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ABSTRACT
The entrainment and mixing of free-tropospheric air is an essential component of the observed microphysical structure of stratocumulus clouds. Since the relevant scales involved in this process are usually
smaller than the grid spacing of typical large-eddy simulations (LESs), their correct representation is
difficult. To adequately accommodate these small-scale processes, we apply a recently developed approach
that explicitly simulates LES subgrid-scale (SGS) turbulence fluctuation of supersaturation using the onedimensional linear eddy model. As a result of reduced numerical diffusion and the ability to explicitly
represent the SGS distribution of liquid water and supersaturation, entrainment rates tend to be lower in
the new approach compared to simulations without it. Furthermore, cloud holes comprising free-tropospheric
air with negligible liquid water are shown to persist longer in the stratocumulus deck. Their mixing with the
cloud is shown to be more sensitive to the microphysical composition of the cloud as a result of the explicitly
resolved inhomogeneous mixing, which is also confirmed analytically. Moreover, inhomogeneous mixing is
shown to decrease the droplet concentration and to increase droplet growth significantly, in contrast to
previous studies. All in all, the simulations presented can be seen as a first step to bridge the gap between ultrahigh-resolution direct numerical simulation and LES, allowing an appropriate representation of small-scale
mixing processes, together with the large-scale dynamics of a stratocumulus system.

1. Introduction
Stratocumulus are the most abundant cloud type,
covering about one-fifth of Earth’s surface. They have a
strong negative (i.e., cooling) impact on Earth’s radiation
budget by increasing the reflection of incident shortwave
radiation while having almost no effect on the emission of
longwave radiation. Despite their ubiquity and importance for the climate system, our ability to represent them
in numerical models is limited. The processes of entrainment and mixing are especially challenging even in highresolution large-eddy simulations (LESs).
Entrainment and mixing introduce free-tropospheric
air into the cloud and hence the stratocumulus-topped
boundary layer, where they increase temperature, decrease
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humidity, and change the microphysical composition of
the cloud. Accordingly, understanding entrainment and
mixing is necessary to understand whether a stratocumulus deck is maintained or dissipates (Lilly 1968), to
assess its influence on the radiation budget (Jeffery 2007),
or to estimate its ability to precipitate (Baker et al. 1980).
In fact, Magaritz-Ronen et al. (2014) have shown that
in the absence of entrainment and mixing, simulations
do not reproduce the microphysical and thermodynamical characteristics of observed stratocumulus.
Entrainment in stratocumulus starts in the so-called
entrainment interface layer, a transition region between
the cloud and free troposphere, in which free-tropospheric
air is cooled and moistened by a combination evaporation
of detrained cloudy air and the emission of longwave radiation (e.g., Wood 2012; Yamaguchi and Randall 2012;
Mellado 2017). From the entrainment interface layer,
sufficiently cooled volumes of negligible or depleted liquid
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water, so-called cloud holes, descend slowly into the
cloud layer (Nicholls 1989; Gerber et al. 2005). Here,
they continue to sink deeper, either because of further
evaporative cooling as a result of the ongoing mixing
with the cloud, as hypothesized by Gerber et al. (2005)
and Haman (2009), or by following the subsiding
branches of stratocumulus large-eddy circulation
(Yamaguchi and Randall 2012), until they homogenize
with the cloud. Besides the aforementioned effects of
dynamics, thermodynamics, and radiation, the microphysical composition of a cloud, that is, the number and
size of cloud droplets, not only modifies entrainment
and mixing but is itself changed by the entrainment and
mixing processes.
Cloud microphysics modify entrainment and mixing
in two ways: (i) the sedimentation–entrainment feedback (Ackerman et al. 2004; Bretherton et al. 2007), in
which larger droplets remove liquid water from the
cloud interface more effectively, decreasing the potential for evaporative cooling and hence slowing down
turbulent mixing, and (ii) the evaporation–entrainment
feedback (Wang et al. 2003), in which a larger total
droplet surface area accelerates evaporation and hence
increases turbulent mixing. Together, both feedbacks
result in a higher entrainment rate in clouds with larger
droplet concentrations (assuming a constant liquid
water content). Both feedbacks can be considered as
manifestations of the cloud-top entrainment instability
without the traditionally required, but usually not observed, complete dissipation of the cloud (Lilly 1968;
Yamaguchi and Randall 2008).
Cloud microphysics are changed by turbulent mixing
as a result of the interplay of turbulence and commensurate microphysical reaction by evaporation (Baker
and Latham 1979; Baker et al. 1980; Feingold and
Siebert 2009). The character of mixing is quantified in
terms of the Damköhler number,
Da 5

t mix
,
t react

(1)

where t mix 5 (l2 /«)1/3 measures the time required for an
eddy of length l to break down to the Kolmogorov
length scale at a turbulence kinetic energy dissipation
rate of «, and t react is a time scale associated with the
evaporation process, usually the phase relaxation time
scale that measures the time needed to saturate a subsaturated volume of air by evaporation (Squires 1952):
t phase ’ (4pDy Nrm )21 ,

(2)

where Dy is the molecular diffusion coefficient for water
vapor in air, N the droplet number concentration, and rm
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the arithmetic-mean droplet radius. Based on Da,
mixing can be bounded by homogeneous mixing, where
faster turbulence produces a uniform subsaturation
causing partial evaporation of all droplets (Da  1), and
(extreme) inhomogeneous mixing, where turbulence is
so ineffective at mixing that bodies of cloudy and cloudfree air remain effectively disjunct, and only those
droplets that are moved outside the cloud evaporate
completely (Da  1). Therefore, homogeneous mixing
maintains the droplet concentration but decreases the
mean drop size, while (extreme) inhomogeneous mixing
maintains the mean drop size but decreases the droplet
concentration. Together, homogeneous and extreme
inhomogeneous mixing frame the potential impacts of
mixing on cloud microphysics. The actual changes due to
homogeneous and inhomogeneous mixing, however,
also depended on the initial subsaturation of the cloudfree air (Pinsky et al. 2016).
In principle, all these processes can be resolved in
LES. However, LES is well known to overestimate entrainment in stratocumulus (Stevens et al. 2005). The
reason is twofold: First, essential underlying dynamical
and microphysical processes are associated with length
scales far smaller than the typical resolution of today’s
LES (on the order of tens of meters), and the parameterization of the LES subgrid-scale (SGS) turbulence in
analogy to molecular diffusion is inadequate at those
resolutions (Mellado et al. 2018). These restrictions also
force the SGS mixing to be homogeneous, although it is
known to be inhomogeneous on scales larger than just a
couple of centimeters to decimeters depending on turbulence and microphysical composition (Lehmann et al.
2009). Second, numerical diffusion tends to weaken the
typically strong gradients between air originating from
the cloud and the free troposphere spuriously, accelerating the exchange between those bodies (e.g., Stevens
and Bretherton 1999), or smearing out small-scale dynamical features of the entrainment process like cloud
holes. Of course, these pitfalls can be avoided by direct
numerical simulation (DNS), in which dynamics are
resolved down to the smallest relevant length scale, the
Kolmogorov length scale. Because of the enormous
computational costs, however, these simulations are
restricted to very limited computational domains.
Nonetheless, to investigate large domains, LES can be
tuned by the ratio of horizontal to vertical grid spacing
to obtain a realistic entrainment rate (Pedersen et al.
2016), and SGS mixing can be adapted to parameterize
the desired scenario of homogeneous to inhomogeneous
mixing by altering the microphysical variables commensurately (Hill et al. 2009; Jarecka et al. 2009).
Another approach to overcome these issues is to use
a more suitable LES SGS model, as recently developed
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by the authors (Hoffmann et al. 2019). The new modeling approach combines LES with the so-called linear
eddy model (LEM) of Kerstein (1988) and a Lagrangian
cloud model (LCM) [LES–LEM–LCM (L3)]. The LEM
represents LES SGS turbulence and mixing explicitly
by representing turbulent compression and folding, as
well as molecular diffusion (in principle) down to the
Kolmogorov length scale in a computationally efficient
one-dimensional domain (e.g., Krueger 1993; Krueger
et al. 1997; Su et al. 1998). The LCM is used to track the
motion of air parcels between the LEMs of different grid
boxes, in addition to its more typical application to
represent cloud microphysics (e.g., Andrejczuk et al.
2008; Shima et al. 2009; Riechelmann et al. 2012;
Hoffmann et al. 2015; Arabas et al. 2015; Grabowski
et al. 2018). Moreover, while LCMs avoid the numerical
diffusion of liquid water (e.g., Sato et al. 2018), L3 also
prevents the numerical diffusion of supersaturation.
In so doing, Hoffmann et al. (2019) showed that this
approach is able to represent the microphysical
composition of clouds under inhomogeneous mixing
realistically, a process that is also frequently observed
in stratocumulus (e.g., Pawlowska et al. 2000; Gerber
et al. 2005).
In this study, effects of the new L3 modeling approach
on the representation of entrainment and mixing in
stratocumulus will be investigated. The analysis will
cover (i) effects on cloud microphysics and how these
change because of the improved representation of inhomogeneous mixing; (ii) the representation of smallscale dynamical features of the entrainment process,
namely cloud holes, and how they mix with the cloud;
and (iii) how the drop concentration affects the entrainment and mixing processes. The paper is organized as follows. Section 2 will give a brief overview
of the L3 modeling approach and simulation setups.
Section 3 will present the modeling results, focusing
on the general properties of the stratocumulus, changes
in microphysics, and effects on entrainment dynamics.
The paper is concluded in section 4. An appendix will
elaborate on the treatment of sedimentation in L3.

2. Modeling framework and setup
The dynamical core of L3 is the nonhydrostatic, anelastic LES model System for Atmospheric Modeling
(SAM) by Khairoutdinov and Randall (2003), which
predicts the three velocity components, liquid water
static energy, water vapor mixing ratio, and SGS turbulent kinetic energy, which is used in SAM’s 1.5thorder SGS scheme (Deardorff 1980). SAM is two-way
coupled with the LCM, simulating cloud microphysics
and the effects of explicit SGS turbulence. The LCM’s
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main components are adumbrated below, and the reader
is referred to Hoffmann et al. (2019) for a thorough
description of the new L3 modeling approach and to
Hoffmann et al. (2015, 2017) and Hoffmann (2017) for
the general formulation of the LCM.
The LCM uses so-called superdroplets, each representing an ensemble of identical real droplets, to
represent cloud microphysics. Each superdroplet has
certain properties, which depict, inter alia, the number
of droplets represented by each superdroplet (the socalled weighting factor), the radius of these droplets,
the superdroplet’s location in space, its velocity, and a
perturbation of the absolute supersaturation dn0 . The
aforementioned property dn0 characterizes a virtual
volume of air surrounding each superdroplet, used to
consider thermodynamic and microphysical effects of
the explicitly resolved SGS turbulence calculated by
the LEM. The value of dn0 is determined for each
superdroplet individually, following its trajectory through
the LES domain, and is calculated to counteract the homogeneous mixing calculated in the LES SGS model
and other numerical errors of the LES such as numerical
diffusion of the supersaturation. The reader is referred
to appendix A of Hoffmann et al. (2019) for more information on the determination of dn0 .
The LEM is used to redistribute dn0 among all superdroplets in an LES grid box in accordance with the degree of SGS turbulence. This is done by arranging all
values of dn0 into a one-dimensional array based on each
superdroplet’s origin, as detailed in Hoffmann et al.
(2019). From this array, segments are chosen randomly
to undergo the so-called triplet map that steepens gradients in a specific way, mimicking compression and
folding of turbulent mixing (e.g., Kerstein 1988; Krueger
1993; Hoffmann et al. 2019). Finally, molecular diffusion
is applied to the entire LEM. Since the physical length of
the LEM matches the LES vertical grid spacing, the
LEM resolution is given by the ratio of the vertical LES
grid spacing to the number of superdroplets per grid
box. Although this resolution is usually much higher
than that of the LES, the LEM resolution does
not necessarily capture all scales down to the physical
Kolmogorov length scale. Therefore, molecular diffusion is replaced by adequately scaled turbulent diffusion
to represent the effects of turbulent mixing on scales
unresolved in the LEM (Krueger et al. 1997).
The perturbation absolute supersaturation dn0 is used
alongside the LES-resolved absolute supersaturation
d 5 qy 2 qs (T, p), where qy is the LES water vapor
mixing ratio and qs (T, p) the saturation vapor mixing
ratio calculated from the LES absolute temperature T
and hydrostatic pressure p, to calculate the diffusional
growth of a superdroplet by
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dr
(rn 1 r0 ) n 5 G(d 1 dn0 )fy (rn ) ,
dt

(3)

where rn is the radius of the droplets represented by
superdroplet n, r0 ’ 1:86 mm a length scale associated
with gas kinetic effects (Mordy 1959; Kogan 1991),
G 5 [qs (T, p)(Fd 1 Fk )]21 summarizes the effects of vapor diffusion and heat conduction on condensation [for
definitions of Fd and Fk , see Rogers and Yau (1989,
p. 102)], and fy (rn ) is a factor parameterizing ventilation
effects on diffusional growth depending on the droplet
radius (Rogers and Yau 1989, p. 116). Note that the use
of a perturbation supersaturation alongside the LESresolved supersaturation in (3) is similar to the approach
developed by Grabowski and Abade (2017) and Abade
et al. (2018), who determine the perturbation supersaturation in a fundamentally different way based on the
stochastic fluctuations of the vertical velocity. Note
further that the initial particle radius for integrating (3)
is set to 0.01 mm, and particles are not allowed to evaporate below this size. Particles with radii larger than
1.0 mm are considered as cloud droplets since activation
is not considered explicitly in this study. This simplification, however, allows an analytical solution of the stiff
differential equations, (3), and does not require very
short integration time steps at small droplet radii that
would be required if surface tension and solute effects
were to be included. Furthermore, collision and coalescence are neglected here.
The motion of a superdroplet is described by
dXi,n
dt

5 ui 1 ui0,n (e) 2 di3 ws (rn ) ,

underestimation and more details on the consideration
of sedimentation are given in the appendix.
All simulations in this study are based on the LES
intercomparison case derived from the first research
flight (RF01) of the Second Dynamics and Chemistry of
the Marine Stratocumulus field study (DYCOMS II)
(Stevens et al. 2003). The case represents a maritime
nocturnal stratocumulus deck and is described by
Stevens et al. (2005) in more detail. All simulations use a
constant vertical grid spacing of 5 m and a horizontal
grid spacing of 35 m. In total, 288 grid boxes are simulated in the vertical and 96 in each horizontal direction.
In each grid box, 100 superdroplets are initialized. The
superdroplet weighting factors are the same for all
superdroplets in a single simulation, but are adapted for
different simulations to represent droplet number concentrations of 100, 200, and 400 cm23, which will be
represented by blue, green, and red lines, respectively.
L3 simulations will be addressed as LEM simulations,
since the usage of the LEM is the main difference from
the control simulations in which the LEM is turned off
(i.e., d0 n 5 0). Accordingly, the control simulations treat
the SGS supersaturation homogeneously and are
therefore addressed as homogeneous simulations. The
homogeneous simulations will be depicted in pale colors
matching those of the corresponding LEM simulations.
The grid spacing of the LEM is approximately 5 cm,
resolving the entire range of inhomogeneous mixing,
which becomes homogeneous below a length scale of
about (Lehmann et al. 2009)
3 /2
’ 8 cm ,
lt 5 «1/2 t react

(4)

where Xi,n is the location of the nth superdroplet in
Cartesian coordinates (Xi ) 5 (X, Y, Z), (ui ) 5 (u, y, w)
is the LES-resolved velocity interpolated to the
superdroplet’s location, (u0 i,n ) 5 (u0 n , y 0 n , w0 n ) is an
autocorrelated stochastic velocity component calculated
from the SGS turbulence kinetic energy e (Sölch and
Kärcher 2010), di3 is the Kronecker delta, and ws is
the sedimentation velocity depending (primarily) on the
droplet radius rn (Beard 1976). In contrast to the
description of L3 in Hoffmann et al. (2019), droplet
sedimentation is considered here. Since L3 does not
inherently allow sedimentation, L3 is only applied to
those superdroplets for which sedimentation is negligible
in comparison with their turbulent motion. If, however, a
superdroplet sediments significantly, this superdroplet is
neglected in the calculations of the LEM, and it experiences standard homogeneous mixing (d0 n 5 0). For those
superdroplets sedimenting insignificantly, this procedure
results in a slight underestimation of mixing in the LEM
(see also Tölle and Krueger 2014). Estimates of this
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(5)

where « ’ 10 cm2 s23 and treact 5 t phase ’ 1:8 s (using
values derived from the 400-cm23 simulation, which
would increase for simulations with smaller droplet
number concentrations). All simulations are computed
with a time step of 0.5 s; the LEM is subcycled if necessary. Analysis is restricted to the last two hours of the
4-h simulations.

3. Results
First, we focus on general properties of the analyzed
stratocumulus deck before advancing to distinct changes
in cloud microphysics (section 3a) and entrainment-related
dynamics of cloud holes (section 3b).
Figure 1 shows the cloud water mixing ratio qc
(Fig. 1a), fraction of cloud droplets (Nc /Ninit ) (Fig. 1b),
mean SGS perturbation supersaturation mS0 (Fig. 1c),
and standard deviation of the SGS perturbation supersaturation sS0 (Fig. 1d) as vertical cross sections (left
column) and horizontally and temporally (last 2 h of the
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FIG. 1. (left) Vertical cross sections and (right) profiles of (a) the cloud water mixing ratio, (b) fraction of cloud
droplets (Nc /Ninit ), (c) mean value of SGS supersaturation perturbation mS0 , and (d) standard deviation of SGS
supersaturation perturbation sS0 . The cross sections show results from a simulation with Ninit 5 200 cm23 and the
LEM as an SGS model. The profiles show results for initial droplet concentrations of Ninit 5 100, 200, and 400 cm23
(blue, green, and red, respectively) and for simulations using the LEM as an SGS model (LEM, saturated colors) or
assuming homogeneity on the subgrid scale (hom, pale colors).

simulation) averaged profiles (right column). The latter
two quantities are defined as
mS0 5

1 N 0
å d =q (T, p)
N n51 n s

(6)

and
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
N
1
sS0 5
[d0 /q (T, p) 2 mS0 ]2 ,
å
N 2 1 n51 n s

(7)

where N denotes the number of superdroplets per grid
box. The cross sections are selected from the LEM
simulation with an initial particle concentration of
Ninit 5 200 cm23 . The profiles show results from LEM
and homogeneous simulations with all investigated
droplet number concentrations.
The cross sections and profiles of qc and Nc /Ninit exhibit canonical behavior; that is, qc increases almost
linearly from cloud base and Nc /Ninit is almost constant
throughout the cloud. The change in these quantities
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FIG. 2. Time series of (a) liquid water path, (b) mean effective radius, (c) cloud cover, (d) fraction of cloud
droplets (Nc /Ninit ), (e) entrainment velocity we , and (f) in-cloud dissipation rate «. The insets in (e) and (f) show
averages over the last 2 h. See (c) for color code.

due to changes in Ninit is also well described: as a result
of the evaporation– and sedimentation–entrainment
feedbacks, the transport of free-tropospheric air into the
boundary layer increases with increasing Ninit (see also
the entrainment velocity in Fig. 2e), warming and drying
the boundary layer, and eroding the cloud from its base
(Wang et al. 2003).
The spatial distribution of mS0 and sS0 exhibit their
largest absolute values at the inversion, where mS0 also
changes its sign. While sS0 indicates the SGS mixing
calculated in the LEM, the nonzero values for mS0 indicate the longer-lasting spatial redistribution of water
and temperature due to the use of the LEM. Negative
values of mS0 below the inversion indicate warm and dry
free-tropospheric air that has been entrained into the
boundary layer, while positive values above show cold
and moist boundary layer air detrained into the free
troposphere. This area of nonzero mS0 and sS0 also marks
the entrainment interface layer, in which air masses
originating from the cloud layer and the free troposphere coexist, mix, and precondition the entrained air
(e.g., Stevens et al. 2003; Yamaguchi and Randall 2012).

Additionally, one can see that nonzero values of mS0 and
sS0 extend into cloud-free entities below the average
inversion height, with mS0 and sS0 fading with increasing
distance from the inversion. These so-called cloud holes
are known to be preferred regions of the ultimate mixing
between preconditioned free-tropospheric air and the
cloud (e.g., Nicholls 1989; Gerber et al. 2005; Yamaguchi
and Randall 2012; Yamaguchi and Feingold 2013), as
also indicated by the reduced liquid water content and
cloud droplet number concentration in their vicinity
[Figs. 1a(1) and 1b(1)]. Cloud holes will be further analyzed in section 3b.
Generally, the magnitude of mS0 and sS0 decreases with
increasing Ninit , which must be related to the increase of
cloud turbulence (see also the kinetic energy dissipation
rate in Fig. 2f) in more polluted clouds due to the
evaporation– and sedimentation–entrainment feedbacks, overall driving a more homogeneous mixing
process. This is interesting since both the numerator and
the denominator of the Damköhler number [see (1)]
decrease for higher droplet concentrations as a result of
stronger turbulence and faster evaporation due to more
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numerous droplets, respectively. This complicates the
prediction of the mixing type based to changes in the
droplet concentration (Feingold and Siebert 2009).
The results presented indicate, however, that the increase
in turbulence outweighs the accelerated evaporation,
leading to more homogeneous mixing.
Finally, note that comparably small nonnegative values
of mS0 and sS0 also occur close to the surface (z , 100 m).
The reason for this is the inability of the LES to resolve
turbulence successfully close to an impermeable surface (Sagaut 2006, chapter 10), resulting in stronger
contribution of the LES SGS model or, in this case, the
LEM. Because of their distance to the cloud, they have
no effect on the simulated cloud properties.
Figure 2 shows time series of the liquid water path
(LWP) (Fig. 2a), mean effective radius reff (Fig. 2b),
cloud cover (Fig. 2c), fraction of cloud droplets (Nc /Ninit )
(Fig. 2d), entrainment velocity we (Fig. 2e), and in-cloud
kinetic energy dissipation rate « (Fig. 2f) as determined
in the LES SGS model. The cloud cover is calculated
from the fraction of columns exceeding an optical thickness of 1, and the entrainment velocity is determined as
we 5

dzi
2 hwiz ,
i
dt

(8)

where zi is the domain-averaged inversion height, determined as the height of the maximum vertical gradient
of the potential temperature in each column, and hwizi is
the average vertical fluid velocity at zi, calculated from
the large-scale divergence of the horizontal wind. The
insets in Figs. 2e and 2f show the temporal mean of the
corresponding quantities derived over the last two hours
of each simulation.
The LWP and cloud cover time series are in agreement with the range of values reported by Stevens et al.
(2005). The LWP shows a clear dependence on Ninit ,
with higher values for low Ninit , again in agreement with
the evaporation– and the sedimentation–entrainment
feedbacks. This is supported by the entrainment velocity
in Fig. 2e, showing clearly that the entrainment velocity
increases with Ninit (see inset). A similar trend can be
seen in the dissipation rate (Fig. 2f), which increases as a
result of stronger entrainment, which in turn initiates
stronger evaporative cooling and hence a higher turbulent kinetic energy in the cloud.
By comparing the homogeneous simulations to simulations with the explicit consideration of SGS supersaturation fluctuations by the LEM, one can see a clear
increase in the entrainment velocity for the homogenous
simulations with commensurate changes in the LWP and
dissipation rate. To show that the small differences in
the insets of Figs. 2e and 2f are statistically significant,

Student’s t tests for the individual pairs of simulations
and a subsequent meta-analysis based on Fisher’s method
have been conducted. The latter shows that the differences between the LEM and homogeneous simulations
are indeed statistically significant, with p values of 2.5 3
1023 for the entrainment velocity and 3.4 3 10212 for the
in-cloud dissipation rate, that is, rejecting the null hypothesis (no difference between the LEM and the homogeneous simulations). This systematic difference can
be attributed to the inability of the homogeneous simulations to represent SGS inhomogeneities of liquid water
and supersaturation, forcing an entire grid box to evaporate at once, resulting in an accelerated evaporative
cooling and hence stronger turbulence and entrainment.
This will be analyzed further in section 3b. Note that the
increase in the entrainment velocity due to details in
the representation of SGS processes is comparable to the
doubling of Ninit . This shows that physics and numerics
might have comparable effects, making direct comparisons of results obtained by different models problematic.
The strongest effect of the LEM is visible in Nc /Ninit
(Fig. 2d), where the fraction of cloud droplets decreases
from about 93% in the homogeneous simulations to
about 87% in the LEM simulations, as also shown for
a weakly turbulent cloud in Hoffmann et al. (2019). Since
this reduces the number of water vapor competitors, reff
increases slightly, most noticeably for Ninit 5 100 cm23
(Fig. 2b). These distinct changes are characteristics of inhomogeneous mixing (e.g., Baker et al. 1980), and will be
further analyzed in the next subsection. This, however, is in
contrast to the simulations of Hill et al. (2009), who showed
that inhomogeneous mixing has a negligible effect on the
droplet number concentration in stratocumulus (see below).

a. Microphysics
Figure 3 shows the probability density function (PDF)
of the droplet radius (Fig. 3a) and mean droplet-ageaveraged standard deviation of the absolute perturbation
supersaturation sd0 (Fig. 3b). The droplet-age average is
determined for each superdroplet as
ð tobs
hFn iage 5

tact

F[Xi,n (t)] dt
tage

,

(9)

where F[Xi,n (t)] is an arbitrary quantity at the location
of superdroplet n at time t, and the droplet age is
tage 5

ð tobs
dt ,

(10)

tact

where tact is the time at which the superdroplet exceeds a
radius of 1 mm, and tobs is the time of the evaluation of
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FIG. 3. Representation of (a) radius probability density function and (b) droplet-age-averaged standard deviation
of absolute perturbation supersaturation as a function of the droplet radius. Data are averaged over the last 2 h of
the simulation. See (a) for color code.

the desired quantity with the requirement that the
superdroplet be larger than 1 mm in radius. Note that
sd0 is calculated analogously to (7) without normalization by the saturation supersaturation. All quantities are calculated for the last two hours of the
simulation over the entire model domain; that is, they
include data from all droplets at various stages of their
development.
All PDFs of the droplet radius exhibit one distinct
mode that shifts to larger radii when Ninit is decreased.
In contrast to the homogeneous simulations, all LEM
simulations show a much broader spectrum, including
droplets larger than 20 mm in radius, which are usually
able to trigger collision and coalescence (neglected for
this study). The comparison of LEM and homogeneous
simulations shows clearly that this broadening is created
because of the explicit consideration of SGS supersaturation fluctuations by the LEM. This is in agreement
with the distribution of sd0 , showing peak values for the
largest radii, indicating that these droplets have spent
some time in regions of inhomogeneous mixing at cloud
top (see also Fig. 1d). Additionally, the share of the
smallest droplets is also slightly increased in the LEM
simulations. The distribution of sd0 reinforces that also
these smallest droplets have spent some time in regions
of inhomogeneous mixing. Because of the explicit consideration of SGS supersaturation fluctuations by the
LEM, SGS cloudy filaments in the subsaturated vicinity
of the gridscale cloud are represented, preventing immediate evaporation when droplets are moved from the
cloud. For the majority of droplets, however, SGS supersaturation fluctuations by the LEM are negligible
since sd0 is approximately zero.

Now, the same droplets are analyzed. However, the
analysis is based on their age tage , and not their radius as
done above. Figure 4 displays the PDF of tage (Fig. 4a),
mean droplet radius after tage (Fig. 4b), mean dropletage-averaged droplet height (Fig. 4c), and mean dropletage-averaged sd0 (Fig. 4d). On the abscissa, tage is
normalized by the cloud-layer eddy turnover time t c ,
estimating the typical maximum droplet age based on the
stratocumulus large-eddy circulation (e.g., Feingold et al.
1996; Kogan 2006). Time t c is defined as
tc 5

zt 2 zb
,
sw

(11)

where sw is the cloud-layer-averaged standard deviation
of the vertical velocity, and zb and zt are the domainaveraged heights of cloud base and cloud top, respectively. The values of zb and zt are determined from
lowest or highest cloudy grid cell in each column
(qc . 0:01 g kg21 ), respectively, and are located at on
average at about 625 6 10 m and 830 6 10 m. This difference can be attributed mainly to changes in cloud
depth as a result of the evaporation– and sedimentation–
entrainment feedbacks in the simulated cases [see
Figs. 1a(2) and 1b(2)]. Thus, tc varies between 380 (for
Ninit 5 400 cm23 ) and 420 s (for Ninit 5 100 cm23 ). Note
that the wiggles in the PDFs of tage at tage /t c , 1022 are a
result of undersampling (violation of the Nyquist sampling criterion) caused by the model’s finite time step.
In Fig. 4a, all PDFs of tage exhibit an exponential
shape, as also found by de Lozar and Muessle (2016) for
the residence time of droplets at the top of stratocumulus simulated by DNS. The mode of all distributions
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FIG. 4. Representation of (a) droplet-age probability density function, (b) radius at observation, (c) droplet-ageaveraged droplet height, and (d) droplet-age-averaged standard deviation of absolute perturbation supersaturation as a
function of the normalized droplet age. Data are averaged over the last 2 h of the simulation. See (a) for color code.

is located at slightly longer droplet ages than tc , which
also marks, approximately, the timing of the maximum
droplet radius (Fig. 4b) and the maximum droplet
height (Fig. 4c). This temporal coincidence is not coincidental. Using an idealized picture of the dynamics
of stratocumulus-topped boundary layers, where large
eddies extend from the surface to the cloud top, t c is the
time a droplet requires to be transported from the cloud
base to the cloud top, where the maximum adiabatic radius
also occurs. The steep decline in the PDF for tage . 2t c
shows that large eddies transport the majority of droplets
below the cloud layer, where they evaporate eventually.
Note that the general offset in the mean droplet height
depending on Ninit (Fig. 4c) is a result of changes in the
cloud depth due to the evaporation– and sedimentation–
entrainment feedbacks as discussed above.
However, Fig. 4 is slightly more complicated because of droplets that do not follow the large-eddy

circulation. For example, the droplet radius increases
until tc , but does not decrease monotonically afterward. Similarly, the mean droplet height decreases
only moderately after reaching its maximum. This
behavior can be attributed to droplets that escape
the large eddies, allowing them to stay within the
cloud layer for up to 20t c . In fact, the small changes in
radius and mean height after their maximum at about
t c indicate that all droplets with tage . 2t c move randomly inside the cloud layer, averaging out any individual differences.
Inhomogeneous mixing results in a distinct increase of
the radius of droplets with tage . t c , as easily deduced by
comparing the LEM and homogeneous simulations in
Fig. 4b, and supported by Fig. 4d. Note that this effect
decreases for larger Ninit , where stronger turbulence results
in more homogeneous mixing [see Figs. 1c(2) and 1d(2)].
Counterintuitively, this positive effect of inhomogeneous
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mixing on droplet growth actually decreases the
number of old droplets (Fig. 4a) since they sediment
from the cloud more quickly, resulting in earlier
evaporation.
Another example of droplets that do not follow the
simple pattern of large-eddy dynamics can be seen in the
evolution of the mean droplet height for small tage , that
is, droplets that just started to grow after entering the
cloud. As shown in Fig. 4c, the mean droplet height
decreases initially and reaches its minimum at about
0:1t c before increasing again in accordance with the
simple dynamical pattern of large eddies. The initially
higher mean droplet height must result from droplets
that did not start their growth history at cloud base, but
at higher levels, that is, at cloud top or within cloud
holes. However, these droplets evaporate again quickly,
as indicated by the decrease in the mean droplet height
prior to 0:1t c . In other words, the contribution of these
extraordinary droplets to the mean droplet height decreases rapidly because of their short lifetime. This
confirms that particles entrained above the cloud base
do not encounter an environment that supports longlasting diffusional growth for the production of longlived droplets (e.g., Hoffmann et al. 2015). On the other
hand, the inhomogeneous simulations exhibit slightly
higher mean droplet heights and slightly larger radii
prior to 0:1tc . This indicates that the successful representation of inhomogeneous mixing improves the harsh,
competitive environment encountered after entrainment above cloud base by spatially separating the newly
entrained particles from the larger old droplets, thus
mitigating the direct competition for water vapor. As a
result, the PDF of droplets with an age of up to 0:1t c is
slightly higher in the LEM simulations compared to the
homogeneous simulations (Fig. 4a).

b. Dynamics
The impact of inhomogeneous mixing on the dynamics of entrainment is now analyzed, focusing on
cloud holes that transport free-tropospheric air into the
cloud layer. Horizontally adjacent grid boxes with a
liquid water mixing ratio of less than 0.01 g kg21 and an
average negative vertical velocity are identified as cloud
holes. Connections in the vertical are not considered.
Note that other authors may define cloud holes more
broadly as volumes of depleted liquid water (e.g.,
Gerber et al. 2005; Yamaguchi and Randall 2012). Our
analysis, however, should be viewed as an investigation
on the initial stage of cloud holes, being on average
subsaturated and most likely prone to inhomogeneous
mixing, which is the main focus of this study. Furthermore, the restriction to cloud holes of negative vertical
velocities only alters the results close to cloud base
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where some cloud holes exhibit slightly positive vertical
velocities. Cloud holes are analyzed from snapshots
taken every five minutes during the last two hours of the
simulation.
Figure 5 shows vertical profiles of the number of cloud
holes (Fig. 5a), average cloud-hole area A normalized
by the area of the entire model domain (;11.3 km2)
(Fig. 5b), cloud-hole vertical velocity (Fig. 5c), cloudhole buoyancy (Fig. 5d), and cloud-hole supersaturation
(Fig. 5e). Note that the following analysis of vertical
profiles can be understood as a time series of the evolution of cloud holes originating at the cloud top. This
interpretation is justified since the cloud holes show
negative velocities throughout the cloud (except for
some cloud holes at the cloud base that have been
neglected here). For comparison with the environment
surrounding cloud holes, the vertical velocity and
buoyancy are sampled over saturated (i.e., liquid water
containing) downdrafts, which are displayed as black
lines in Figs. 5c and 5d. For clarity, these are only shown
for the inhomogeneous simulation with Ninit 5 200 cm23 ,
but do not vary significantly across the simulations
conducted.
The maximum number of cloud holes is registered just
below the average cloud-top height (820 m), while a
small number of cloud holes is also registered above the
average cloud-top height (820–860 m), framing the entrainment interface layer (Fig. 5a). All these cloud holes
above 820 m are relatively large (Fig. 5b) and exhibit
almost no vertical motion (Fig. 5c), but have the strongest negative buoyancy (Fig. 5d). This suggests that radiatively and evaporatively cooled air is accumulated in
valleys at the cloud top before it descends into the cloud
layer in the form of cloud holes (e.g., Rothermel and
Agee 1980; Yamaguchi and Randall 2012). These cloud
holes might not penetrate much farther into the cloud
layer, as deduced from the small downward velocity and
the diminishing negative buoyancy just below the cloud
top (Figs. 5c,d) (e.g., Gerber et al. 2005; Haman 2009).
Within the cloud layer, the downward motion of the
newly engulfed cloud holes accelerates, and their average area reduces, because of their mixing and homogenization with the cloud, reducing the number of cloud
holes with increasing distance to the cloud top as also
seen in observations (e.g., Nicholls 1989). As a result of
the mixing, evaporative cooling causes a second minimum in buoyancy at ;780 m, excluding additional radiative cooling as an explanation, because of its location
inside the cloud. This behavior supports the so-called
cloud interior mixing instability as hypothesized by
Gerber et al. (2005) and further analyzed by Haman
(2009) to explain the downward motion of cloud holes
inside stratocumulus. However, this is not the only force
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FIG. 5. Vertical profiles of (a) cloud-hole number, (b) average cloud-hole size, (c) cloud-hole vertical velocity, (d) cloud-hole buoyancy,
and (e) cloud-hole supersaturation. Data are averaged over the last 2 h of the simulation. The black line shows selected quantities in
saturated downdrafts of the inhomogeneous simulation with Ninit 5 200 cm23 . See (a) for color code.

responsible for the downward motion of cloud holes
since they usually follow the subsiding branches of the
stratocumulus large-eddy circulation (Yamaguchi and
Randall 2012). In fact, this is also supported by our
simulations, which show substantial downward motion in the downdrafts surrounding cloud holes (black
line in Fig. 5c), indicating pressure gradient forces that
move cloud holes deeper into the cloud layer. Accordingly, the mixing of the cloud hole with its environment and the resulting evaporative cooling within
the cloud layer, that is, the cloud interior mixing instability, as well as the general downward motion
determined by the stratocumulus large-eddy circulation act together to cause the downward motion of
cloud holes.
The ongoing mixing and subsequent closing of cloud
holes is also evident from the increase of the average
cloud-hole area below ;780 m, a result of the closing
of the smallest cloud holes, leaving only the largest
(Fig. 5c). The closing of cloud holes during their descent
is also evident in the cloud-hole supersaturation, which
exhibits large negative values at the cloud top but

becomes progressively more saturated toward cloud
base (Fig. 5 e). The supersaturation is calculated as
S 5 S 1 mS0 ,

(12)

consisting of the LES supersaturation, S, and the mean
SGS supersaturation determined by the LEM, mS0 ,
which is zero for the homogeneous simulations (mS0 5 0).
Thus, the cloud-hole supersaturation is a proxy for the
overall force driving evaporation or condensation in a
cloud hole, since both the LES and the LEM supersaturation are considered in the diffusional growth equation of a superdroplet, (3). Most evidently, the cloud
holes in the LEM simulations do not saturate as fast as in
the homogeneous simulations. There are two reasons for
this. First, the LEM resolves the SGS distribution of
supersaturation and liquid water much better than the
LES. As a result, evaporation is restricted to the appropriate fraction of the grid box and not to the entire
grid box as in the homogeneous simulation. This leads
to a decelerated, more realistic temporal evolution of
the mixing process, as also shown by Krueger (1993) in
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stand-alone simulations of the LEM. Second, numerical diffusion of supersaturation is reduced in the LEM
simulations, removing this spurious source for evaporation to a large extent and decelerating the mixing
process. In fact, de Lozar and Mellado (2015) showed
that numerical diffusion dominates evaporation in
(standard) LES, a problem that is mitigated by the new
L3 modeling approach. All in all, the boundary of cloud
holes is preserved much better using L3, resulting in a
higher number of cloud holes (Fig. 5a), a generally lower
cloud-hole saturation (Fig. 5e), and a weaker second
minimum of buoyancy at ;780 m (Fig. 5d). The latter
difference might also indicate that the cloud interior
mixing instability, and the resulting acceleration of
cloud holes within the cloud layer, is overestimated in
(standard) LESs.
Moreover, the cloud-hole supersaturation exhibits a
much stronger susceptibility to the cloud droplet concentration in the LEM simulations than in the homogeneous simulations in which the profiles are almost
indistinguishable (Fig. 5d). In general, it is plausible to
assume that the cloud-hole supersaturation depends on
the cloud droplet concentration. An increase in the cloud
droplet concentration results not only in an accelerated
evaporation of the droplet ensemble allowing depletion
of the cloud-hole subsaturation more quickly (i.e., a
shorter t phase ), but it also results in a faster decay of cloud
holes due to stronger turbulence (i.e., a shorter t mix ),
which are both the basis of the aforementioned
evaporation–entrainment feedback (Wang et al. 2003).
Although it is generally possible to represent these effects in the homogeneous simulations, it is clearly more
pronounced in the LEM simulations. The reason for this
is, again, the explicit resolution of SGS processes in the
LEM simulations that restrict evaporation to an appropriate fraction of the grid box based on the SGS
distribution of supersaturation and liquid water, which
decelerates the mixing process (Krueger 1993). In other
words, the LEM simulations resolve SGS inhomogeneous mixing sufficiently, while all droplets inside a grid
box evaporate homogeneously in the homogeneous
simulation. This can be easily understood by contrasting
the effects of homogeneous and inhomogeneous mixing
on the phase relaxation time scale as defined in (2). The
liquid water mixing ratio after mixing (subscript ‘‘mix’’)
is related to the initial value (subscript ‘‘init’’) via
qc, mix 5 aqc, init } aNinit ry3, init ,

(13)

where 0 # a # 1 indicates the mixing fraction and ry is
the mean volume radius. For simplicity, we assume a
monodisperse droplet spectrum in which the arithmetic
and volume mean are identical (i.e., rm 5 ry [ r). Under
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extreme inhomogeneous mixing, the mean radius does
not change (rmix 5 rinit ), and, consequently, Nmix 5 aNinit .
Under homogeneous mixing, the droplet number concentration is maintained (Nmix 5 Ninit ), and, consequently,
rmix 5 a1/3 rinit . Thus, the phase relaxation time scale
after mixing yields
t phase,mix 5 t phase,init ap ,

(14)

with p 5 21 for extreme inhomogeneous mixing and
p 5 21/3 for homogeneous mixing. Thus, t phase,mix increases faster during inhomogeneous mixing than during homogeneous mixing, delaying the time necessary to
saturate a volume (Fig. 5e). Note that p 5 21/3 is the
upper limit for homogeneous mixing, and it is closer to
the value for extreme inhomogeneous mixing when a
nonmonodisperse, positively skewed spectrum is considered, for which the arithmetic mean radius decreases
faster than the mean volume radius.
Figure 6 shows the cloud-hole size distribution
(Fig. 6a), cloud-hole vertical velocity (Fig. 6b), cloudhole buoyancy (Fig. 6c), and cloud-hole supersaturation
as a function of the square root of the cloud-hole area,
A1/2 (Fig. 6d). Since cloud-hole characteristics vary
greatly with height (Fig. 5), analysis is restricted to a
height interval from 690 to 760 m, that is, the center third
of the cloud layer, to provide sufficient sampling statistics, while maintaining a relatively small vertical extent
of the analyzed slab.
The cloud-hole size distribution (Fig. 6a) shows that
the number of cloud holes follows a power law. In fact, it
follows the same relationship identified by Yamaguchi
and Feingold (2013) derived for the same stratocumulus
case [n(A) } A21:68 ]. They used, however, a significantly
smaller grid spacing and a different cloud microphysics
scheme, suggesting that cloud holes are created on
larger scales not affected by these details. The powerlaw relation breaks for small cloud holes (A1/2 , 80 m)
and large cloud holes (A1/2 . 400 m). As discussed by
Yamaguchi and Feingold (2013), the scale break for
larger cloud holes is related to insufficient statistics as a
result of the limited domain size. Although Yamaguchi
and Feingold (2013) argue that the power-law relation
can be extended to the smallest scales, which is true if
the mixing were inhomogeneous down to the smallest
scales, it becomes homogeneous below a certain length
scale of a couple of centimeters to decimeters depending
on turbulence and microphysical composition as determined by (5) (Baker et al. 1980; Lehmann et al. 2009). In
the homogeneous simulations, this length scale is artificially increased to the LES grid spacing, and accordingly
the slope is much more gradual for the smallest cloud
holes than in the LEM simulations, and closer to the
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FIG. 6. Representation of (a) cloud-hole number, (b) cloud-hole vertical velocity, (c) cloud-hole buoyancy, and
(d) cloud-hole supersaturation as a function of the cloud length A1/2 . Data are restricted to a height interval of 690–
760 m and averaged over the last 2 h of the simulation. The thick black lines show fits to the analyzed data as a
function of the cloud-hole area A. See (a) for color code.

slope for larger cloud holes, showing that SGS inhomogeneous mixing is better resolved in the LEM simulations. For these LEM simulations, the slope for the
smallest cloud holes also depends on the number of
cloud droplets, becoming more gradual in more dropletladen clouds. This is, again, a result of the evaporation–
entrainment feedback that accelerates the mixing of
cloud holes and cloudy air and therefore increases the
length scale at which mixing becomes homogeneous.
Note that the changes in the distribution of the cloud
holes among the different simulations are restricted to
the smallest resolved cloud holes. Accordingly, changes
in the total number of cloud holes as depicted in the
profiles of Fig. 5a are a result of changes in the number
of the smallest cloud holes while the number of larger
cloud holes is largely the same in all cases.
The cloud-hole vertical velocity (Fig. 6b) and the
cloud-hole buoyancy (Fig. 6c) show a distinct decrease
for smaller cloud holes, where the vertical velocity again

follows a simple relationship of w(A) } log(A0:12 ). One
can hypothesize that the acceleration of the downward
vertical velocity in smaller cloud holes is a result of the
increasing perimeter to area ratio for smaller cloud
holes, causing a stronger relative impact of mixing and
evaporative cooling and hence a larger negative buoyancy for the smallest cloud holes. Note that Yamaguchi
and Randall (2012) show that the final entrainment of
cloud holes into the boundary layer takes place when
buoyancy matches, while our results show that the
smallest cloud holes exhibit a buoyancy that is significantly
different from their environment (see also Fig. 5d). This
difference may be explained by the slightly divergent
definitions of a cloud hole and hence their entrainment:
we consider a cloud hole to be homogenized with the
cloud once it contains liquid water, while Yamaguchi
and Randall (2012) require more restrictively that moist
conserved scalars match, which usually occurs after the
cloud hole contains some liquid water. In other words,
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the entrainment process is not complete when we stop
tracking cloud holes.
The distribution of the cloud-hole supersaturation
(Fig. 6d), however, cannot be understood by the relatively
increased evaporative cooling for the smallest cloud holes
alone; the downward motion (and hence adiabatic heating rates) needs to be considered. The downward motion
increases for smaller cloud holes; however, the smallest
cloud holes are the least subsaturated. This indicates that
the effect of adiabatic heating on the cloud-hole supersaturation dominates only for the largest cloud holes, and
evaporative cooling for the smallest, resulting in a cloudhole supersaturation minimum (A1/2 ’ 400 m), at which
the dominance of adiabatic heating and evaporative
cooling on the cloud-hole supersaturation switches.
Although mixing accelerates for higher droplet concentrations and hence evaporative cooling, the cloud-hole
buoyancy shows an almost inverse pattern: LEM simulations with a low droplet number exhibit the most negative
buoyancy while droplet-laden simulations display slightly
higher (less negative) values. This does not contradict
accelerated evaporation cooling in droplet-laden conditions, but rather shows that most of the evaporative
cooling has already happened at greater heights, limiting
further evaporative cooling below (Fig. 6d). This is also
supported by the height of the second minimum of the
cloud-hole buoyancy in Fig. 5d, which is located at higher
levels for higher droplet concentrations. Overall, this indicates that mixing in droplet-laden clouds is faster, and,
for the most part, takes place at higher levels in the cloud,
that is, closer to the cloud top. On the other hand, this
means that cloud holes are able to penetrate deeper into
the cloud if the droplet number concentration is low.
Finally, the contribution of cloud-hole sizes to entrainment needs to be addressed. As argued by Nicholls
(1989) and Gerber et al. (2005), the entrainment velocity
is proportional to the product of the (absolute) cloudhole vertical velocity and the total area covered by cloud
holes. Since this relationship also holds for a certain
cloud-hole size, the power-law fits derived for Figs. 6a
and 6b indicate that the largest fraction of entrainment
originates from the smallest cloud holes [using
jw(A)j } log(A20:12 ) for the (absolute) cloud-hole vertical velocity and An(A) } A20:68 for the total area of
cloud holes of a certain size]. This confirms the results
of Yamaguchi and Feingold (2013), who showed by
tracking Lagrangian parcels that the smallest cloud
holes contribute most to entrainment.

4. Discussion and conclusions
In this study, the new L3 modeling approach for
the explicit representation of turbulent mixing on the

VOLUME 76

subgrid scale of LES with particle-based cloud microphysics is applied to investigate the entrainment and
mixing process in stratocumulus and its effects on cloud
microphysics. This new approach, which has been described by Hoffmann et al. (2019), applies the linear
eddy model (LEM) by Kerstein (1988), an explicit,
computationally inexpensive, one-dimensional representation of SGS turbulent compression and folding, as
well as molecular diffusion, to replace the instantaneous,
homogeneous mixing calculated in typical LES SGS
models. The purpose of this study has been threefold:
first, to understand how the application of L3 alters
the representation of the physics of stratocumulus
compared to the standard LES modeling approach;
second, to increase the process-level understanding of
entrainment and mixing, focusing on the now sufficiently
resolved inhomogeneous mixing, which is the prevalent
mixing type in stratocumulus (e.g., Pawlowska et al. 2000;
Gerber et al. 2005) but not well represented in typical
LES models since it requires a computationally infeasible
grid spacing of less than a couple of centimeters to decimeters (Lehmann et al. 2009); and third, to investigate the
effect of drop concentration on the entrainment and
mixing processes.
Consistent with the theory of Baker and Latham
(1979) on inhomogeneous mixing, the simulations presented show that the number of cloud droplets is reduced during mixing and that the remaining droplets
grow to larger sizes because of the reduced number of
water vapor competitors. This is in stark contrast to the
results of Hill et al. (2009), who showed negligible
changes in the number of cloud droplets and other variables even though extreme inhomogeneous mixing was
enforced on the subgrid scale by scaling the microphysical
variables accordingly. The reason for this disagreement
is likely numerical diffusion that spuriously humidifies
the entrained air in Hill et al.’s (2009) standard LES.
Accordingly, the mixed air is almost saturated and the
mixing process, although it is microphysically extremely
inhomogeneous, does not result in a significant reduction
of the droplet number concentration, and its effects
cannot be distinguished from homogeneous mixing
(Pinsky et al. 2016).
Furthermore, our results show that inhomogeneous
mixing, interestingly, does not increase cloud droplet
age, as might have been assumed since inhomogeneous
mixing tends to prevent the evaporation of droplets at
cloud edge. Instead, inhomogeneous mixing reduces the
number of the oldest droplets since increased diffusional
growth results in faster sedimentation, removing those
droplets from the cloud more quickly.
The dynamics of the entrainment and mixing process
have been investigated by focusing on the development
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of cloud holes. These holes, which transport freetropospheric air into the cloud layer, can be regarded as
the initial step of the entrainment and mixing process
(Nicholls 1989; Gerber et al. 2005; Yamaguchi and
Randall 2012; Yamaguchi and Feingold 2013). It has
been shown that cloud holes are much better represented
using L3, as documented by their larger number and their
generally higher subsaturation compared to simulations
without the LEM as an SGS model. L3 is able to represent and maintain the distribution of liquid water and
supersaturation on the subgrid scale, preventing spurious
evaporation, but it is also able to reduce numerical diffusion of supersaturation, avoiding the spurious erosion
of strong gradients between cloud holes and the cloud and
hence preserving the structure of cloud holes. Overall, the
improved representation of the entrainment process in
L3 reduces the entrainment velocity by about 5% compared to simulations without the LEM as an SGS model.
Accordingly, L3 mitigates, at least partially, problems
associated with the spurious overestimation of entrainment in LES of stratocumulus with standard SGS models
(e.g., Stevens et al. 2005; de Lozar and Mellado 2015;
Mellado et al. 2018).
Furthermore, the study gives insights into the temporal development of cloud holes. Just above the cloud
top, in the so-called entrainment interface layer, cloud
holes exhibit their strongest negative buoyancy and
lowest (most negative) vertical velocities, indicating
that certain areas of the cloud top are filled with negatively buoyant air until the cloud top is sufficiently
destabilized, enabling cloud holes to descend into the
cloud layer (Rothermel and Agee 1980; Yamaguchi and
Randall 2012). As shown by Yamaguchi and Randall
(2012), cloud holes follow the downward branches of the
stratocumulus large-eddy circulation once they have
entered the cloud layer. Our analysis indicates that the
ongoing mixing of cloud holes with their environment
and the subsequent evaporative cooling contribute to
the downward motion, as also hypothesized by Gerber
et al. (2005) and further analyzed by Haman (2009) in
terms of the cloud interior mixing instability. It is shown
that this process is accelerated for clouds with higher
droplet concentrations, in which the faster evaporation
process increases turbulence, which further amplifies
the mixing of the cloud hole with its environment, as
explained in the evaporation–entrainment feedback
introduced by Wang et al. (2003).
Note, in contrast to the cloud top, it is rather unlikely
that the sedimentation–entrainment feedback (Ackerman
et al. 2004; Bretherton et al. 2007) is responsible for this
accelerated closing of cloud holes: To understand this, one
can compare the velocity of cloud droplets to that of the
surrounding fluid, and accordingly the relative time for
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interaction. At the cloud top, the droplet terminal
velocity exceeds the motion of the cloud interface
(;1 cm s21) once droplets are larger than 10 mm in radius, resulting in a significant removal of liquid water
from the cloud interface. Cloud holes, however, might
exhibit a downward velocity of up to 0.3 m s21 faster
than the surrounding fluid, which is faster than the terminal velocity of the largest simulated droplets that are
generally smaller than 40 mm, and accordingly fall
slower than about 0.2 m s21, reducing the potential
for the sedimentation–entrainment feedback.
Finally, it is worthwhile noting that the evaporation–
entrainment feedback is more pronounced in the L3
simulations. The reason for this is the largely resolved
inhomogeneous mixing, which results in a stronger increase in the phase relaxation time scale during inhomogeneous mixing compared to homogeneous mixing.
This indicates that a significantly higher model resolution is necessary to represent this process in (standard)
LES, as previously argued for the sedimentation–
entrainment feedback analyzed in DNS simulations by
de Lozar and Mellado (2017).
Note that the horizontal LES grid spacing of 35 m
used in this study is not able to explicitly resolve all
cloud holes, which are most abundant at a size of about
5 m, according to observations by Gerber et al. (2005).
Nonetheless, the simulations presented here capture the
main dynamics responsible for the production of cloud
holes successfully, as indicated by the same power-law
relationship for the cloud-hole size distribution as obtained in the higher-resolution modeling by Yamaguchi
and Feingold (2013). Moreover, the explicit representation of the SGS distribution of supersaturation and
liquid water by the LEM is able to partially compensate
for this lack of resolution in the LES. However, the
LEM does not include an SGS representation of buoyancy fluctuations and pressure gradients, which need to
be included potentially, unless the LES resolution surpasses the Ozmidov scale, below which these processes
can be neglected. Accordingly, further model development will be necessary to further improve the representation of the LES subgrid scale by the LEM.
Furthermore, we would like to draw attention to the fact
that we only predict d0n in the SGS model, potentially
underestimating supersaturation fluctuations resulting
from the supersaturation’s nonlinear dependence on
temperature, as outlined in Hoffmann et al. (2019).
Since dynamical and microphysical effects are usually
tightly connected, future studies to untangle the microand macroscale effects of the L3 approach layer more
clearly are necessary. These could be based on the
piggybacking approach (Grabowski 2014), or use a simple kinematic framework (e.g., Shipway and Hill 2012),
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which lacks the interaction with dynamics entirely. The
latter approach would also allow for comparison of L3
directly with other SGS models for supersaturation
fluctuations [e.g., the model by Grabowski and Abade
(2017)]. Furthermore, future studies should also include
the entire suite of relevant warm-cloud microphysics,
that is, explicit droplet activation as well as collision and
coalescence, which have been neglected in this study
for simplicity and clarity. For example, the nonlinear
response of droplet activation to supersaturation
fluctuations (Abade et al. 2018) might have additional
impacts on the number of activated droplets, in addition to the effects of inhomogeneous mixing investigated here.
All in all, this study shows that the new L3 approach
enables, in a single framework, simulation of large domains and their large-scale physics appropriately, while
also representing the small-scale physics of entrainment
and mixing adequately. Therefore, L3 can be viewed as
a first step to bridge the gap between LES and DNS.
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APPENDIX
Treatment of Sedimentation
Strictly speaking, the L3 modeling approach does not
allow sedimentation since the superdroplets are not only
used to represent cloud droplets but also to depict a
volume of air surrounding these particles. In principle, it
would be possible to allow droplets to sediment within
the one-dimensional LEM array, as is done in standalone applications of the LEM (Su et al. 1998; Tölle and
Krueger 2014), and to change the volume of air
surrounding a superdroplet accordingly. This, however,
is not possible here since sedimentation might result in
the accumulation of superdroplets in one volume of air,
while another volume of air might be devoid of any
superdroplets. Of course, it would be possible to circumvent this problem by creating additional superdroplets for
the tracking of the empty volumes of air. But this would
increase computing time and memory demand, and potentially lead to load imbalance issues. To avoid this, only
those superdroplets that sediment negligibly compared
to the turbulent motion of the surrounding fluid are
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considered in the LEM of L3, while faster sedimenting
superdroplets are excluded from the consideration in
the LEM; that is, they are treated as in the homogeneous
modeling approach with d0n 5 0.
To determine if droplet sedimentation can be neglected
in comparison to the turbulent motion, the so-called velocity ratio is calculated for each superdroplet as
Sy 5

ws
,
wh

(A1)

where ws is the droplet terminal velocity and wh is the
physical Kolmogorov velocity scale (e.g., Vaillancourt
et al. 2002). If Sy  1, the turbulent motion exceeds the
sedimentation velocity significantly, and sedimentation
can be neglected. The physical Kolmogorov velocity
scale is defined as
wh 5 (n«)1/4 ,

(A2)

where n is the kinematic viscosity, and « the kinetic
energy dissipation rate. Since the LEM grid cell is usually larger than the physical Kolmogorov scale, n needs
to be scaled to the LEM Kolmogorov scale,
h* 5 6Dz0 ,

(A3)

where Dz0 is the length of an LEM grid cell, calculated as
Dz0 5

L
,
N

(A4)

where L is the LES model’s smallest gridscale eddy size,
corresponding to the vertical grid spacing Dz in the applied
LES model, and N is the number of superdroplets within
an LES grid box, which determines the LEM’s resolution.
As explained in Krueger et al. (1997), n needs to be
replaced by the LEM diffusion coefficient if the physical
Kolmogorov length scale is not resolved:
h  4 / 3
h 4/3
*
’ 0:1 L4/3 «1/3 *
L
L
(A5)
5 0:1 «1/3 h4*/3 ,

DLEM 5 DLES

where DLES is the LES diffusion coefficient determined
by the LES SGS model, which can be approximated as
DLES ’ 0:1 L4/3 «1/3 (Krueger 1993). Accordingly, the
LEM Kolmogorov velocity scale yields
wh ’ 0:56 «1/3 h1*/3 .
*

(A6)

Note that the approximation of DLES is for illustrative
purposes only; DLES is directly determined by the LES
SGS model in the simulations presented above.
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To estimate the total mixing time scale on the model
Kolmogorov scale including the effect of sedimentation, both t h and t s need to be added as (Tölle and
*
Krueger 2014)
21
t h ,tot 5 (t21
h 1 ts )
*
*

21
21

21
5 (t21
h 1 Sy t h )
*
*

5 t h (1 1 Sy )21 .
*

(A8)

Since a threshold of Sy 5 0:5 is used in all simulation, this
expression yields a maximum underestimation of mixing
by 33% for the largest droplets in the LEM and commensurately less for smaller droplets.
REFERENCES

FIG. A1. Velocity ratio Sy as a function of the model Kolmogorovscale h* for different kinetic energy dissipation rates (line pattern)
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