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ABSTRACT
ROM CONTINUITY CONSIDERATIONS, a formula is developed for the pressure tendency at a
given point in an isentropic surface in terms of the pressure tendency at the ground
and the wind distribution in the layer of air between the ground and the chosen isentropic
surface. A method is described for computing the pressure tendency field in the isentropic
surface from radiosonde and pilot balloon data; and the application of the knowledge of this
tendency field to forecasting the motion of the isentropic pressure field is discussed. It is also
indicated how the formula for the isentropic pressure tendency may be modified for use in forecasting stability changes in the free air.

F

ISENTROPIC PRESSURE

TENDENCIES.

One of the fundamental difficulties of the method of isentropic analysis,
developed by Rossby and his associates, has been the lack of a specific method
of estimating, from a current isentropic chart, the distribution at some future
time of the pressure field in an isentropic surface. While the isopleths of
isentropic condensation pressure may be assumed, as a first approximation,
to move with the wind, no such simple rule is available for estimating
the motion of the isobars. The difficulty has its root in the fact that isentropic pressure tendencies are not directly observable. If these tendencies
were available, it would be possible to apply to the isentropic chart methods
similar to those used in forecasting the motion of pressure systems on the
sea-level synoptic chart.
In developing the formula to be used in computing the isentropic tendencies, the following symbols will be used:
(%, y, z) rectangular coordinates of a point, with z measured vertically upwards, and the (x, y)—plane horizontal and fixed relative to the
earth,
t
time,
p
pressure,
p
air density,
(u, v, w) components of velocity of the air, and
g
gravitational acceleration.
The subscripts 0 and 0 may be applied to any of these symbols to indicate
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the value of the given quantity at the isentropic surface specified by the potential temperature 0, and at the ground, respectively.
The isentropic pressure tendency may be defined by the derivative d p / d t ,
0
representing the time-rate of change of the pressure at a point in the 0 surface
which moves up and down with this surface, while keeping its (x, y) co-ordinates unchanged. Neglecting vertical accelerations,
Po~Pe=£jQdz

(1)

Differentiating with respect to t, keeping x and y constant,

d z /dt is the vertical speed of the isentropic surface, d zQ/d t is of course zero,
0
but this term will be retained for the present for purposes of symmetry.
Substituting for dp/dt in (2) from the equation of continuity,

we obtain
ft - i N a

fr-9e.i'MM

(3)
The third term of the integrand may be integrated at once, yielding after
re-arrangement
d

i -
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H

^

H

]

dr

(4)
If it is now assumed that the air moves isentropically in the vicinity of
the chosen ^-surface, there can be no transport of air through this surface.
Thus the component of the velocity of the air along the normal to the surface
must be equal to the component of the motion of the surface, itself, in the
same direction. The direction-cosines of the normal to the surface, 0 — constant, are proportional to
dO

d0
d6
dQ
-, i.e., K
= cos a , etc.
dx
dy
dz
dx
Since dz /dt is the vertical velocity of the ^-surface above the fixed
6
point (x, y),
dt

dt

* dz

the velocity of the Q surface, which of course can only be measured along the
normal to the surface.
Thus
dz*
dt

de
dz ~

de_
dx

+ v
9

de +
dy Kdz

>
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Dividing by 30/dz, and remembering that
de /d&=_dze
dx/ dz dX

antL

M
/do=_dz*
dy/ dz
dy

we obtain, after re-arranging,

dt

0~

C'dx

(5)

dy J

Also, since there is no transport of air through the ground, a similar equation holds, viz.,
(6)
Substituting in (4) from (5) and (6),
bi

- #=

se.(".

I f

+

<
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s&("4?

~ A l >
Finally, writing g pdz =

d z
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-dp

<*>
This is the required formula, expressing the isentropic pressure tendency
in terms of the pressure tendency at the ground and the distribution of wind
in the layer of air between the ground and the isentropic surface. Substantially, it is the equation of continuity for the air within this layer. It can be
derived alternatively by means of Green's theorem.
It should be noted, from the way in which equation (7) was derived,
that this result is a very general one. The quantities p0 and p need not repre0
sent only the pressure at the ground and at an isentropic surface above the
ground. The equation is equally valid if p0, p refer to any pair of surfaces,
6
whether fixed or movable and deformable, through which there is no transport
of air. The only mathematical restriction is that the height, z, of such a
surface be a single-valued function of the horizontal co-ordinates ( x , y ) .
We proceed, now, to outline a method of computing the isentropic pressure tendency in practice. For convenience, write
T=

's- dt

X=fpP°udp

J3
dt

(7a)

Y= j f V / )

(7b)

Then
+

dx

dy

(8)

The value of T0 may be obtained from the synoptic chart, but in general it
may be neglected. This is due to the fact that local pressure changes on an
isentropic chart are 10 to 15 times the order of magnitude of pressure changes
at the ground, a change of 200 millibars in 12 hours being not unusual.
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The quantities X and Y are to be computed from radiosonde and pilot
balloon data. Since pressure is measured in millibars and wind in miles per
hour, it is convenient to express X and Y in units of mb. mi./hr. In general,
it is sufficient to evaluate these integrals to the nearest 200 or 300 mb. mi./hr.
The integrations are performed numerically.
Taking x- and y-axes directed towards the east and north, respectively,
the wind at each level reported in the pibal is resolved into components u and v.
From the pressure-height curve, obtained from the raob, are extracted the
pressures corresponding to the pibal levels. The mean wind in each pressure
interval is multiplied by the corresponding pressure difference, with an
appropriate end correction at p , and by summing the products, the values
0
of X and Y are obtained in the form
Z = 2 w • A p, Y = 2 v • A p
If p0-p
is not too large, the pressure interval for successive thousand-foot
0
layers is approximately constant; and it will frequently be found sufficient
to compute the arithmetic means of u and v for the several pibal levels, and
multiply these means by p0 — p to obtain Z and Y. In regions where raob
0
stations are widely spaced, or where the pibal for a raob station does not
extend up to the level of the isentropic surface, but where a pibal report
to a sufficiently high level is available for a station which does not take
raobs, X and Y may be computed with sufficient accuracy for this station
by extracting p from the isentropic chart and assuming a reasonable pressure0
height curve.
The values of X and Y are plotted on a base map, and isopleths are drawn
for these quantities at intervals of 1000 mb. mi./hr. From these two sets of
lines, the values of dX/dx and dY/dy may be obtained directly. For this
purpose it may be found convenient to construct a scale similar to the
geostrophic wind scale commonly used with synoptic charts. It will be noted
that a spacing of 100 miles in the cc-direction for the Z-isopleths corresponds to
a pressure change of 10 mb./hr.
Having obtained d X/d x and d YI'd y, To may be taken from the synoptic
chart, and T obtained by addition.
0
It is convenient to compute T for every 5 degrees of latitude and longi6
tude. These values are entered directly on the isentropic chart. If desired,
isallobars may be drawn at intervals of 2 or 4 mb./hr.
Equation (7), upon which the above method is based, was derived with a
minimum of initial assumptions. It was first assumed that vertical accelerations (and their time derivatives) might be neglected. The second assumption was that upon which the method of isentropic analysis is based, namely,
that the chosen surface of constant potential temperature constitutes a
substantial surface; and implicitly included in this is the condition that the
lapse rate be stable (0 increasing upwards) in the vicinity of this surface.
Thus any non-adiabatic processes which tend to destroy the conservatism of
the isentropic surface will at the same time, tend to invalidate the above
method of computing isentropic pressure tendencies.

Unauthenticated | Downloaded 01/09/23 02:02 AM UTC

F I G . 1. Pressure distribution in the
June 15, 1943.

308°

isentropic surface,

0400

GMT,

The effect of mountainous terrain on the values obtained for the tendencies is rather difficult to estimate, and probably can be determined only
from a large number of cases to which the method is applied. It may be
noted, however, that equation (7) is theoretically independent of the nature
of the terrain, provided that the wind components used in the integrals X and Y
represent the true wind structure directly above the station concerned,
provided, also, that a sufficiently close network of reports is available for the
accurate determination of the spatial derivatives of X and Y. During the
course of a pilot balloon observation, the balloon may drift to a considerable
distance from the station, with the result that where there is appreciable
local variation in wind due to rough terrain, the pibal report may not give a
true picture of the wind structure vertically above the station. However,
in view of the sparseness of raob data, and the consequent necessity of smoothing the isobars on an isentropic chart, there is little to justify considering
such refinements. It should be expected that isentropic tendencies will be
more representative over flat country than over mountainous regions, even
as is the case for tendencies on a surface chart.
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15,

FIG. 2.
1943.

Tendency field for

308°

isentropic surface,

0400

GMT,

June

To forecast displacements and developments of the isentropic pressure
field, methods may be used similar to those applied to the sea-level chart.
In particular, Petterssen's rules are applicable, but with the same restrictions as apply to their use on the surface chart. In this connection a difficulty arises in that the pressure field in an isentropic surface does not ordinarily lend itself very readily to such numerical methods. This is due to the
fact that in middle latitudes the isentropic pressure field appears as a distortion of an average distribution of west-east isobars. Well-developed centers of high or low pressure do not often occur; and pressure troughs and
wedges (corresponding to cold and warm tongues, respectively) are frequently
rounded at the apex, leading to considerable uncertainty in the application of
Petterssen's formula for the motion of troughs and wedges. These difficulties,
together with those due to the sparseness of raob data, restrict the use of numerical mehods to isolated favourable cases. However, where numerical methods
are inapplicable, qualitative methods can still yield significant results. The
author has computed the tendency field for a number of isentropic charts
and has obtained good qualitative results. One of these cases is described
below.
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F I G . 3 . Pressure distribution in the
June 15, 1943.

308°

isentropic surface,

1600

GMT,

F I G U R E 1 shows the pressure distribution over the United States and
southern Canada in the 3 0 8 ° isentropic surface at 0 4 0 0 h GMT on
June 1 5 , 1 9 4 3 . The isobars have been drawn at intervals of 5 0 mb. F I G U R E 2
is a map of the tendency field for the same surface, with isallobars at intervals
of 4 mb./hr. The well-marked isallobaric low south of Winnipeg presages a
southward extension of the isobars in this region, with associated cooling.
Along the axis of the isallobaric high, just east of the Continental Divide,
there should be a northwestward extension of the isobars (with warming)
from the high pressure area over northwestern Mexico. The existence of
the isallobaric high indicates, also, that the cold dome centered near Boise
City cannot move eastward, but must proceed southward in the direction of
the isallobaric low over southern California and Arizona.
In F I G U R E 3 is shown the actual pressure distribution in the 3 0 8 ° surface
at 1600 h GMT, of the same day. It will be seen that the changes
which occurred in twelve hours are in good agreement with the inferences
drawn from the tendency distribution twelve hours earlier. It should be
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mentioned that the isobaric construction over the extreme southwestern section
in F I G U R E 3 is somewhat uncertain on account of missing data.
While realizing the inherent limitations of the method described for
computing isentropic tendencies, depending, as it does on the availability of
good pilot balloon and radiosonde observations for the region concerned; and
while, as yet, uncertain as to the quantitative error involved, the author feels
that the method is of importance in that it provides, even if only qualitatively,
a criterion for estimating the future motion of the isentropic pressure field.
Such a criterion has hitherto been lacking. It is hoped that other investigators
will see fit to test, for themselves, the practical value of the method in dayto-day isentropic analysis.
The major part of the labour involved in computing the tendencies is
associated with the evaluation of the integrals X and Y for a large number of
raob stations. Once this has been done, the tendency field can be mapped in
less than an hour. It is, therefore, suggested that it might be arranged for
these integrals to be evaluated at the raob stations, and the values included
in extra groups together with the rest of the isentropic data in the body of
the raob reports.
ISENTROPIC S T A B I L I T Y

CHANGES.

Byers1 has drawn attention to the importance of the effect of divergence
on isentropic stability changes, with particular reference to the use of the
so-called "weight charts" in isentropic analysis. It will here be shown how
this may be taken into account in day-to-day analysis by using what may be
called the "isentropic stability tendency", which can be computed from the
stability and wind distribution in an isentropic surface.
It was pointed out above, in dealing with isentropic pressure tendencies,
that equation (7), when appropriately rewritten, may be applied to pressure
changes in any pair of substantial surfaces. In particular, assuming isentropic flow, we may choose as substantial surfaces two isentropic surfaces
specified by potential temperatures Qi and 02. The equation then becomes
(9)
Consider, now, two neighbouring isentropic surfaces infinitesimally close
together. We write
Po=PMp

Oi=0

=

- HPe+f
Tade

6* = 6 +do

where dp/dO is derived keeping x and y constant.
obtain

P =P
0
0
Substituting in (9) we

And since dQ is constant,
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This
surface.
are to be
for what
It is

is the equation of continuity for the motion of air in an isentropic
It is important to note that differentiations with respect to t, x and y
performed keeping Q (and not z) constant. If this is kept in mind
follows, the continual use of 0 as a subscript can be avoided.
convenient to write ^
dpfd Q. Then
=

O

»•>

The value of ^ is a measure of the stability for dry air; for it can be shown
that TR is related to the lapse rate, a , by the equation
IT

= $ / r - )

U2)

where R is the gas constant for dry air, and r is the dry adiabatic lapse rate.
7T is essentially positive for stable air ( a < T ) , negative for unstable air
( a > r ) , and is infinite for an autobarotropic condition, where 0 does not
change with height ( a = r ) . In particular, for a stable condition, ^ decreases
with increasing stability.
The value of ^ as a measure of stability has been in use for some time
in the construction of isentropic "weight charts". In practice, however, instead of the actual derivative, one uses the difference in pressure between two
^-surfaces 6° apart. If ^ is taken to represent this isentropic pressure difference, equation (11) will apply equally well, provided that u and v are
interpreted as the components of a mean wind in the layer of air between the
two isentropic surfaces. With this proviso, TT may be interpreted in what follows as representing pressure differences, although the original definition
of TR will be retained.
Equation (11) may be rewritten
dt

dx

+

k

9J/ ~

nldx+dy)

(13)

The left-hand side of (13) represents the time-rate of change of ^ at a point
which moves in the isentropic surface with the velocity of the wind. It is
seen to be proportional to the horizontal divergence of the isentropic wind field,
given by (du/dx + Zv/dy).
If this divergence is zero, the ^ - field will be propagated without distortion
with the velocity of the wind. A positive divergence corresponds to decreasing 7T, and therefore, increasing stability, and a negative divergence (convergence) corresponds to decreasing stability, as we follow a particle of air
in the isentropic surface.
Montgomery2 has shown that gradient wind in an isentropic surface can
be derived from an isentropic acceleration potential
where CP is the specific heat of air at constant pressure, T is the absolute temperature, and $ is the geopotential. The gradient wind is given by
,,-.1.

u~

f

^

by

y— -f-L J^f

f

^

where / is the Coriolis parameter. If the north-south component of the wind
is not too great, variation in latitude may be neglected, in which case it is
seen at once that this wind has zero horizontal divergence. It follows that
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where there is gradient flow and d ^ / d x is not too large, the -field will
move with the velocity of the wind and without change of form.
In general, the isentropic wind field will be divergent. We proceed to
show how this may be taken into account in forecasting stability changes.
We shall henceforth refer to the derivative djrfdt as the "isentropic stability
tendency'', or simply the stability tendency.
Equation (11) may be rewritten

It is seen that this has a form similar to equation (7) and that a similar
method will serve to compute the stability tendencies as was described for
computing the pressure tendencies. A simplification is here apparent in
that the terms on the right-hand side do not involve integrals, but are simply
derivatives of ^ multiplied by the components of the wind at the isentropic
surface.
The procedure to be followed in computing the stability tendencies is now
fairly obvious. Values of ^ u and ^ v are obtained from raobs and pibals,
and are plotted on a base map. Isopleths are drawn for these two quantities.
From this chart is extracted a scattering of values of d u) /dx and 3 (73- v) /dy,
whence the stability tendencies are obtained by addition. These tendencies
may now be used in forecasting the motion of the stability field in exactly
the same way that pressure tendencies are used in forecasting the motion of
a pressure field.
It is hoped that this method will receive a practical test at those meteorological centers where the construction of isentropic weight charts is a daily
practice.
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Congratulations

to P r o f . M o r a n d i

froi

As Secretary of the American Meteorological Society I wish to compliment Professor Morandi and his associates of the Junta Nacional de Meteorologla de Uruguay on their fine
work in organizing and publishing
their Revista Meteorologica.
They
clearly saw the need and had the
courage and determination to carry
through this important project.
Already they have published a considerable number of noteworthy South
American contributions to meteorology, and we wish them continued success in the future. The Revista

the A m e r i c a n

Meteorological

Society

should be better known outside of
South America, and we are glad to
cooperate to this end. Readers of the
Bulletin have already seen the Revista announced in the Bibliography
and are able to obtain it through the
Book Service.
I believe that this new publication
from South America with its already
sizable list of contributions from
South American meteorologists indicates a notable step forward for meteorology in our hemisphere.
—Charles F. Brooks, Secretary.

Unauthenticated | Downloaded 01/09/23 02:02 AM UTC

