSW occurs,
wave-forcing time scales may be so short that behaviors
of the resultant circulation differ from those expected by
the DC principle. In fact, Matsuno (1971) theoretically
showed that circulation accompanied by SSW includes a
vertically aligned two-celled structure. The circulation
causes not only polar stratospheric warming but also polar
mesospheric cooling, midlatitude stratospheric cooling,
and midlatitude mesospheric warming. This quadrupole
temperature pattern was validated through a numerical
model (Matsuno 1971) and through satellite observations
(Labitzke 1972).
Hitchcock and Shepherd (2013) investigated a recovery response of the Arctic polar vortex occurring
after SSW events using a similar framework as that
employed by Haynes et al. (1991). Most previous studies
of transient circulation responses have used the quasigeostrophic (QG) equations, which apply an assumption
whereby zonal wind and temperature satisfy thermal
wind balance relations. When the time scale of forcing is
sufficiently short, however, the resulting response can
include an unbalanced component. In such cases, the
response should be described through a primitive
equation. In fact, Zhu and Holton (1987) examined
gravity wave generation as a response to unsteady wave
forcing in the primitive equation. It is thus necessary to
treat the time tendencies of meridional circulation explicitly (which is ignored in QG equations) to investigate
responses to switch-on forcing, which occurs at various
frequencies.
The dynamics of primitive equations can be divided
into two variables (Saujani and Shepherd 2006). One
component is geostrophic motion and is described by a
slow variable. The other component is described by two
fast variables, which include a gravity wave solution in
their linearized equations. However, when nonlinear
terms and/or external forcing exist, fast variables include slowly varying components, which describe ageostrophic dynamics referred to as slaved components
(Leith 1980; Yasuda et al. 2015).

It is also worth noting that Zhu and Holton (1987)
examined the evolution of fast variables to study the
secondary generation of gravity waves, but they did not
examine slave components corresponding to circulation
induced by wave drag. The secondary generation of the
gravity wave is also confirmed in numerical simulation.
A compressive numerical model of Satomura and Sato
(1999) reproduces small-scale gravity waves generated
by the breaking of mountain waves, which are similar to
the observations (Sato and Hirota 1988).
The purpose of this study is to theoretically examine
the response of zonal-mean meridional circulation to
unsteady wave forcings by using primitive equations,
which allows us to treat the time evolution of fast variables. Two issues are highlighted. One pertains to the
formation process of meridional circulation in terms of
structures and time scales. The other concerns how the
wave forcing distributes the zonal flow acceleration term
and Coriolis term in the zonal momentum equation. This
study is structured as follows: In section 2, descriptions of
the governing equations and analysis method applied are
given. In section 3, responses to unsteady wave forcing
are calculated from Green’s function. In section 4, the
time scale of circulation formation and relation to forcing
time scales are discussed. In section 5, the distribution of
wave forcing to the zonal flow acceleration term and
Coriolis term are examined. A summary and concluding
remarks are presented in section 6.

2. The governing equations and method
Zonal-mean Boussinesq equations on the f plane are
used as the governing equation (Vallis 2006):
Du
5 f y 1 X 2 ku ,
Ds
Dy
›p0
5 2fu 2
1 Y 2 ky ,
Ds
›y
05b2

›p0
,
›z

Db
5 2N 2 w 1 Q_ 2 kb ,
Ds
›y ›w
05 1 ,
›y ›z

(3)
(4)
(5)
(6)
(7)

where p0 is normalized pressure, which is the pressure deviation divided by density r0; b is buoyancy; f [ 2V sinf0
is the Coriolis parameter; and N is the buoyancy frequency.
Material derivative is defined as
D
›
5 R21
1 u  =,
0
Ds
›t

(8)
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and R0 is the Rossby number. The f plane is used (i.e.,
b effects are neglected), as a Rossby wave–type response is not expected in zonal-mean equations. Linear
relaxation terms with the same relaxation factor k are
included in the momentum equations [(3) and (4)] and
thermodynamic equation [(6)]. Three external forcings
(zonal forcing X, meridional forcing Y, and diabatic
_ are given. These equations are translated
heating Q)
into their dimensionless forms. Assuming that the horizontal and vertical spatial scales of a response are equal
to those of forcing, LF, and HF, dimensionless parameters are t* 5 ft, x*5 xLF, y*5 yLF, and z*5 zLF, yielding
Du*
5 y* 1 X* 2 k*u*,
Ds
Dy*
›p*
5 2u* 2
1 Y* 2 k*y*,
R0
Ds
›y*

R0

0 5 b* 2

›p*
,
›z*

Db*
_ 2 k*b*,
5 2Bu w* 1 Q*
R0
Ds
›y* ›w*
1
.
05
›y* ›z*

(9)
(10)

(13)

These equations have dimensionless numbers, including a Rossby number R0 5 U/fLF, a Burger number
Bu 5 (NHF/fLF)2, and a modified Ekman number k* 5 k/f.
Hereafter, asterisks are omitted. As we are interested in
large-scale atmospheric responses to forcing, it is assumed that the Rossby number is sufficiently small.
Thus, the governing equations become linear as follows:
›u
5 y 1 X 2 ku ,
›t
›y
›p
5 2u 2 1 Y 2 ky ,
›t
›y
›p
05b2 ,
›z
›b
5 2Bu w 1 Q_ 2 kb ,
›t
›y ›w
05 1 .
›y ›z

(14)
(15)
(16)
(17)
(18)

As in Saujani and Shepherd (2006), three variables are
used—linearized potential vorticity q, horizontal divergence d, and ageostrophic vorticity g:
›u 1 ›b
,
q[2 1
›y Bu ›z
d[

›y
,
›y

›u ›p2
g[2 2 2.
›y ›y

(19)
(20)

(21)

The governing equations are transformed into the
equations using q, d, and g:

›
(22)
1 k q 5 F1 ,
›t
)
( "
#
2
 2

›2
›
›2
›
›
1 k 1 1 1 Bu 2 d 5 F2 1
1k
F ,
›t
›z2 ›t
›y
›z2 3


(

›2
›z2

"

›
1k
›t

2

#
1 1 1 Bu

)

›2
›y2

(23)

›
1 k F2 1 D0 F3 ,
g5
›t
(24)


where

(11)
(12)
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›2
›2
1
›y2 ›z2

(25)

›X
1 ›Q_
1
,
F1 5 2
›y Bu ›z

(26)

›2 ›X ›2 ›Q_
2
,
F2 5 2 2
›z ›y ›y2 ›z

(27)

D0 5 Bu
and

F3 5

›Y
.
›y

(28)

The equation of the slow variable q [(22)] is obtained by
cross differentiation of (14) and (15) and using the definition (19). The equations of fast variables [(23) and
(24)] are obtained by the time differentiation of (20) and
(21). The linear PV q is referred to as a slow variable
because it describes geostrophic flows with small tendencies. Horizontal divergence d and ageostrophic vorticity g are fast variables that include zonally symmetric
gravity waves. The dispersion relation of the gravity
wave solution is
v2 5 f 2 1 N 2

l2
,
m2

(29)

where v is an angular frequency and l and m are meridional and vertical wavenumbers, respectively. Note
that the fast variables also include a slaved component
with small tendencies when nonlinear terms and/or external forcing terms are present (Leith 1980).
To investigate these linear equations for a given
forcing, Green’s function method is useful. Green’s
function has two advantages. The first relates to its low
calculation cost: once Green’s function is obtained, the
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response to any forcing can be determined by convolution
alone. The other relates to the treatment of boundary
condition: the boundary condition under which the response becomes zero at infinity can be used easily when
applying Green’s function. This condition is applied to all
boundaries (i.e., upper, lower, and meridional boundaries) in the present study.
Green’s function of fast variables (d and g) obeys the
following equation:
(

›2
›z2

"

)
#
2
›
›2
1 k 1 1 1 Bu 2 Gd (y, z, t)
›t
›y

5 2D(y)D(z)D(t) ,

(30)

where D(s) is the delta function for the independent
variable s. To apply Green’s function, the Laplace
transform is used following Zhu and Holton (1987). The
Laplace transform of Green’s function for (30) is
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
B21
u
L [Gd (y, z, t)] 5
4p 1 1 (s 1 k)2
)
(
1 1 (s 1 k)2
.
(31)
3 log
[1 1 (s 1 k)2 ]y2 1 Bu z2
Here, the boundary condition is used so that the response is zero at infinity. On the other hand, Green’s
function of the slow variable q fulfills
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›
1 k Gq (y, z, t) 5 2D(y)D(z)D(t) ,
›t

(32)

and the solution is
Gq (y, z, t) 5 2D(y)D(z)e2kt .

(33)

This formula for Gq indicates that the spatial pattern of
slow variable does not change over time, although the
amplitude can change.

3. Results
The response to three forms of external forcing (zonal
_ in
forcing X, meridional forcing Y, diabatic heating Q)
(14)–(18) is determined using Green’s function. It is
assumed that each forcing is separated into temporally
and spatially dependent components as X(y, z, t) 5 FX
(y, z)FT(t) The spatial structure FX(y, z) of X takes a
Gaussian shape vertically and a shape with considerable
kurtosis in the latitudinal direction:

#
(z 2 z0 )2
FX (y, z) 5 F0 exp 2
2c2
 
 
y 2 y0 1 LF =2
11
3 tan
d




y 2 y0 2 LF =2
11 ,
3 2tan
d
"

(34)

where LF is the latitudinal (i.e., horizontal) scale, c and
d are parameters, and (y0, z0) is the central latitude and
height of the forcing (Fig. 1a).The aspect ratio of the
forcing a is defined as the ratio of vertical to the horizontal length scales of the wave forcing. Now, the aspect
ratio of the forcing (a 5 NHF/fLF) is taken to be one for
the normalization. Dependence of the response on a will
be investigated in section 4. A Gaussian spatial pattern
applies for diabatic heating Q_ and meridional forcing Y
as is shown in Fig. 1b. Three forms of time dependence
are considered:
(i) FT (t)5const,(ii) FT (t)5H(t),and (iii) FT (t)5FTF (t),
For steady forcing (i), the response should be steady as
well. The second type (ii) is the step function H(t), which
changes in a discontinuous manner from 0 to 1 at t 5 0;
note that the Laplace transform of the step function is
L (H) 5 1/s:

H(t) 5

1 (t $ 0)
.
0 (t , 0)

(35)

The third one (iii) is a transient forcing and is investigated in the next section. The FTF (t) function is dependent on the forcing time scale TF as follows:
8
<0
FT (t) 5 [1 2 cos(pt/TF )]=2
F
:
1

(t , 0)
(0 , t , TF ) .
(TF , t)

(36)

These forcings are given at a latitude of 308. The
time scale of the relaxation is taken as 1/k 5 200,
which corresponds to 32 days (1/k in dimensional form
equals 1/(k*f) 5 2.76 3 106 s). This parameter setting
is somewhat different from the real middle atmosphere where the thermal damping time scale is much
faster and the mechanical damping one is much
slower. However, the initial response of the fast variable does not depend on the strength of the relaxation
because the time scale of the relaxation is determined
by the slow variable. Thus, the dependence of the relaxation can be neglected as long as the initial response is
considered. Our interest is mainly the initial transient
response of the fast variables. The relation between our
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FIG. 1. The y–z cross sections of wave forcing (a) in the zonal momentum equation and (b) in the meridional
momentum equation and of diabatic heating in the thermodynamic equation. Red and blue contours denote
positive and negative values, respectively.

result and Haynes et al. (1991) is discussed later in this
section and in section 6. Forcing responses are calculated in the dimensionless form, but results are shown in
the dimensional form to facilitate comparisons with the
real atmosphere.

a. Steady-state solutions
The response to steady forcing is examined in this
subsection. Although our interest is initial transient response, the steady state is meaningful. Green’s function
for the steady state Gs can be obtained from the following equation:
Gs 5 lim L (G) .
s/0

(37)

The L (G) is the Laplace transform of the timedependent Green’s function. Substituting (31) with
(37) yields Green’s function Gds(y, z) for fast variables:
Gds (y, z) 5 lim L [Gd (y, z, t)]
s/0
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 

1
B21
1 1 k2
u
.
log
5
4p 1 1 k2
(1 1 k2 )y2 1 Bu z2

(38)

On the other hand, the steady-state Green’s function for
linearized PV becomes
1
Gqs (y, z) 5 2 D(y)D(z) .
k

(39)

First, the response to the dynamic zonal forcing X is
determined. Here, Y and Q_ are set to be zero. The
governing equations are as follows:

›X
kq 5 2 ,
›y


2
2
›
›
›2 ›X
(k2 1 1) 2 1 Bu 2 d 5 2 2
,
›z
›y
›z ›y


›2
›2
(k2 1 1) 2 1 Bu 2 g 5 0:
›z
›y

(40)
(41)
(42)

The structure of horizontal divergence d in the meridional section determined using Green’s function (38)
is shown in Fig. 2a. Figure 2a shows that meridional
circulation occurs in a two-celled vertical structure
(Fig. 2c). The structure of q obtained based on (39) or
directly calculated from (40) is shown in Fig. 2b. Physical
parameters such as zonal wind u, buoyancy deviation b,
meridional wind y, and vertical wind w are obtained
using the solutions of d and q, and corresponding results
are shown in Fig. 3.
This two-celled steady solution is different from the
result of DC principle (Haynes et al. 1991). This difference is caused mainly by the presence of dynamical relaxation given in the present study. The DC principle
specifies no mechanical relaxation other than boundary
layer friction, considering that radiative relaxation is a
major dissipation process in the middle atmosphere. On
the other hand, in this study, the mechanical damping
rate has the same value as the thermal one. Thus, the
steady state of the present study may be an unrealistic
situation but can be regarded as the ‘‘semi’’-steady state
corresponding to the initial response of Haynes et al.
(1991). Detailed discussion will be made in section 6.
Next, the response to diabatic heating Q_ is examined.
The governing equation with X 5 Y 5 0 is
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FIG. 2. The y–z cross sections of steady-state (a) horizontal divergence, (b) linearized PV, and (c) streamfunctions of meridional circulation when forcing involves zonal wave forcing. Red and blue contours denote positive and negative values, respectively.

kq 5


1 ›Q_
,
Bu ›z


›2
›2
›2 ›Q_
,
d52 2
1
B
u
2
2
›z
›y
›y ›z


›2
›2
(k2 1 1) 2 1 Bu 2 g 5 0:
›z
›y
(k2 1 1)

(43)
(44)
(45)

The spatial pattern of diabatic heating Q_ is shown in
Fig. 1b. The responses of d and q are shown in Figs. 4a and
4b, respectively. Physical variables b, u, y, and w obtained
through the inversion of fast and slow variables are shown
in Figs. 4c–f. Meridional circulation involves an upward
branch in the heating region and two downward branches
to the south and north of the heating areas.
Response to meridional forcing Y differs from re_ A
sponses to zonal forcing X and diabatic heating Q.
Gaussian spatial pattern that is the same as that of diabatic heating Q_ is taken as meridional forcing Y, as is

shown in Fig. 1b. The governing equation with X 5
Q_ 5 0 is
kq 5 0,

›
›
2
(k 1 1) 2 1 Bu 2 d 5 0,
›z
›y




2
›
›2
›2
›2 ›Y
2
(k 1 1) 2 1 Bu 2 g 5 2 Bu 2 1 2
.
›z
›y
›y
›z ›y


2

(46)

2

(47)
(48)

Under a steady state, a response occurs in g only. In other
words, q and d are zero. Thus, no geostrophic motion or
meridional circulation occurs. The response only involves
ageostrophic horizontal winds. When k  1, (48) becomes
›Y
g52 .
›y

(49)

The structures of g calculated from (49) and of u, p, and
b are shown in Fig. 5. Note that the meridional equation
of motion is

FIG. 3. The y–z cross sections of wind velocity components of (a) zonal wind, (b) meridional wind, and (c) vertical wind when forcing
involves zonal acceleration X. Red and blue contours denote positive and negative values, respectively.
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FIG. 4. The y–z cross sections of steady-state (a) horizontal divergence, (b) linearized PV, (c) temperature deviation from a steady state,
(d) zonal wind, (e) meridional wind, and (f) vertical wind when forcing involves diabatic heating. Red and blue contours denote positive
and negative values, respectively.

Y 5 fu 1

›p
.
›y

(50)

In the forcing region, fu and ›p/›y have the same sign.
Interestingly, however, in some regions, the two terms
have opposite signs, indicating that these two terms
satisfy the relation of geostrophic balance. This result
shows that ageostrophic vorticity contains a flow component of geostrophic balance, which should be distinguished from QG flow.
As previously mentioned, the inclusion of both dynamical and thermal relaxation in the present study is
not a realistic condition for the steady state. However,
the steady-state solution gives an insight into the semisteady condition as discussed in section 5. The relation
between our results and those by the DC principle will
be examined in section 6.

b. Time-varying forcing
In this subsection, the response to the time-varying
forcing is examined with a focus on zonal forcing

X. Responses for meridional forcing Y and diabatic
heating Q_ can be considered in a similar way. Forcing
with time variations in the step function H(t) is considered. First, the response of q is examined. Note again
that Green’s function for this case is described by (33),
which is a monotonically decreasing function in time.
Thus, Green’s function is obtained from the integral
of (33) in time as
GqH (y, z, t) 5 D(y)D(z)[1 2 exp(2kt)] .

(51)

Second, the response of horizontal divergence d is
investigated. The Laplace transform of Green’s function
is described by (31). The Laplace inverse transformation
in time is performed using the fast Fourier transform.
Horizontal divergence d obtained in this way is illustrated in the meridional–height cross section of Fig. 6.
Immediately after forcing is introduced at t 5 0, a
response appears around northern and southern edges
of the forcing. This response spreads latitudinally
with time. It is evident that the strength of the response
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4. Time scale of the circulation formation
a. Theoretical prediction
As stated above, the steady-state response involves
vertically two-cell aligned circulation. The purpose of this
subsection is to theoretically investigate the time scale of
circulation formation after the forcing is introduced. In this
section, dimensionless variables are denoted by asterisks.
Parameters that characterize the linearized equations are
the Burger number Bu and the strength of linear relaxation
k*. A condition in which the time scale of the relaxation is
much longer than the inertial period is considered. Thus,
the governing equation for the fast variable d* is


 2  2
›
›
›2
› ›2 *
d* 5 F2* 1
1
1
1
B
F .
(52)
u
2
2
2
›t ›z2 3
›z ›t
›y

FIG. 5. The y–z cross sections of (a) ageostrophic vorticity,
(b) zonal wind, (c) pressure deviation, and (d) temperature deviation when forcing involves meridional acceleration Y. Red and
blue contours denote positive and negative values, respectively.

at t 5 6 h (Fig. 6f) is almost equal to the steady state
(see Fig. 2). However, there is a notable difference in
the zero-line structures shown in Fig. 6f and of the steady
state. The structure of horizontal divergence d at a later
time is shown in Fig. 7. The wavelike structure has a
large amplitude whose magnitude is roughly the same as
that of the circulation for t 5 1 and t 5 2 days (Figs. 7a
and 7b). Both the structure and strength of d for t 5 3
and t 5 4 days (Figs. 7c and 7d) are similar to those of the
steady state, although a wavelike structure, which has
low frequency, is observed above and below the forcing.
This result suggests that the initial response of circulation described by the QG equations takes a few days to
develop. The waves that initially appear are likely gravity
waves judging from the phase structure and propagation
direction (not shown). These gravity waves must have
zonally symmetric structure (zonal wavenumber k 5 0)
and displacements only in the latitude and altitude directions. To investigate wave characteristics, anomalies
from the steady state were obtained (Fig. 8). Gravity
wave–like patterns are clearly shown. The phase line of
disturbances at a later time is more horizontal, meaning
that disturbances of lower frequencies and smaller horizontal wavenumbers have larger amplitude in later time.
The frequency of this disturbance is nearly the same as the
inertial frequency (Figs. 8e–g). We note that these gravity
waves have quite large meridional scales comparable to
those of meridional circulation.

Note again that k* is negligible for our discussion of fast
variables, and hence, only dependence on the parameter
Bu is considered.
The dependence of the response can also be determined through a dimension analysis. Parameters determining this response include the N, f, horizontal scale LF,
and vertical scale of the forcing. In a Boussinesq system,
there are no other specific length scales. Thus, responses
are determined based on the horizontal–vertical length
ratio of the forcing HF/LF when f and N are constant. The
vertical length scale of the dimensionless form becomes
HF* 5 (N/f)HF, meaning that the change in f and N is regarded as the change in the modified vertical scale. Thus,
the time scale is dependent only on the normalized aspect ratio (hereafter referred to as the aspect ratio)
a 5 NHF/fLF, which is the square root of the Burger
number. Note that the aspect ratio of the forcing so far
is taken to be one for the normalization. Here, the dependence of the time scale on a is examined.
As dimensionless time is t* 5 ft, the time scale of
circulation formation should be
1
T} .
f

(53)

Thus, the time scale of circulation formation can be
written using an undetermined function C() as follows:


NHF
1
1
(54)
5 C(a) .
T5 C
f
f
fLF
This equation indicates that T is a function of aspect
ratio a only.
To determine the shape of C(), we assume that the
time scale of circulation formation is determined by the time
scale of gravity wave energy propagation Tg, as the largescale gravity waves of large amplitudes dominate as the
transient response (Fig. 7). This time scale Tg is written as
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FIG. 6. The y–z cross sections of time evolution of horizontal divergence d when the forcing term involves zonal acceleration X where time
change involves a step function. Elapsed times pertaining to each picture are as follows: (a) 1, (b) 2, (c) 3, (d) 4, (e) 5, and (f) 6 h. The green frame
in (a) marks the region where forcing reaches high amplitudes. Red and blue contours denote positive and negative values, respectively.

the ratio of the latitudinal scale of forcing (LF) to the latitudinal group velocity of gravity waves jcgyj:
L
Tg 5  F  .
cgy 

(55)

We use the dispersion relation of the hydrostatic inertia–
gravity wave (29),
   N 2 l 
  
cgy  5  2  .
mv

Cg (a) 5 2p

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 1 a2
.
a2

(58)

The fact that is proportional to f 21 is consistent with
our theoretical expectation (54). The function Cg can
also be obtained by using Tg 5 HF/jcgyj.

b. Numerical calculation
(56)

In addition, from the wavenumbers l 5 2p/LF and
m 5 2p/HF of most dominant gravity waves, we obtain


LF
2p m2 v


Tg 5   5
,
l  N2l 
cgy 
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pm2
l2
1
5 2 2 f 2 1 2 N 2 [ Cg (a)
f
N l
m

where

To confirm the theoretical prediction (58), the time scale
of circulation formation, which is directly obtained using
Green’s function, is examined. The magnitude of circulation is examined by dividing the horizontal divergence
d into the following two components—a circulation component A(t)ds(x) and remaining component d 0 :
d(y, z, t) 5 A(t)ds (y, z) 1 d0 (y, z, t),

(57)

(59)

where ds(x) is the spatial structure of steady-state horizontal divergence. The magnitude of the circulation
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a values approach the steady state faster, consistent
with the theoretical prediction (58). The numerically
obtained formation time scale TB is defined as the time it
takes for jA(t) 2 1j to become smaller than a particular
value of B. By taking B 5 0.15, the a dependence of the
T0.15(a) is shown in Fig. 9e. To illustrate a comparison to
the theoretical prediction, the a dependence of theoretically predicted Tg is denoted by the solid line. It is
evident that the a dependence of T0.15(a) coincides well
with that of Tg(a).

c. The dependence of circulation formation on the
time scale of forcing

FIG. 7. The y–z cross sections of time evolution of horizontal
divergence d when the forcing term involves zonal acceleration X
whereby time change involves a step function. Elapsed times pertaining to each picture are as follows: (a) 1, (b) 2, (c) 3, and (d) 4
days. Red and blue contours denote positive and negative values,
respectively.

component A(t) is determined to minimize the spatial
integral
ð
[d(y, z, t) 2 A(t)ds (y, z)]2 dV .
(60)
V

This is equivalent to the following condition:
ð
d(y, z, t)ds (y, z) dV
A(t) 5 V ð
.
[ds (y, z)]2 dV

(61)

V

The responses for a 5 0.2, 1, and 5 are shown in
Figs. 9a–c. It is evident that A(t) oscillates and decays.
The oscillation frequency is almost the same as the nearinertial frequency. This result reflects the fact that nearinertial oscillation slowly decays and that the spatial
structure of near-inertial oscillation resembles that of
steady-state circulation. Figures 9a–c also show that for
larger a, that is, a longer vertical length of forcing HF at a
given LF, A(t) decreases faster, and thus, circulation
formation is also faster. The envelop of the difference
between the circulation component A(t) including nearinertial oscillations and the steady-state value jA(t) 2 1j
for a 5 0.2, 0.33, 0.5, 0.75, 1.0, 1.5, 2.0, 3.0, and 5.0 are
shown in Fig. 9d. Responses to the forcings with larger

Thus far, the response to forcing based on a step
function shape in time has been examined. Here, responses to the forcing that continuously increase in time
are examined. The forcing is given using the trigonometric function, which changes from 0 to 1:
8
(t , 0)
<0
(62)
FT (t) 5 [1 2 cos(pt/TF )]/2 (0 , t , TF ) .
F
:
1
(TF , t)
The aspect ratio of the forcing is set to be the original
value a 5 1. To examine the dependence of the time
scale of circulation formation on the forcing time scale
TF, Green’s function method is used once again. The
time evolution of the forcing FTF (t) and magnitude
of circulation A(t) obtained using (61) are shown in
Figs. 10a and 10b for TF 5 0.1 and TF 5 1.5 days. When
TF is small, A(t) (i.e., the response does not follow the
forcing); instead, it shows an oscillatory behavior whose
frequency is near the inertial frequency. On the other hand,
when the forcing changes slowly, (i.e., for larger TF), the
response follows the forcing. To quantitatively investigate
this feature, the dependence of circulation formation on TF
is determined. Figure 10c presents a function M(TF) showing the maximum difference A(t) from the magnitude of
forcing FTF (t) as a function of TF. It is clear that the response
is slaved to the forcing when TF is longer than 1 day (i.e., the
inertial period). Thus, it can be concluded that the response
to a slowly varying wave forcing such as Rossby wave forcing
would be slaved to the forcing, whereas an abrupt forcing
such as that caused by a gravity wave burst would produce
zonally symmetric gravity wave radiation.

5. Relative magnitudes of the ut and 2fy that
balance the zonal forcing in a semisteady state
In this section, the magnitudes of zonal acceleration ut
and Coriolis torque 2fy that arise as the response to a
given wave forcing are investigated when the forcing is
only X. In section 4, the time scale of circulation
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FIG. 8. The y–z cross sections of the anomaly of time evolution of horizontal divergence d from the steady-state solution when the
forcing term involves zonal acceleration X and whereby time change involves a step function. Elapsed times pertaining to each picture are
as follows: (a) 2, (b) 4, (c) 6, (d) 8, (e) 10, (f) 10.5, and (g) 11 days. Red and blue contours denote positive and negative values, respectively.

formation was estimated. After t $ Tg (i.e., several days) for
the forcing with the step function, the fast variable roughly
accords with that of the steady state. On the other hand, the
time scale of the slow variable k21 is usually much longer
than that of fast variables in the stratosphere. Thus, even
when meridional circulation described by fast variables becomes steady state, the slow variable may not yet reach the
steady state. Moreover, the relaxation term can be ignored
when fast variables reach the steady state. This point can be
understood as follows. The effect of the relaxation, which
is proportional to the strength of the geostrophic wind, is not
large as long as the characteristic time scale of the fast
transient response such as gravity waves is shorter than 1/k.
In other words, in the time-dependent momentum equation,
›u
2 f y 5 X 2 ku ,
›t

(63)

the term ku plays a negligible role as long as ›u/›t  ku,
which is satisfied during t , 1/k. Thus, from here, we
consider a case in which the fast variable become a
steady state while the relaxation term of the slow variable remained sufficiently small. This is realized when
Tg , t , 1/k. Because the fast variables are steady, and

the slow variable is not steady, this state is regarded as a
‘‘semi’’-steady state. In the semisteady state, relaxation
terms are negligible, and thus, the Coriolis torque and
the adiabatic heating are balanced with the acceleration
terms, which is the same situation of the initial response
of Haynes et al. (1991).
During the semisteady state, balance between the terms
in the zonal momentum equation is examined as follows:
X 5 ut 2 f y .

(64)

Slow and fast variables obey the following equations:



›
›X
1k q52 ,
›t
›y


2
2
›
›
›2 ›X
(k2 1 f 2 ) 2 1 N 2 2 d 5 2f 2
,
›z
›y
›z ›y

(65)
(66)

in their dimensional forms. Using relation


1
›2
›2
qy 5 2 2 f 2 2 1 N 2 2 u ,
N
›z
›y
ð
y 5 d dy,

(67)
(68)
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FIG. 9. The time evolution of the circulation variable A(t) when the aspect ratio of forcing a is (a) 0.2, (b) 1, and (c) 5. (d) The change in
A(t) for each aspect ratio, where the a of each line is 0.2, 0.33, 0.5, 0.75, 1.0, 1.5, 2.0, 3.0, and 5.0 from the upper line to the lower line. Red
dots show the time scale T0.15. (e) The dependence of T0.15 (dots) and Tg (solid line) on aspect ratio a.

equations describing ut and 2fy are obtained from (65)
and (66),



›2
›2
›
›2 X
f 2 2 1 N2 2
(69)
1 k u 5 N2 2 ,
›t
›y
›z
›y


2
2
›2 X
2
2 ›
2 ›
(70)
(k 1 f ) 2 1 N 2 (2f y) 5 f 2 2 .
›z
›z
›y
From the dimensional analysis of (69) and (70), the
relative strength of the two terms for the forcing X can
be obtained within a limit of k  f as follows:
[2f y]
1
5 2
,
[X]
a 11

(71)

[ut ]
a2
5 2
,
[X] a 1 1

(72)

where a 5 NHF/fLF as before and [] denotes here the
magnitude of the term. This result shows that when the

aspect ratio a is larger (i.e., when the vertical scale of
the forcing is larger), meridional wind is weakened,
and zonal wind acceleration is longer. The expression
of the strength of two terms is the special case of (14)
of Garcia (1987) with a condition where the frequency of the forcing is zero (i.e., steady) and the
strengths of mechanical and thermal relaxations are
the same. His equation uses a simple typical wavelength for each of the meridional and vertical scales.
However, in general, wave forcing is composed of
wavelengths distributed over a wide range. It is interesting to compare the simple theoretical expectation with solutions numerically obtained using the
Green’s function for the more realistic forcing with a
shape of (34) (Fig. 1a).
The results using the Green’s function method are
shown in Fig. 11. The strengths of forcing and meridional
circulation from the numerical calculation, [X] and [2fy],
respectively, are evaluated as
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fy magnitude quite small, which is less than 1/10 of the
wave forcing. In contrast, the numerical result suggests
that jfyj should be significantly large even for such large
a, which is 4 times larger than that from (71) for a 5 5.
This large discrepancy is due to the fact that the wave
forcing given in the present study is composed of a
multitude of wavenumber components and relating
minor wavenumber components that largely affect the
ratio of [2fy] to [X].
A similar analysis can be made for the case when the
_ The thermodyexternal forcing is diabatic heating Q.
namic balance is
bt 1 N 2 w 5 Q_ ,

(75)

and slow and fast variables obey the following
equations:

›
1 ›Q_
1k q5 2
,
›t
fN ›z


›2
›2
›2 ›Q_
(k2 1 f 2 ) 2 1 N 2 2 d 5 2 2
.
›z
›y
›y ›z


FIG. 10. The time evolution of the circulation magnitude of A(t)
(solid line) for (a) the forcing time scales TF 5 0.1 and (b) TF 5 1.5
days. The time dependence of the forcing FTF (t) is also shown
(dashed line). (c) M(TF) [the maximum deviation of the response
magnitude A(t) from the magnitude of forcing FTF (t)] as a function
of TF.

ð
[X] ’
(X,0)

X(y0 , z0 ) dz0 ,

ð
[2f y] ’

(2f y,0)

[2f y(y0 , z0 )]dz0 ,

(73)
(74)

where, as the latitude y0 at which this integral is performed,
the central latitude of forcing is used. The interval of the
integral used to calculate [2fy] and [X] is the region
where 2fy , 0 and X , 0, respectively. Figure 12 shows
the theoretical and numerical results for the magnitude of
acceleration and Coriolis torque as a function of a. The
broken curve stands for the a dependence of the relative strength of the Coriolis torque theoretically calculated by (71). It is seen that the Coriolis torque is
weaker for larger a. The dots of Fig. 12 stand for the
numerically calculated a dependence. These two
a dependences are qualitatively similar; however, the
difference becomes larger when a is larger than 1. This
is attributable to the fact that the numerical calculation
includes various meridional and vertical wavenumbers
in the forcing, whereas only one wavenumber is considered in the theoretical investigation. This is an advantage of our method providing the meridional
circulation formed by the wave forcing having wavelength in a wide range as in the real atmosphere. When
a . 3 (i.e., vertically long wave forcing), (71) shows the

(76)
(77)

Ð
Using the relation w 5 2 d dz and the hydrostatic balance pz 5 b, the strengths of the two terms on the lefthand side of (75) are obtained as follows:
[N 2 w]
a2
,
5 2
_
a 11
[Q]

(78)

[bt ]
1
.
5 2
_
[Q] a 1 1

(79)

It is interesting that the distribution of the forcing to
tendency and meridional circulation for diabatic heating
Q_ is opposite to that for zonal forcing X. The results of
the numerical calculation using the Green’s function
method are shown in Fig. 13.

6. Relations with the previous studies
In this study, the strength of dynamical relaxation
(kF) is taken as the same as that of thermodynamic
relaxation (kT). When two relaxation coefficients kF
and kT differ, however, steady-state circulation will
also differ from vertically aligned two-celled circulation patterns shown in this study. However, it is expected that the evolution of the circulation until the
relaxation plays an important role (t , 1/k) does not
depend on relative strengths of mechanical and thermal
damping rates, because the relaxation term is proportional
to the strength of the wave-induced geostrophic flow
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FIG. 11. The y–z cross sections of the balance between terms of (64): (a) zonal forcing, (b) the zonal relaxation term, and (c) Coriolis
torque, when forcing involves zonal wave forcing as shown in (a).

(the deviation of the geostrophic flow from the balanced
background flow), which is sufficiently small initially.
Thus, as long as the degree of relaxation is sufficiently
small at an early stage after the forcing is given, the
formation process of two-celled circulation is the same
as that shown through the present study. This two-celled
circulation will gradually change to a steady state with
the time scale of relaxation depending on the strength of
kF and kT. Therefore, the steady-state meridional circulation calculated based on the DC principle in Haynes
et al. (1991) differs from the vertically aligned twocelled circulation values obtained through the present
study. The difference is attributed to the fact that there
is no mechanical (frictional) relaxation in the DC
principle. However, it should be noted that the response in the semisteady state of our study (Tg , t , 1/k)
and the initial response in Haynes et al. (1991) have
similarities. In the semisteady state of the present study,
the gravity waves disappear and quasi-steady meridional
circulation remains. As the geostrophic wind is quite
weak, the relaxation terms are negligible. Thus, the acceleration term and Coriolis torque are balanced with
the wave forcing in the semisteady state. On the other
hand, Haynes et al. (1991) uses QG equations. Thus,
there are no gravity waves. Soon after the forcing is on,
the geostrophic wind component in the transient
response is considered to be quite small. These features
are the same as those in the semisteady state of the
present study. The differences between the solution
by Haynes et al. (1991) and ours appear after the
condition of the semisteady state. For the case of the
present study, the meridional circulation does not
change, and the geostrophic wind becomes strong and
approaches asymptotically to an unrealistic steady state.
On the other hand, because only the thermal relaxation
exists, the response in Haynes et al. (1991) changes from

the initial semisteady state to the realistic steady DC
state. The initial transient behavior including radiation
of gravity waves investigated in section 4 cannot be
investigated in QG equations. However, it is possible
that such a transient response including gravity waves
occurs in the real atmosphere as a transient response
before reaching the semisteady state. The evolution of
the circulation caused by wave forcing and the relation between the semisteady state of the present
study and the steady DC state is schematically
illustrated in Fig. 14. This figure shows the relation of
evolutions of geostrophic flow (slow variable q or u
and T) and meridional circulation (fast variable d and
g or y and w) examined by the present study and
by Haynes et al. (1991). The white arrows in Fig. 14

FIG. 12. The strength of the distribution of the meridional circulation to wave forcing when the aspect ratio is changed. Dots
denote numerical calculations and solid lines denote theoretical
predictions based on dimension analyses.
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FIG. 13. The y–z cross sections of balance between the terms of (75): (a) diabatic heating, (b) the relaxation term, and (c) adiabatic heating
by downward flow, when forcing involves diabatic heating as shown in (a).

stand for the time formation process of our study. The
fast variables change rapidly and reach the steady state
on the time scale of gravity wave propagation, while the
slow variable changes much more slowly on the time
scale of mechanical and thermal relaxation. The transient circulation response to the steady DC state is denoted by colored arrows in Fig. 14 The meridional
circulation initially has a two-celled structure, but the
structure as well as the magnitude gradually changes
as the relaxation becomes larger depending on the
respective relaxation coefficient. Thus, the steady

meridional circulation obtained by the DC principle
without mechanical relaxation and with strong thermal
relaxation is much different from the two-celled circulation that initially forms. For the formation of steady
DC meridional circulation, interaction between the slow
variable and fast variables caused by the relaxation is
important.
Haynes et al. (1991) theoretically estimated the time
scale needed for the transient response of circulation to
extend downward and reach the steady DC circulation.
According to their study, the time scale TDC of the

FIG. 14. The schematic diagram of the relation between the response examined in the present
and the response in Haynes et al. (1991) for zonal wave forcing. The difference is due to the
relative strength of the mechanical and thermal relaxation.
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circulation forcing by the wave forcing, which is located
in the height h from ground, is
h
N2
 ,
TDC 5 2
HkT 4V2 a2 n

(80)

where H is the scale height and kT is the thermal
damping rate, which is denoted as a in their study, and n
is the eigenvalue of the nth zonal-mean Hough mode.
Using the typical values for the middle atmosphere, h 5
50 km, H 5 7 km, N 5 100f, a 5 6378 km, kT 5 1/5 days,
and n 5 6; the time scale TDC is 10 days, which is much
longer than the time scale of the circulation formation
described by the fast variable d.
It is worth noting that there is another difference
originating from the treatment of density stratification
between the two studies. In the Boussinesq approximation (i.e., an infinite scale height used in the present
study), the meridional circulation in the semisteady
state is completely symmetric in vertical, while the
initial two-celled circulation in Haynes et al. (1991) is
not symmetric but weaker in the upper cell.

7. Summary and concluding remarks
The formation of meridional circulation for given
dynamic forcing and/or diabatic heating in a meridional
cross section was examined using zonal-mean f-plane
equations by applying a Green’s function. The variables
are translated to linearized potential vorticity q, horizontal divergence d, and ageostrophic vorticity g.
Green’s functions were analytically obtained for respective variables.
The steady solution of meridional circulation responding
to constant zonal forcing is composed of two vertically aligned cells. For forcing taking the shape of a step
function in time, large-scale gravity waves with a broader
range of frequencies are radiated as a transient response.
The frequencies of the gravity waves near the source region
become lower with time, and a quasi-steady meridional
circulation finally remains. The quasi-steady meridional
circulation pattern accords well with the steady-state solution for a constant forcing. The time scale needed for
meridional circulation formation depends on the aspect
ratio of the wave-forcing structure as is consistent with a
theoretical expectation of the dimensional analysis. In
addition, we found that the group velocity of gravity waves
and the spatial scale of forcing determine the time scale
of circulation formation. A case in which forcing patterns gradually change over time is also examined.
When the time scale of forcing change is longer than
the inertial period, the response does not include
gravity wave radiation but instead involves meridional

circulation that changes slowly the following timevarying forcing. This suggests that the meridional
circulation for slowly varying forcing always occurs
in accordance with that estimated from the steadystate assumption. The distribution ratio of wave
forcing to zonal wind acceleration and Coriolis torque is also investigated. The distribution ratio is
determined based on the shape of wave forcing and is
explained through a dimensional analysis. For forcing with a large aspect ratio (i.e., a long vertical
scale), most wave forcing is distributed to the acceleration term, and the meridional circulation becomes
quite weak.
From these theoretical investigations, the following
conclusions can be drawn concerning circulation formation under unsteady forcing. For wave-forcing processes
occurring over shorter time scales than the inertial period,
the fast variables include radiating zonally symmetric
gravity waves as an earlier transient response and reaches a
semisteady state with a vertical two-celled structure over a
time period determined by the group velocity of gravity
waves and by the length of the forcing.
The conventionally used assumption in the quasigeostrophic framework is only appropriately applied when
the forcing time scale is longer than the inertial period.
On the other hand, the time scale of the slow variable,
which is determined based on the degree of linear relaxation, is usually much longer than that of the fast
variable in the stratosphere.
In this study, calculations were performed for a zonalmean two-dimensional system. However, generally
speaking, wave forcing is zonally nonuniform. Thus, the
responses to the three-dimensional forcing are also important and will be investigated in our future studies.
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