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ABSTRACT
A two-dimensional two-layer mathematical model is described representing internal gravity waves and
convection generated by a thermal forcing in the lower atmosphere. The model consists of an upper layer with
stable stratification, a lower layer with unstable stratification, and a thermal forcing in the form of a nonhomogeneous term in the energy conservation equation. Exact analytical solutions are derived for some
simple configurations. Depending on the vertical location and depth of the thermal forcing, the model can be
used to represent different configurations in which gravity waves are generated by diabatic heating. When the
thermal forcing is centered in the lower layer, convective cells are generated in the lower layer, and gravity
waves are forced and propagate upward from the interface between the two layers. When the thermal forcing
is centered at the interface, the convection in the lower layer is weaker, and gravity waves are forced by the
direct effect of the thermal forcing in the upper layer and the influence of the convective cells below. Steadyamplitude solutions for the vertical profile of the gravity waves and convection are derived and generalized to
include cases where there is a spectrum of horizontal wavenumbers or vertical wavenumbers or frequencies
present.

1. Introduction
It has been known for decades that convection in the
troposphere is an important source for internal gravity
waves in the lower and middle atmosphere, but while the
mechanisms for the generation of topographic gravity
waves have been studied extensively (e.g., Baines 1995;
Wurtele et al. 1996), the convective generation mechanisms are less well understood. Measurements and analyses quantify the relationship between convection and
gravity waves in the troposphere and middle atmosphere (e.g., Pfister et al. 1986; Tsuda et al. 1990; Vincent
and Alexander 2000; Alexander et al. 2008; Dutta
et al. 2009) and in the upper atmosphere (e.g., Tsuda
et al. 1990; Kovalam et al. 2006; Taylor et al. 2009;
Venkateswara Rao et al. 2011). However, these analyses
cannot give a complete description of internal gravity
waves and their effects on the global circulation of the
atmosphere; in particular, radar coverage is limited in
location (Sato 1992), and aircraft observations provide
limited information on the vertical structure of the
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waves (e.g., Alexander and Pfister 1995; Alexander
et al. 2000).
Additional insight into the convective generation of
gravity waves has been obtained using numerical models
of varying degrees of complexity. For example, Lane
and Moncrieff (2008) used a two-dimensional cloudresolving model to simulate tropical convection and
generate gravity waves and then carried out spectral
analyses to quantify links between the characteristics of
the gravity waves and the convection; Kuester et al.
(2008) used numerical simulations and spectral analyses
to study the case of gravity waves generated by Hurricane Humberto (2001); and Jewtoukoff et al. (2013)
analyzed measurements from long-duration stratospheric balloons and carried out numerical simulations,
including a case study of gravity waves generated by
Tropical Storm Gelane (2010).
Investigations using large-scale general circulation
models (GCMs) have also helped to advance our understanding of the convective generation of gravity
waves. However, gravity waves are relatively small-scale
phenomena with wavelengths smaller than a few hundred kilometers, and consequently, very high spatial
resolution is needed in order for GCMs to represent
them accurately. This means that it is often necessary to
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parameterize the effects of the gravity waves in GCMs
by adding to the equations of the model a term to represent the drag force that would have resulted from the
gravity waves if they had been correctly resolved by the
model (e.g., Lindzen 1981; Hines 1997; Alexander and
Dunkerton 1999). The lack of complete understanding
of the mechanisms for the convective generation of
gravity waves adds to the challenge of developing accurate parameterizations of the wave drag. This issue
has been explored using analyses based on linear theory
(e.g., Chun and Baik 2002; Chun et al. 2004; Beres 2005;
Beres et al. 2005) and by numerical simulations using
GCMs (e.g., Alexander et al. 1995; Pandya and Alexander
1999; Piani et al. 2000; Song et al. 2003).
It is generally understood (e.g., Pandya and Alexander
1999; Lane et al. 2001; Beres et al. 2002; Song et al. 2003;
Beres et al. 2004) that convective gravity waves are
generated by the combined effects of forcing from diabatic heating and nonlinear advection. Various hypotheses have been put forward for the interactions between
diabatic heating, convection, and gravity waves, and
three simplified descriptions have been suggested, summarized as follows by Beres et al. (2002) and Fritts and
Alexander (2003):
1) A deep heating mechanism in which the gravity
waves are mainly excited by a thermal forcing with
no shear. In this mechanism, the dominant vertical
wavelength of the excited tropospheric gravity waves
is taken to be proportional to the buoyancy frequency, and it is suggested that it is approximately
twice the depth of the heating (e.g., Salby and Garcia
1987; Bergman and Salby 1994; Alexander et al.
1995; Piani et al. 2000).
2) An obstacle effect mechanism, which acts in a similar
manner to the mechanism for the generation of
topographic gravity waves where the topography or
mountain acts as an obstacle but with the convective
cells playing the role of the obstacle (e.g., Clark et al.
1986; Pfister et al. 1993).
3) A mechanical oscillator mechanism in which updraft
and downdraft oscillations produce vertically propagating gravity waves in a manner similar to the
actions of a mechanical oscillator in a stratified fluid
(e.g., Fovell et al. 1992; Lane et al. 2001).
In reality, the three mechanisms are not fully exclusive
and may coexist. Clark et al. (1986), for example, found
that gravity waves in a stable layer overlying convection
can be generated by both the deep heating and the obstacle effect mechanisms. Moreover, nonlinear advection
plays a significant role in the wave generation process
(Lane and Moncrieff 2008; Song et al. 2003) and is crucial
to our understanding of convective gravity waves.
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Although GCM simulations and modeling have been
able to examine and interpret hypotheses for the convective generation of gravity waves, the high level of
complexity and the large number of degrees of freedom
involved in GCM simulations make it complicated to
isolate and quantify the relationships between the
gravity waves and the convection. A mathematical study
based on relatively simple equations that can be solved
either analytically or numerically can, in principle, allow
us to investigate these relationships in a more straightforward way.
There have been a number of analytical studies of
convective gravity wave dynamics in the past few decades. Sang (1991), for example, considered a two-layer
model consisting of steady linear equations simplified by
the Boussinesq approximation and defined in a configuration with an unstable lower layer and a stable upper
layer and with a thermal forcing centered at the interface between the layers. However, the focus of the
study was on the case where the amplitude of the disturbance in the upper layer decays exponentially with
height. These are trapped disturbances that would not
reach higher levels of the atmosphere or have any significant effect on the background flow. Moreover, there
are some unclear assumptions and omissions in the description of the investigation. Chun and Baik (1998)
described a model based on a linear two-dimensional
Boussinesq configuration with constant background
velocity and constant buoyancy frequency, which was
subsequently used for the development of gravity wave
drag parameterization schemes (Chun and Baik 2002;
Chun et al. 2004). Holton et al. (2002) made several
contributions to this topic using a two-dimensional linear Boussinesq model with zero background velocity
and constant buoyancy frequency and with a thermal
forcing added as a nonhomogeneous term in the equation for conservation of energy. The configuration is
based on that of Hayashi (1976), in which the thermal
forcing has a half-sine-wave structure in the underlying
heating region and is specified in the form of a Gaussian
distribution horizontally and periodic in time. This study
was subsequently extended to a multifrequency thermal
forcing with constant mean velocity (Beres et al. 2004),
and then to a three-dimensional configuration (Beres
2004), and subsequently used as the basis for a parameterization scheme (Beres 2005; Beres et al. 2005).
In the present investigation, we develop a model for
gravity waves and convection in a two-dimensional region defined by Cartesian coordinates x in the horizontal
direction and z in the vertical direction. The model
consists of two layers: the lower boundary of the lower
layer represents the surface of Earth, the upper layer
extends up to infinity, and the two layers are connected
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by specified interface conditions. The model equations
are based on the anelastic approximation in which the
background density r varies with altitude in the absence
of sound waves (Batchelor 1953; Ogura and Phillips
1962). In the lower layer, the background density increases with height so that there is unstable stratification, and in the upper layer, it decreases with height so
that there is stable stratification.
A nonhomogeneous term is added to the energy
conservation equation to represent a thermal forcing
(deep heating). This generates a perturbation in the
upper and lower layers. We consider a situation where
the perturbation amplitude is small enough to allow
linearization of the perturbation equations. The linear
model is used to investigate the effects of the vertical
and horizontal structures of thermal forcing on the
perturbation. As a preliminary step, for the purpose of
deriving analytical solutions, the thermal forcing is
chosen to be a sinusoidal function of time and the horizontal variable with a steady amplitude depending on
altitude; thus, a steady-amplitude perturbation is generated. The perturbation takes the form of closed convective cells in the unstable lower layer connected by the
interface conditions to vertically sinusoidal gravity
wave–like oscillations in the stable upper layer. The
vertical component of the group velocity of the waves is
positive, and the waves propagate upward from the interface. The anelastic approximation means that there
are no sound waves present.
With this form of thermal forcing, the perturbation
consists of a single mode with horizontal wavenumber
specified by the forcing function, but a more realistic
horizontal representation is obtained by considering the
thermal forcing to be a horizontally localized function of
x such as a Gaussian distribution (section 4). In that case,
the convective cells occur in a localized region in the
lower layer, and the upper-layer oscillation is a horizontally localized wave packet consisting of vertically
propagating modes corresponding to a continuous
spectrum of horizontal wavenumbers. The model can
also be extended to a situation where there is a wave
packet that is localized in time and includes a continuous
spectrum of frequencies.
The model is similar to that of Sang (1991), but some
inconsistencies have been corrected, and more details
have been added, and the focus here is on propagating
gravity waves rather than on trapped disturbances.
By changing the vertical structure, the depth, and the
vertical location of the thermal forcing, the model can be
set to represent different configurations in which gravity
waves are generated by diabatic heating. The deep
heating mechanism, as described by Beres et al. (2002)
and Fritts and Alexander (2003), can be obtained by
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considering a model with a single stable layer with the
thermal forcing applied to generate waves. A combination of this with the obstacle effect mechanism can be
achieved with a two-layer formulation with the thermal
forcing centered either in the lower layer or at the interface between the two layers; in that case, convective
cells are generated in the lower layer and influence the
upper-layer gravity waves. The mechanical oscillator
mechanism could be obtained by applying an oscillatory
lower boundary condition to a single stable layer to
generate upward-propagating gravity waves. This would
be similar to the configuration used in previous studies
of the temporal evolution of gravity waves where the
waves are generated by fluid flow over a ‘‘wavy wall,’’ as
shown in Fig. 1 of Booker and Bretherton (1967).
These steady-amplitude linear solutions represent a
physically unlikely situation where the unstable stratification and steady-amplitude convective perturbation
are sustained indefinitely. To obtain a more realistic
representation, the time-dependent and nonlinear
terms must be retained in the perturbation equations,
and the steady-amplitude solutions can then be considered as the initial state and used as a starting
point for further time-dependent and nonlinear investigations of the two-layer system. Linear timedependent numerical solutions were obtained by
Sayed (2014) for gravity waves generated by a thermal
forcing in a single layer of stable stratification. An analytical solution was derived as well for the special case
of the long-wave limit of a zero vertical-to-horizontal
aspect ratio. In the limit of infinite time, these linear
solutions approach a steady state, corresponding to the
steady-amplitude solutions derived here. The linear
approximation is only valid for early time as the nonlinear terms in the equation grow with time. Thus,
nonlinear numerical simulations are required to give a
correct representation of the late-time evolution of the
gravity waves, their effects on the mean flow, and the
development of higher harmonics.
In a layer with unstable stratification, the linear
time-dependent convective solution grows with time.
In the special case of the long-wave limit, for example,
it was found by Sayed (2014) that the amplitude of the
convective perturbation grows like t23/4 exp(at1/2 ),
where a depends on altitude and on the extent of the
unstable stratification. Linear numerical simulations
also show a rapid growth in amplitude with time, which
can only be mitigated by the addition of viscosity and
heat conduction to the model. Thus, in the linear approximation, the unstable layer becomes invalid on a
very short time scale, shorter than the time scale of
evolution of gravity waves in the stable layer. Clearly,
the nonlinear terms must be included in the model; this
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would allow the growing perturbation to modify and
stabilize the background flow and eventually give rise
to stable stratification. This can be investigated numerically. The linear solutions derived here and by
Sayed (2014) give us some insight into the early time
evolution of two-layer system, which can give us
some guidance for subsequent nonlinear numerical
simulations.

2. A linear two-layer model for gravity waves and
convection
We consider a stratified fluid in a two-dimensional
domain defined by Cartesian coordinates x in the horizontal (west to east) direction and z in the vertical direction. The fluid velocity components in the x and z
directions are denoted, respectively, by u and w; the fluid
density by r; the pressure by p; and the potential temperature by u. At this point, we neglect viscosity and
heat conduction but reintroduce them in some of our
numerical investigations (Sayed 2014). In terms of dimensional quantities (denoted by the symbol +), the
equations for conservation of mass and momentum are
›r+
›
›
1
(r+ u+ ) 1 + (r+ w+ ) 5 0,
›z
›t+ ›x+
 +

+
+
›u
›p+
+ ›u
+ ›u
52 +,
r+
1
u
1
w
+
+
+
›t
›x
›z
›x
 +

+
+
›w
›w
›w
›p+
r+
1 u+ + 1 w+ + 5 2 + 2 g+ r+ .
+
›t
›x
›z
›z

(1)
(2)
(3)

+

The constant g is the acceleration due to gravity. In
terms of the potential temperature u+ , conservation of
energy is described by the first law of thermodynamics
(e.g., Holton 2004):

+
+
1 ›u+
J+
+ ›u
+ ›u
5
1
u
1
w
,
+
›t+
›x+
›z+
cp T +
u

(4)

where J + is the rate of heating per unit mass, T + is the
temperature, and cp is the specific heat at constant
pressure.
Equations (1)–(4) are made nondimensional by introducing Lx and Lz as typical length scales in the x and z
directions on the order of magnitude of the horizontal
and vertical wavelengths of the gravity waves, U and W
as typical velocities scales in the x and z directions, R as a
typical density scale, and Q as a typical temperature
scale. The continuity equation [(1)] implies that Lx /U 5
Lz /W, and this ratio defines the corresponding time
scale. The reference scale for the pressure is RU 2 ; this
gives a balance of terms in (2). Nondimensional variables can be defined by

x5
wT 5
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x+
z+
Wt+ Ut+
u+
, z5 , t5
5
, uT 5 ,
Lx
Lz
Lz
Lx
U
w+
r+
p+
u+
, rT 5 , pT 5
, uT 5 .
2
W
R
RU
Q

(5)

The anelastic approximation (Ogura and Phillips 1962)
is made by replacing the total density with a steady
height-dependent mean density r(z) so that the nondimensional continuity equation is
›
›
(ruT ) 1 (rwT ) 5 0:
›x
›z
The nondimensional momentum equations are


›uT
›u
›u
›p
1 uT T 1 wT T 5 2 T ,
rT
›t
›x
›z
›x


›wT
›w
›w
›p
drT
1 uT T 1 wT T 5 2 T 2 grT ,
›t
›x
›z
›z

(6)

(7)
(8)

where the nondimensional constant g 5 g+ Lz /U 2 represents the gravitational acceleration and the nondimensional constant d 5 L2z /L2x is the square of the
vertical-to-horizontal aspect ratio. In the configuration
studied here, Lz  Lx , so d can be considered a small
parameter for the purpose of asymptotic analyses. In the
long-wave limit d / 0, (8) gives the hydrostatic
condition:
›pT
5 2grT .
(9)
›z
In the energy equation [(4)], the forcing function J + /cp T +
has units of s21; thus, the function F + 5 r+ J + /cp T + , which
represents the effects of the forcing on the density, has a
reference scale of R divided by the time scale. The nondimensional energy equation can thus be written as


›u
›u
F
1 ›uT
(10)
1 uT T 1 wT T 5 T ,
uT ›t
›x
›z
rT
where FT (x, z, t) is the nondimensional density-weighted
forcing function.
Each of the total fluid quantities (with subscript T) in
(7)–(10) is expressed as a sum of a background-flow
quantity and a perturbation in the form
uT (x, z, t) 5 u 1 «u(x, z, t), wT (x, z, t) 5 «w(x, z, t),
rT (x, z, t) 5 r(z) 1 «r(x, z, t),
pT (x, z, t) 5 p(z) 1 «p(x, z, t),
uT (x, z, t) 5 u(z) 1 «u(x, z, t),

FT (x, z, t) 5 «F(x, z, t),

where the parameter « is the magnitude of the perturbation
relative to the background flow and gives a measure of the
extent of nonlinearity of the perturbation equations. We
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consider the situation where «  1, and linearization can
thus be justified as a first approximation. We further
consider a background flow, which has a constant horizontal velocity and satisfies the hydrostatic balance:
dp
5 2gr .
dz

(11)

From the ideal gas law, the potential temperature uT is
proportional to the ratio pT1/g /rT , where g is the ratio of
the heat capacity at constant pressure to that at constant
volume. Linearizing this relation shows that the meanflow quantities satisfy
1 du 1 1 dp 1 dr
5
2
,
u dz g p dz r dz

u 1p r
2 .
5
u gp r

(12)

(13)

We then linearize the momentum conservation equations, divide them by r, and make use of (11)–(13) to
express the gravitational term in the vertical momentum
equation in terms of the potential temperature considering that the background potential temperature varies
slowly with altitude (Sutherland 2010). This gives



 
›
›
du
› p
1u
u2 w1
50
›t
›x
dz
›x r

(14)


 
›
›
› p
u
w1
2 g 5 0:
1u
›t
›x
›z r
u

(15)

and

d

Linearizing the continuity equation suggests that we
can define a density-weighted streamfunction c(x, z, t)
for the perturbed flow by
›c
5 2ru,
›z

›c
5 rw .
›x

(16)

The pressure gradient terms can then be eliminated
from the linearized momentum equations by differentiating the horizontal momentum equation [(14)] with
respect to z and the vertical momentum equation [(15)]
with respect to x and subtracting one from the other. The
resulting equation can then be written in terms of the
perturbation streamfunction [(16)] as



 

u
›
›
r0 ›
›
1u
=2 c 2
1u
cz 2 g x 50,
›t
›x
›x
r ›t
u

where =2 denotes the nondimensional Laplacian operator defined as =2 c 5 dcxx 1 czz , the subscripts x and z
denote partial differentiation, and the primes denote
differentiation with respect to z. The linearized energy
equation is


›
›
u0
u
1u
u 1 cx 5 F .
(18)
›t
›x
r
r
Equations (17) and (18) can then be combined to give


2
2

›
›
r0 ›
›
2
1u
1u
= c2
cz 1 xcxx 5 gFx ,
›t
›x
›x
r ›t
(19)

and in the linear approximation, the perturbation
quantities satisfy

1
r
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(17)

where x 5 (g/u)(du/dz).
The model is defined in the vertical domain
2h # z , ‘, where h is a positive constant. This interval
is divided into an unstable lower layer given by
2h # z # 0 and a stable upper layer given by 0 , z , ‘.
A schematic diagram of the two-layer model is shown in
Fig. 1. The background density is set to
r(z) 5 r0 e6z/H ,

(20)

where r0 is a constant that specifies the magnitude at the
interface z 5 0. In the upper layer, the negative sign is set
in the exponential, and H is the scale height (e.g., Baines
1995). The relations (11) and (12) between the background potential temperature, pressure, and density
pﬃﬃﬃ
imply that x 5 N 2 5 kg/H . 0 (k 5 1 2 1/g), and N 5 x
is the buoyancy frequency or Brunt–Väisälä frequency.
In the lower layer, the positive sign is set in the exponential in (20) to give unstable stratification with
x 5 2kg/H , 0. The expression (20) means that background density is continuous across the two layers;
Sayed (2014) considers a situation in which there may
be a discontinuity in the background density at the
interface.
The forcing term is represented by
ikx
^
1 c.c.,
F(x, z) 5 F(z)e

(21)

where c.c. denotes the complex conjugate of the preceding term, k is a constant, and the specified ampli^
tude F(z)
is a function that goes to zero near the
ground and at high altitude (i.e., as z / 6‘) in order
to represent deep (or shallow) convective heating
over a finite range of altitudes. Deep or shallow convective heating in the atmosphere can be represented
in its simplest form as a function of the vertical variable that attains a maximum value at some central
level and decays to zero as a function of height over a
finite range of altitudes above and below that central
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FIG. 1. A schematic diagram of the two-layer model in the domain 2h # z , ‘ with the
thermal disturbance centered at z 5 2h1 .

level. For numerical simulations, any function of this
form could be specified, and the profile could be
chosen based on observational measurements. In the
current investigation, in order to facilitate the derivation of analytical solutions, we choose a function of
the form
F(x, z) 5 F0 e2bjz1h1 j eikx 1 c.c.,

(22)

where h1 $ 0, b . 0 and F0 . 0, 2h1 is the central level of
the forcing, b specifies the depth of the forcing, and F0
specifies its strength.
The form of the forcing function [(21)] means that the
solution of (19) is in normal mode form:
^ t)eikx 1 c.c.;
c(x, z, t) 5 c(z,

(23)

this can represent either gravity waves or convection
depending on whether the stratification is stable or un^
stable. The amplitude c(z,
t) satisfies



2
2
›
^ 7 1 › 1 iku c
^ 2 k2 xc
^ 2 dk2 c)
^
1 iku (c
zz
z
›t
H ›t
5 ikgF^ ,

(24)

where the sign of the second term is negative (positive)
in the lower (upper) layer. This linear time-dependent
equation can be studied using asymptotic or numerical
methods (Sayed 2014), but in the present paper, as a
preliminary step, we consider a steady-amplitude perturbation of the form
ikx
^
1 c.c.,
c(x, z) 5 c(z)e

so that (24) becomes



^ 1 x 2 dk2 c
^ 7 1c
^ 5 g F^ .
c
zz
2
H z
iku2
u

(26)

This is a generalization of the Taylor–Goldstein equation
(Taylor 1931; Goldstein 1931) that describes the amplitude of linear steady gravity waves in situations where the
Boussinesq approximation is made, with the background
density being approximated by a constant reference
value. In the current anelastic formulation, the background stratification gives rise to the first derivative term
in (26), and in addition, the equation is nonhomogeneous
because of the presence of the thermal forcing.
^ 0 (z) for
The solution of (26) is denoted by c
2h # z , 2h1 in the lower layer below the level of
^ 1 (z) for 2h1 # z # 0 in the
strongest thermal forcing, by c
lower layer above the level of strongest thermal forcing,
^ 2 (z) for 0 , z , ‘ in the upper layer.
and by c
At the bottom of the domain, a zero boundary
condition,
^ 5 0 at z 5 2h,
c
0

(27)

is imposed, and at the upper boundary, it is assumed that
there is no incoming wave energy from above the domain, which means that only waves with upward group
velocity are considered.
The continuity of the vertical velocity and the background density everywhere within the lower layer implies that
^ 5c
^ ,
c
0
1

^
^
dc
dc
0
5 1
dz
dz

at z 5 2h1 .

(28)

(25)
The continuity of the vertical velocity and the background density across the interface implies that
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^ 5c
^
c
1
2

at z 5 0:

^ 1 (z) 5 A1 ef21/(2H )1
w

(29)

(30)

With u constant and r continuous at the interface, the
continuity of the pressure gives the interface condition
^ 1 dw
^
dw
5 2
dz
dz

at z 5 0,

(31)

or, in terms of the streamfunction,
^
^
dc
dc
1
5 2
dz
dz

at z 5 0:

(32)

1

Equation (26) with the thermal forcing in (22) is a
second-order nonhomogeneous ordinary differential
equation with constant coefficients. The corresponding
homogeneous equation has solutions of the form er1 z and
er2 z . In the lower layer, 2h # z # 0, where x , 0, r1,2 are
given by
1
6
r1,2 5
2H

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2
1
1 l2 ,
2H

where
l2 5

kg
1 dk2 .
Hu2

We examine two configurations: the first with h1 . 0 so
that the level 2h1 of strongest thermal forcing is below
the interface (see Fig. 1) and the second with h1 5 0 so
that the level of strongest thermal forcing coincides with
^
the interface (see Fig. 5). In each case, we solve for c(z)
2z/H
^
e
to
obtain
w(z),
and then multiply it by ik/r 5 ikr21
0
the amplitude of the vertical velocity perturbation.
For the case where h1 . 0, we obtain
^ 0 5 A0 ef21/(2H )1
w

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2

g

[1/(2H )] 1l2 z

1 B0 ef21/(2H )2

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2

bh (b21/H )z
g 1 Ee 1 e
(33)
2
2

[1/(2H )] 1l2 z

b 2 b/H 2 l

for 2h # z , 2h1 (i.e., in the lower layer below the level
of strongest thermal forcing) and

Ee2bh1 e2(b11/H )z
b2 1 b/H 2 l2

(34)

for 2h1 # z # 0 (i.e., in the lower layer above the level of
strongest thermal forcing). The constant E 5 gF0 /(r0 u2 )
and A0 , B0 , A1 , and B1 can be determined from the
specified boundary and interface conditions.
In the stable upper layer, 0 , z , ‘, x 5 N 2 5
^
kg/H . 0. We solve for c(z)
and then multiply it by
21 z/H
^
to obtain w(z).
We first note that if
ik/r 5 ikr0 e
N 2 /u2 2 dk2 5 2n2 , 0, then the general solution in the
upper layer is
^ 2 5 A3 ef1/(2H )1
w
1

3. Steady-amplitude expressions for the gravity
waves and convection

g

[1/(2H )] 1l2 z

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2
2
1 B1 ef21/(2H )2 [1/(2H )] 1l gz

Linearizing the horizontal momentum equation [(7)]
tells us that the amplitude p^ of the pressure of a steady
perturbation satisfies


^
r du
dw
^2u
w
.
p^ 5 2
ik dz
dz

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2

g 1 B ef1/(2H)2
3

[1/(2H )] 1n2 z

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2

g

[1/(2H )] 1n2 z

Ee2bh1 e2(b21/H )z
,
b2 2 b/H 2 n2

(35)

where A3 and B3 are constants that can be determined
from the specified boundary and interface conditions.
To obtain a bounded solution as z / ‘, we must have
A3 5 0. This situation thus gives nonoscillatory exponentially decaying trapped disturbances and is analogous
to that considered by Sang (1991). If 0 , N 2 /u2 2
dk2 , 1/4H 2 , then all the terms in the solution are nonoscillatory and grow exponentially with altitude.
The case of interest is that in which N 2 /u2 2 dk2 5
2
m . 1/4H 2 , which gives oscillatory gravity wave
solutions. In that case, the solution includes
terms proportional to eimz and e2imz , where m 5
(N 2 /u2 2 dk2 2 1/4H 2 )1/2 . The standard group velocity argument of Booker and Bretherton (1967, summarized in
their Table 1) tells us that if u . 0 and k . 0 and the square
root in the definition of m is taken to be positive, then the
term proportional to eimz corresponds to a wave with positive group velocity, while the term proportional to e2imz
corresponds to a wave with negative group velocity. Thus, if
u . 0 and k . 0, the solution of the nonhomogeneous
equation that corresponds to an upward-propagating wave is
^ 2 5 A2 e[1/(2H )]z eimz 1
w

Ee2bh1 e2(b21/H )z
b2 2 b/H 1 m2

(36)

for 0 , z , ‘. The constant A2 can be determined from
the specified boundary and interface conditions. The
vertical velocity w(x, z) is given by (25). In the complex
conjugate, the horizontal wavenumber is 2k , 0, and we
take the solution e2imz in order to have an upwardpropagating wave. If u , 0, then the signs of the vertical
wavenumbers are the opposite of those given here. In
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this configuration, the thermal forcing drives convection
in the lower layer, which in turn generates gravity waves
in the upper layer via the interface conditions.
If h1 5 0, then the thermal forcing is centered at the
interface z 5 0 (as shown in Fig. 5), and there is only one
expression for the solution in the lower layer:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2
2
^ 0 5 A0 ef21/(2H )1 [1/(2H )] 1l gz
w
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2
Ee(b21/H )z
2
1 B0 ef21/(2H )2 [1/(2H )] 1l gz 1 2
(37)
b 2 b/H 2 l2
for 2h , z , 0. The constants A0 and B0 can be determined from the specified boundary and interface
conditions. In the upper layer, the gravity wave solution
takes the form (36) with h1 5 0. (A schematic diagram of
this configuration is shown in Fig. 5.) In this case, the
thermal forcing influences both the upper and lower
layers directly. In the upper layer, it generates gravity
waves, and in the lower layer, it generates convection,
which influences the gravity waves via the interface
conditions.
The expressions (33)–(37) give the amplitude of a
steady solution of the form (23) that oscillates in space
only, in response to a thermal forcing of the form (21),
but we can readily obtain solutions that oscillate in time
as well by instead considering a thermal forcing of the
form
ik(x2ct)
i(kx2vt)
^
^
1 c.c. 5 F(z)e
1 c.c .
F(x, z, t) 5 F(z)e

This gives a solution of the form
ik(x2ct)
^
1 c.c.
w(x, z, t) 5 w(z)e
i(kx2vt)
^
1 c.c.,
5 w(z)e

(38)

where c is the wave phase speed, v is the wave fre^ is given by (33)–(37) but
quency, and the amplitude w
with u replaced by u 2 c or u 2 v/k.
These solutions can also be readily extended to a
configuration where there is a spectrum of horizontal
wavenumbers k or phase speeds c (or frequencies v),
given by a thermal disturbance F in the form of an absolutely integrable function of x for which we can
obtain a Fourier transform, for example, the function
considered in section 4,
F(x, z) 5 F0 e2bjz1h1 j

a2
eik0 x 1 c.c.,
a2 1 x2

(39)

where a, b, and k0 are positive constants. The Fourier
transform of F in this case is
^ z) 5 a F e2bjz1h1 j e2ajk2k0 j .
F(k,
2 0

(40)
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With a forcing function of this form, we seek a solution w
in terms of a Fourier integral:
ð‘
^ z)eikx dk.
(41)
w(x, z) 5
w(k,
2‘

^
For each k, the complex Fourier coefficient w(k,
z)
takes the same form as the solutions obtained above but
multiplied by (a/2)e2ajk2k0 j . For each mode k in the
spectrum of horizontal wavenumbers, the solution in the
upper layer is of the form (36), representing an oscillatory gravity wave, if
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
N2
1
2
(42)
jkj , k1 5 pﬃﬃﬃ
d u2 4H 2
and of the form (35), representing a trapped disturbance, if jkj . k1 . Since the trapped disturbances decay
exponentially with altitude, only the oscillatory modes
are present at high altitudes.
In a similar manner, solutions of the form (38) can be
extended to a configuration where there is a spectrum of
phase speeds c (or frequencies v), and in that form, they
can be used to represent convective gravity wave drag
in a parameterization scheme that could be used in a
general circulation model.

4. Graphical representation of the steadyamplitude solutions
When the boundary and interface conditions in (27)–
(29) and (32) are applied and the values of the constants
in the general solution of (26) are determined, the solution takes the form of convective cells in the lower
layer coupled with upward-propagating gravity waves in
the upper layer. In this section, the solutions are represented graphically for a situation where H is large, and
consequently, the terms in the exponents in the solutions
arising from the first derivative term in (26) are considered small and neglected, thus simplifying the application of the boundary and interface conditions.
For the case with the thermal forcing centered at
z 5 2h1 in the lower layer, we obtain
^ 0 5 a sinhl(z 1 h) 1 P
w

coshlz
Eebh1 (b21/H )z
1 2
e
coshlh b 2 l2

(43)

for 2h # z , 2h1 ,


R coshlh1
^ 1 (z) 5 a coshlh 2
sinhlz
w
l
2 im(la coshlh 2 R coshlh1
1 imS 2T) coshlz 1

Ee2bh1 2(b11/H )z
e
b2 2 l2

(44)
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for 2h1 # z # 0, and
^ 2 (z) 5 2[im(la coshlh 2 R coshlh1 1 imS 2 T)
w
2 S]eimz 1

Ee2bh1 2(b21/H )z
e
b2 1 m2

(45)

for 0 , z , ‘, with the constants E, P, R, S, T, and
a given in the appendix. For the case with the thermal
forcing centered at the interface z 5 0, we obtain
^ 0 5 a0 sinhl(z 1 h) 1 P0
w
1

coshlz
coshlh

E
e(b21/H )z
b2 2 l2

(46)

for 2h # z , 0 and
^ 2 (z) 5 (a0 sinhlh 1 P0 sechlh 2 S0 )eimz
w
1

b2

E
e2(b21/H )z
1 m2

(47)

for 0 , z , ‘, with the constants E, P0 , S0 , and a0
givenpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
in the appendix.
With this simplification,
ﬃ
m 5 N 2 /u2 2 dk2 in (44), (45), and (47) and in the expressions for the constants.
We note that in evaluating the constants in (43)–(45),
w0 and w1 are matched according to the conditions at
z 5 2h1 within the lower layer, and w1 and w2 are
matched according to the conditions at the interface
z 5 0; however, in evaluating the constants in (46) and
(47), w0 and w2 are matched according to the conditions
at z 5 0, and the constants in each case are thus different.
This means that setting h1 5 0 in the solutions (43)–(45)
does not give the exact expressions in (46) and (47).
The graphs of these solutions are shown here in a
rectangular domain 0 # x # 2p and 210 # z # 20 with
the interface at z 5 0 and the level of strongest thermal
forcing at z 5 2h1 with h1 set to either 5 or 0. The following nondimensional parameter values are set: the
horizontal wavenumber k 5 1, the background velocity
u 5 1, the scale height H 5 10, the gravitational acceleration g 5 3:43, the constant k 5 2/7 ’ 0:286, and the
square of the buoyancy frequency N 2 5 kg/H 5 0:098. To
illustrate the main important features of the solutions, we
keep N, u, and k fixed and plot the solutions for two different values of the aspect ratio. Setting d 5 0:01 gives
N 2 /u2 2 dk2 . 0, which is a case with oscillatory gravity
waves in the upper layer. For contrast, setting d 5 0:1 gives
N 2 /u2 2 dk2 , 0, which is a case with trapped disturbances
in the upper layer (Sang 1991).
Two configurations are shown: the first where the
thermal forcing is centered at z 5 2h1 5 25 within the
lower layer (Fig. 1) and the amplitude is given by

2207

(43)–(45) and the second where the thermal forcing is
centered at the interface z 5 0 (Fig. 5) and the amplitude
is given by (46) and (47). In each case, two different
thermal forcing profiles are considered: one where
b 5 0:7 in (22), corresponding to shallow heating, and
the other with b 5 0:07, corresponding to deep heating.
The nondimensional parameters are related to the corresponding dimensional values by (5). The scale height H +
in the troposphere is approximately 7 km (Gill 1982), so
for the graphs shown here, the vertical length scale is
Lz 5 H + /Hp5ﬃﬃﬃ0:7 km and the horizontal length scale
is Lx 5 Lz / d 5 7 km. The acceleration due to gravity
g+ is approximately 9:8 m s22 , so our choices of nondimensional parameter g 5 Lz g+ /U 2 5 3:43 and mean flow
of
speedpuﬃﬃﬃ5 1 correspond to a reference horizontal velocity
pﬃﬃﬃ
U 5 2 m s21 and a dimensional value of u+ 5 2 m s21 .
Figures 2a and 2b show the vertical velocity perturbation w(x, z) as a function of altitude z at fixed x 5 0
and as a contour plot for the case where the thermal
forcing takes the form shown in Fig. 2c, namely, shallow
heating (b 5 0:7) centered at the altitude z 5 25 within
the lower layer. In this case, convection, with amplitude
given by (43) and (44), is generated in the lower layer,
and it in turn generates a disturbance in the upper layer
via the interface conditions; this is an illustration of an
obstacle effect occurring as a result of the thermal
forcing. In this figure, d 5 0:01, so N 2 /u2 2 dk2 . 0 and
the disturbance takes the form of upward-propagating
gravity waves with amplitude given by (45). We note
that the second term in (45) includes an exponential
factor of e2(b21/H )z 5 e20:6z , which decreases with height
and is thus negligible in the upper layer. Thus, for large
z, the vertical
velocity is ﬃproportional to cos(kx 1 mz),
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where m 5 N 2 /u2 2 dk2 . Figure 3 shows the same
configuration as Fig. 2 but with d 5 0:1. In this case,
N 2 /u2 2 dk2 , 0, so exponentially decaying trapped disturbances are generated in the upper layer, according to
the expression (35).
Figures 4a and 4b show the vertical velocity perturbation w(x, z) as a function of altitude z at fixed x 5 0
and as a contour plot for the case where the thermal
forcing takes the form shown in Fig. 4c, namely, deep
heating (b 5 0:07) centered at the altitude z 5 25. In this
case, the thermal forcing spans a range of altitudes in
both the lower and upper layers and thus directly generates gravity waves as well as convection. As before, an
obstacle effect occurs as a result of the thermal forcing.
Since b 2 1/H , 0, the second term in (45) is not small in
this case, and the real function w in the upper layer is the
sum of a term proportional to cos(kx 1 mz) representing
the gravity wave and a term proportional to cos(kx),
which arises from the thermal forcing and varies exponentially with altitude.
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FIG. 2. (a) Vertical profile and (b) contour plot of the vertical velocity perturbation w(x, z) in the two-layer model (Fig. 1) with shallow
heating given by (c) a horizontally monochromatic thermal forcing function centered at z 5 25 with vertical decay rate b 5 0:7, d 5 0:01,
and N 2 /u2 2 dk2 . 0. Upward-propagating gravity waves are generated above the interface z 5 0.

The nondimensional vertical wavenumber
in theﬃ configpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
urations shown in Figs. 2 and 4 is m 5 N 2 /u2 2 dk2 ’ 0:29,
and the nondimensional vertical wavelength is
l 5 2p/m ’ 21:2. This corresponds to a dimensional
vertical wavelength of l+ 5 Lz l ’ 14:7 km. With the

choice of b 5 0:7 in Fig. 2, the nondimensional heating
depth D ’ 10, so the dimensional heating depth
D+ 5 Lz D ’ 7 km. Simulations and observational measurements (e.g., Salby and Garcia 1987; Pandya and
Alexander 1999; McLandress et al. 2000) indicate that

FIG. 3. As in Fig. 2, but with d 5 0:1, N 2 /u2 2 dk2 , 0. An exponentially decaying trapped disturbance is generated above the interface
z 5 0.
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FIG. 4. (a) Vertical profile and (b) contour plot of the vertical velocity perturbation w(x, z) in the two-layer model (Fig. 1) with deep
heating given by (c) a horizontally monochromatic thermal forcing function centered at z 5 25 with vertical decay rate b 5 0:07, d 5 0:01,
and N 2 /u2 2 dk2 . 0. Upward-propagating gravity waves are generated above the interface z 5 0.

the vertical wavelength of convectively generated
gravity waves is generally about twice the depth of the
heating. Thus, the choice of input nondimensional parameters used to illustrate our solution is realistic compared with the real atmosphere. It is important to note,
however, that the gravity wave vertical wavelength does
not depend on the depth of the heating. Clearly, m depends on N 2 5 kg/H and on u, d, and k but not on b.
Changing the depth of the heating (by changing b) does
not affect the vertical wavelength 2p/m. This is consistent with the suggestion that the gravity wave vertical
wavelength does not depend on the vertical structure of
the diabatic forcing noted by Holton et al. (2002) and
Lane and Moncrieff (2008).
Changing the depth of the heating does, however,
change the overall structure of the upper-layer perturbation. If the heating is shallow (large b), then
over the range of low altitudes corresponding to the
heating depth, the solution is a linear combination of
cos(kx 1 mz) and cos(kx), and at higher altitudes, it
takes the form cos(kx 1 mz). If the heating is deep, then
the solution is a linear combination of cos(kx 1 mz) and
cos(kx) over a wider range of altitudes corresponding to
the heating depth. In particular, if b 5 1/H, then the
solution is a linear combination of cos(kx 1 mz) and
cos(kx) at all levels.
Figure 5 is similar to Fig 1, except with the thermal
forcing centered at the interface z 5 0. Figures 6 and 7
show the vertical velocity perturbation w(x, z) as a

function of altitude z at fixed x 5 0 and as a contour plot
for the case where the thermal forcing is centered at the
interface z 5 0 with shallow heating (b 5 0:7) and with
deep heating (b 5 0:07) and with the same input parameter values as in the previous figures. The solution
takes the form (47) in the upper layer, representing
gravity waves and thermal effects, and it takes the form
(46) in the lower layer, representing convection, but
weaker than what was shown in Figs. 2 and 4 when the
thermal forcing was centered below the interface within
the lower layer. As before, changing the depth of the
thermal forcing by changing b changes the structure of the
upper-layer perturbation. For shallow heating, the solution takes the form cos(kx 1 mz), and for deep heating, it
is a linear combination of cos(kx 1 mz) and cos(kx).
Figures 8–12 show solutions obtained for gravity wave
packets and convection generated by a thermal ‘‘island,’’ localized in the horizontal as well as vertical direction. The forcing term takes the form (39) with h1 5 5
or h1 5 0 and with b 5 0:7 (shallow heating) or b 5 0:07
(deep heating). With F given by (39) and its Fourier
transform F^ given by (40), the vertical velocity perturbation takes the form (41). For each k, the com^
plex Fourier coefficient w(k,
z) takes the same form as
(43)–(45), (46), and (47) but multiplied by a factor of
(a/2)e2ajk2k0 j in each case. In the upper layer, the Fourier
coefficient is either of the form (45) or (47) representing
an oscillatory gravity wave mode if N 2 /u2 2 dk2 . 0 and
of the form (35) representing a trapped disturbance
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FIG. 5. As in Fig. 1, but for the thermal disturbance centered at the interface z 5 0.

pﬃﬃﬃ
mode if N 2 /u2 2 dk2 , 0. Thus, k1 5 N/ du is the high
wavenumber cutoff point for oscillatory gravity waves.
At high altitudes, only the oscillatory modes are nonnegligible. The constant a in (39) determines the horizontal extent of the wave packet envelope; in the figures
shown, it is set to a 5 0:7. The central wavenumber k0 of
wave packet spectrum determines the horizontal wavelength and number of oscillations within the wave
packet. With k0 5 0, there is a single convective cell in
the lower layer and a gravity wave in the upper layer that
resembles a topographic wave generated by an isolated

mountain. If k0 is nonzero, then there can be multiple
convective cells in the lower layer and a gravity wave
packet in the upper layer with one or more horizontal
wavelengths within the horizontal extent of packet.
These horizontally localized solutions are shown in the
rectangular domain 22p # x # 2p and
pﬃﬃﬃ 210 # z # 20,
with the background velocity set to u 5 2, the square of
the aspect ratio set to d 5 0:001, and the central wavenumber of the forcing function [(39)] set to k0 5 1. The
other input parameters are the same as those used in
Figs. 2–7.

FIG. 6. (a) Vertical profile and (b) contour plot of the vertical velocity perturbation w(x, z) in the two-layer model (Fig. 5) with shallow
heating given by (c) a horizontally monochromatic thermal forcing function centered at z 5 0 with vertical decay rate b 5 0:7, d 5 0:01, and
N 2 /u2 2 dk2 . 0. Upward-propagating gravity waves are generated above the interface z 5 0.
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FIG. 7. (a) Vertical profile and (b) contour plot of the vertical velocity perturbation w(x, z) in the two-layer model (Fig. 5) with deep
heating given by (c) a horizontally monochromatic thermal forcing function centered at z 5 0 with vertical decay rate b 5 0:07, d 5 0:01,
and N 2 /u2 2 dk2 . 0. Upward-propagating gravity waves are generated above the interface z 5 0.

In Fig. 8, the thermal forcing is centered at z 5 2h1 5 25
and b 5 0:7, so the heating is shallow. With k0 5 1, the
horizontal wavelength is 2p; thus, one-half of a wavelength is approximately the same as the width of the

packet, so there is only one convective cell. A horizontally localized gravity wave packet is generated above
the convective cell by an obstacle effect resulting from
the thermal forcing. Figure 9 shows the amplitude of the

FIG. 8. (a) Vertical profile and (b) contour plot of the vertical velocity perturbation w(x, z) in the two-layer model (Fig. 1) with deep
heating given by (c) a horizontally localized thermal forcing function centered at z 5 25 with vertical decay rate b 5 0:7. A horizontally
localized gravity wave packet is generated above the interface z 5 0.
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^
FIG. 9. (a) The amplitude of the vertical velocity perturbation w(z,
k) as a function of horizontal wavenumber k at z 5 10 for the case
with a horizontally localized thermal forcing. The cutoff wavenumber k 5 6k1 is indicated by the vertical bars. (b) The high-wavenumber
modes (jkj . k1 ) shown on a different scale.

Fourier transform of the vertical velocity perturbation
^
w(k,
z) as a function of the horizontal wavenumber k at
z 5 10 in the upper layer.
pﬃﬃﬃ The cutoff wavenumber for
oscillatory waves k1 5 N/ du ’ 22. The dominant contribution to the solution comes from the wavenumbers
jkj , k1 . The modes corresponding to jkj . k1 decay
exponentially with altitude; at z 5 10, the amplitude
of these modes is of order 1027. In Fig. 10, the thermal
forcing is centered at z 5 2h1 5 25 and b 5 0:07, so
there is deep heating, which generates a gravity wave
packet over a single convective cell.
In Figs. 11 and 12, the thermal forcing is centered at
z 5 0 with b 5 0:7 (shallow heating) in Fig. 11 and
b 5 0:07 (deep heating) in Fig. 12. With the thermal
forcing centered at z 5 0, the convection is weaker and
the gravity wave amplitude is larger than in the corresponding configuration with the thermal forcing centered below the interface. By examining the spectrum of
the solution in each case, we note again that the dominant contributions to the solution are the oscillatory
gravity wave modes with horizontal wavenumbers
jkj , k1 . The solutions obtained here can be extended
in a similar manner to represent the situation where
there is a continuous spectrum of phase speeds representing a wave packet that is localized in time as well as
in space.

5. Conclusions
A simple two-layer model for gravity waves and
convection was presented here, and steady-amplitude
solutions were derived and illustrated in graphical
form for several different configurations. The model
includes a thermal forcing representing shallow or deep
heating with the forcing centered either at some level
within the lower layer or at the interface between the
two layers. The thermal forcing function can be either
horizontally periodic or horizontally localized. In the
case where the thermal forcing is centered within the
lower layer, strong convection is generated in the lower
layer and generates gravity waves in the upper layer. In
the case where the thermal forcing is centered at the
interface, the convection is weaker, the thermal forcing
influences both layers directly, and gravity waves are
generated in the upper layer by the thermal forcing and
by the convection from below.
The depth of the thermal forcing is defined by the
parameter b in (22), and it determines the structure
of the gravity waves in the upper layer. When the thermal forcing is shallow (relatively large b), the gravity
waves take the approximate form cos(kx 1 mz). When
the thermal forcing is deep (relatively small b), there
is a linear superposition of the gravity wave form
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FIG. 10. (a) Vertical profile and (b) contour plot of the vertical velocity perturbation w(x, z) in the two-layer model (Fig. 1) with deep
heating given by (c) a horizontally localized thermal forcing function with vertical profile centered at z 5 25 with vertical decay rate
b 5 0:07. A horizontally localized gravity wave packet is generated above the interface z 5 0.

cos(kx 1 mz) and a function proportional to cos(kx),
which arises from the thermal forcing.
Previous studies such as Sang (1991), Chun and Baik
(1998), Holton et al. (2002), Beres (2004), and Beres

et al. (2004) examined configurations similar to ours but
made the Boussinesq approximation where the density
is set to a constant r0 everywhere except in the buoyancy
term and the buoyancy frequency N is set to a constant.

FIG. 11. (a) Vertical profile and (b) contour plot of the vertical velocity perturbation w(x, z) in the two-layer model (Fig. 5) with deep
heating given by (c) a horizontally localized thermal forcing function centered at z 5 0 with vertical decay rate b 5 0:7. A horizontally
localized gravity wave packet is generated above the interface z 5 0.
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FIG. 12. (a) Vertical profile and (b) contour plot of the vertical velocity perturbation w(x, z) in the two-layer model (Fig. 5) with deep
heating given by (c) a horizontally localized thermal forcing function centered at z 5 0 with vertical decay rate b 5 0:07. A horizontally
localized gravity wave packet is generated above the interface z 5 0.

In these studies, N 2 5 2(g/r0 )(dr/dz) in the whole domain, so there was stable stratification everywhere and
no convection. In contrast, we made the anelastic approximation with the background density profile in the
form of an exponential function of z and with stable
stratification in the upper layer and unstable stratification in the lower layer, thus allowing the existence of
convective cells in the lower layer.
We also considered the situation where gravity wave
packets and convection are generated by a thermal
forcing that is localized in the horizontal as well as
vertical direction, for example, where the thermal
forcing is a Gaussian function of the horizontal variable. In that case, the solution includes a continuous
spectrum of horizontal wavenumbers k, and the dominant contribution to the wave packet consists of
oscillatory modes corresponding to horizontal wavenumbers jkj , k1 , given by (42). The modes corresponding to horizontal wavenumbers jkj . k1 take the
form of trapped disturbances that decay exponentially
with altitude.
These gravity wave analytical solutions could be used
as the basis for a gravity wave drag parameterization
scheme for use in general circulation models. In parameterization schemes (e.g., Beres 2005; Beres et al.
2005), the gravity waves are generally assumed to take
the form of a spectrum of vertical wavenumbers or
phase speeds representing a wave packet localized in
time. A representation of this form is readily made by

assuming that the disturbance is a periodic function
of t as well as x, that is, using a normal mode form
ik(x2ct)
^
1 c.c. This would give the same
w(x, z, t) 5 w(z)e
steady-amplitude expressions we obtained but with u
replaced by u 2 c. We could then specify a spectrum of
phase speeds c and sum over c to obtain a wave packet
solution. A more realistic representation can be obtained by considering the gravity waves to be a perturbation with time-dependent amplitude. Sayed (2014)
considered a single layer with stable stratification and
gravity waves only and derived an analytical solution for
the time-dependent gravity wave amplitude in the special case of the long-wave limit. From this, expressions
for the momentum flux divergence and gravity wave
drag can be obtained. Linear and nonlinear timedependent gravity wave solutions, for general aspect
ratio, can be obtained numerically.
In the lower layer, however, the situation of steadyamplitude linear convective solutions and unstable
stratification is physically unrealistic, and thus, it is
necessary to retain the time-dependent and nonlinear
terms. Sayed (2014) showed that in a layer with unstable
stratification, the amplitude of the linear convective
solution grows exponentially with time in the absence of
viscosity and heat conduction. A nonlinear model is
needed to allow the growing perturbation to modify and
stabilize the background flow. This can be investigated
numerically using the steady-amplitude solutions derived here as the initial state.
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APPENDIX
The Expressions for the Constants in (43)–(47)
The constant E in (43)–(47) is defined as E 5 gF0 /(r0 u2 ).
The other constants in (43)–(45) are
1
2bE
P 5 2Eebh1 e2bh 2
, R52 2
,
b 2 l2
b 2 l2


1
1
,
S 5 Ee2bh1 2
2
b 1 m2 b2 2 l2


b
b
T 5 Ee2bh1 2
,
2
b 2 l2 b2 1 m2

1
a5
imP sechlh
l coshlh 2 im sinhlh



im
2
sinhlh1 2 coshlh1 R 2 imS 1 T .
l
The other constants in (46) and (47) are
P0 5 2Ee2bh

T0 5 2E
a0 5

1
,
b2 2 l2


S0 5 E


b
b
,
1
b2 1 m2 b2 2 l2


1
1
,
2
b2 1 m2 b2 2 l2

im(P0 sechlh 2 S0 ) 1 T0
.
l coshlh 2 im sinhlh
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