Investigations into the Apparent Shape of the Sky
ALBERT MILLER* a n d H A N S
SUMMARY

T is SHOWN that the quantitative estimates of the apparent shape of the sky
cannot be explained by the geometric
and physical conditions of the atmosphere.
Observations of the angular elevation of the
midpoint of the arc: Horizon-Zenith, show
that with increase in cloudiness the sky
appears to become flatter. The effect of
different cloudtypes on the apparent shape
of the sky is explained by the structure of
the clouds themselves. However, no significant relation between the ceiling height and
sky shape was found.

I

Aside from the influence of the angular
elevation of the terrestrial horizon, an important factor determining our impression
of the shape of the sky is the distance between observer and topographic horizon as
well as the contour of the foreground, as is
shown by special measurements. This conclusion is confirmed by the relation between
visual range and the apparent shape of sky
as well as measurements through red color
filter.
From the earliest times, man has wondered about the substances and the boundaries of the sky, a curiosity reflected in
the mythology and legends of various peoples. In the Bible the sky is described " a s
molten looking g l a s s " [ 1 ] ; in another part
it is related that the HebreAVS attempted
to reach the sky by building a tower.
To most observers the daytime sky,
whether clear or cloudy, appears as a curved
surface, whose shape and dimensions cannot be deduced from physical and geometric
conditions of the atmosphere.
Another
closely related phenomenon is the overestimation of the size of sun and moon
[10], especially when near the horizon, a
fact which causes artists to paint oversized
suns and moons into their landscapes. Also,
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overestimation of the elevation angle of objects and of the steepness of mountains are
phenomena pertaining to the same general
problem.
The long list of prominent philosophers
and scientists [ 8 ] who have pondered the
problem begins with Aristotle and Ptolemy
and contains such famous names as Descartes, Schopenhauer, Kepler, Euler, Gauss,
Huyghens, Helmholtz and many others.
With regard to the apparent shape of
the sky and related problems we have to
distinguish between the motive responsible
f o r the illusion of a flattened dome and the
factors which cause changes in our impression of the sky shape, in other words, between the physiological-psychological aspects on one hand and the physicalmathematical relationships on the other.
As far as the geometrical form of the
sky is concerned, the profile of a meridional
section has been described by various authors as an ellipse [4, 5 ] , hyperbola [ 9 ] ,
circle segment [3, 8], and helmet-shape
[ 2 ] . It seems that for analytical purposes
the assumption of a circular profile is
satisfactory.
Quantitative estimates of our impression
of the apparent sky shape can be obtained
if we estimate the ratio between the apparent distance to the horizon and that to
the zenith, or—better—if we bisect the apparent arc between zenith and horizon and
measure the angle of elevation of this midpoint as schematically shown in FIGURE 1.
The larger the ratio, the smaller the socalled Half-Arc angle. This angle depends
on the subjective impression of the individual observer, but the variation in the
angle is caused to a greater degree by the
physical environment.
The following considerations show clearly
that the apparent shape of the sky cannot
be explained by the physical and geometric
XN-operties of the atmosphere.
In the case of the cloudless sky, most of
the light we receive from the sky is sunlight scattered within a layer of the atmos-
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FIG. 1. Geometric Relation between Half-Arc Angle and Ratio Horizon Distance:
Zenith Distance, if Apparent Shape of Sky is assumed to be Spherical.
phere that reaches from the ground to a
height of perhaps 50 to 100 km. If we assume that we can see to this upper boundary
which would lie concentrically around the
earth, the half-arc angle would amount to
1.4° for 50-km height, or 8.4° for 100-km
height. The corresponding ratios, horizonto-zenith distance, would be 62 and 11 respectively. Actually, the measured angles
are much larger, namely, between 20° and
35°, and the corresponding ratios less than
4. In turn, a shell around the earth, in
order to produce such an impression, would
have to have the impossible altitude of more
than 1500 km. It is obvious that the geometric conditions for an overcast sky become even more unfavorable for a purely
geometric explanation of the observed sky
shape. A cloud layer at 2 km. would yield
a half-arc angle of 1° and a ratio, horizon:
zenith of 80. The visual range, even though
it has a very definite influence on our impression of the sky shape, cannot furnish a
solution, because the visibility toward the
cloudless zenith would be greater than toward the horizon, so that the ratio horizon:
zenith would be less than 1 and the pertaining half-arc angle would be greater than
45°, which is never the case.

At The Pennsylvania State College, a
large number of half-arc angle measurements were made under various sky conditions.
A. Miller [7] designed a device
which facilitates the measurements of the
half-arc angle without disturbing or influencing the selection of the midpoint of the
arc zenith-horizon. Such measurements can
be reproduced by an observer (after some
practice) within about 1/2°. Each observation consisted of sets of three measurements
each, taken in four different directions; the
arithmetical mean of the 12 values was then
adopted as the significant value.
The relation between the amount of
clouds and the half-arc angle (disregarding
the type of clouds) which was found by
Reimann [8] is confirmed by the observations summarized in TABLE I.

The motive for the present investigations
was the thought that—even though a construction of our visual space (Sehraum), as
was attempted by von Sterneck [9], Witte
[10], and others [8], is unsatisfactory [ 8 ] —
possibly a relation could be found between
the height of a cloudlayer and the apparent
shape of the sky.

It shows that with increase in cloudiness
the sky appears to become successively flatter; the decrease in the half-arc angle is
significant for a change from a practically
cloudless sky to a cloud cover of 1 to 3
tenths.
In other words, the slightest
amount of cloudiness will produce a material change in our impression of the sky

TABLE
AVERAGE

RELATION

I

BETWEEN

AND THE A P P A R E N T

CLOUDINESS

SHAPE

OF THE S K Y
Cloudiness

^^^

n
Half-Arc Angle
Horizon/Zenith

<1

1-3

4-7

8-9

>9

(13)
33.2
2.01

(14)
31.5
2.19

(14)
30.6
2.29

(ID
30.2
2.34

(22)
29.9
2.37
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shape, whereas this change will be insignificant when the cloudiness exceeds 4 tenths.
This finding is in good agreement with Reimann's observations.
The variation in the apparent sky shape
due to the different cloud types is more
pronounced than that due to cloudiness.
Cumulus clouds have the least flattening
effect on the sky, probably because they
usually occur in the form of scattered
clouds with sufficient blue sky visible to
contribute to our impression of the sky
shape. The sky appears flattest with Altocumulus and Altostratus (which occurred
together in most cases during these observations), less flat with Stratocumulus,
whereas Stratus produce practically the
same effect on the sky shape as high clouds.
The only explanation seems to be the structure of the clouds themselves: The Ac and
Sc groups due to the structure of their base
create a depth perception which makes the
sky seem to extend beyond the physical
horizon. A uniform structureless stratus
deck does not give such an impression of
depth and neither do the high clouds whose
structure usually becomes undiscernible in
the vicinity of the horizon. From this result it-becomes evident that no relationship
between cloudheight and half-arc angle exists that could be utilized to improve the
subjective estimate of ceiling heights. TABLE I I contains average values of the half
arc angles selected for a sky practically
overcast by As, Ac, St, and Sc clouds.
TABLE
AVERAGE

RELATION

II
BETWEEN

CEILING

H E I G H T AND THE A P P A R E N T SHAPE OF S K Y ,
WHEN

As, Ac,
Ceiling
Height

SKY

COVERED

9/10

OR M O R E

WITH

ST, OR SC
Group
Average

n
Half-Arc Angle
Horizon/Zenith
Apparent Horizon
Distance

<2000'
1200'
(9)
29.3°
2.44
2900'

2000-6000'
3900'

>6000'
8900'

(7)
28.0°
2.60
10,100'

(9)
27.2°
2.71
24,100'

It shows that with increase in cloudheight the sky appears to become flatter, a
fact which is contrary to expectation.
From the ratios, horizon-to-zenith distances,

and the average ceiling height given in the
table, the distance to the apparent horizon
can be determined. These values show that
in all cases the sky adjacent to the horizon
appears closer to the observer than the horizon itself, whereas in reality the opposite is
usually the case. We then have to conclude
that we overestimate the height of the
clouds and this the more so, the lower the
clouds are.
During the measurements of the half-arc
angle it became apparent that the distance
to the topographic horizon is of considerable influence on the apparent shape of the
sky. Therefore, a series of measurements
were made on two cloudless days with very
good visibility, at varying distances from a
mountain range. With decreasing distance
from a mountain range the crest of the
mountain cuts off an increasing portion of
the sky. In order to eliminate the influence
of the elevation of the horizon from the
measurements, the observed half-arc angles
were graphically reduced to a value that
they would assume if the horizon had an
elevation of 0°. A special set of observations was obtained by means of an artificial
horizon whose elevation was varied from 2°
to 20°. The data obtained by means of the
artificial horizon are not quite comparable,
as the distance of the latter from the observer was only a few meters. The correction of the half-arc angle amounts, on an
average, to — 0.8° per degree of horizon
elevation.
The effect of the distance of the topographic horizon on the half-arc angle was
reduced to 0° elevation. It then was found
that the agreement between the measurements of the two observers is good especially in view of the fact that the data were
taken on two different days (although under
similar conditions) and that Miller had
considerably more practice in taking these
observations.
Both series show that the
half-arc angle decreases with increasing
distance of the horizon, i.e., that the sky
becomes apparently flatter as the distance
from the visible horizon is increased. Particularly marked is this flattening up to a
distance of about 5 km; from there on to
greater distances it becomes practically
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negligible. In TABLE I I I the ratios of the
apparent distance of the zenith to that of
the horizon, corresponding to the half-arc
angles, are given for the various distances
of the visible horizon. It shows that with
increasing distance of the visible horizon,
the relative apparent distance of the sky
horizon also increases, especially for the
first 5 km. The only possible explanation
that can be offered is the topographic contour of the landscape in front of the mountain range; up to a distance of about 5
km the country is slightly rolling and of
mostly concave profile, which permits a
better (subconscious) estimation of the distance to the mountain which in turn determines our impression of the distance to the
sky horizon. From 5 km on to greater distances, the profile is more Or less falling
so that the hump in the landscape at about
5 km permits only a partial view of the
mountain and prevents the observer from
seeing the whole foreground to the mountain and consequently from making an adequate estimate of the distance. It is the
opinion of the authors that the distance to
TABLE

III

R E L A T I O N B E T W E E N THE DISTANCE OF THE
VISIBLE HORIZON AND THE R A T I O " A P P A R E N T
ZENITH DISTANCE
DISTANCE
Distance
km

0.8
1.3
1.6
2.1
2.4
2.6
2.9
3.5
4.0
5.0
5.5
5.9
7.1
7.3
8.5
12.0
13.0
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ARTICLES

(Z):

APPARENT

HORIZON

(H)"
Ratio Z\H
(Miller)
—

1:1.7

Ratio Z/H
(Neuberger)

1:1.8
—

1.8
1.9

—
—

2.0
—
—
—

2.4
—

2.8
—

2.9
—

2.9
—

3.2

—

2.0
2.2
2.5
2.6
2.8
—

2.8
—

2.7
—

3.4
—

the visible, i.e., topographic horizon as well
as the possibility of satisfactorily estimating this distance (as e.g., when facilitated
by a suitable foreground), plays the greater
part in our impression of the apparent
shape of the sky. As the estimation of
distances depends to a certain degree on
the transparency of the air, a relation between the visual range and the shape of
the sky was expected. However, this relation is less important than the topographic
influence as can be deduced from Table IV.
TABLE

IV

AVERAGE RELATION BETWEEN VISUAL R A N G E
AND A P P A R E N T SHAPE OF THE S K Y
Visual
Range
(km)

(n)

Half-Arc
Angle

Ratio
H/Z

Half-Arc
Angle

Ratio
H/Z

< 6
6-10
>10

(24)
(26)
(86)

33.3
32.1
32.6

2.00
2.14
2.08

30.7
28.8
28.9

2.28
2.50
2.49

Physical
Horizon at
0.4 km

Physical
Horizon at
12 km

There, the observational material was separated into two sets: one containing -the
measurements taken in the direction toward nearby obstructions (distance 400
meters), and the other one containing those
taken in the direction toward distant horizons (12 km). Again TABLE IV shows that
the sky appears flatter when the physical
horizon is at a greater distance. It also
shows that on an average the sky seems
flatter when the transparency of the air is
greater, at least for visual ranges of less
than 10 km. The differences between the
two sets of observations are greater than
those between different visual ranges.
Measurements of the half-arc angle were
also made through a mask of dark red cellophane [7]. These measurements revealed
half-arc angles that were on an average
1.2° larger than those taken simultaneously
without the red filter. In other words, the
red sky appeared less flat. Through the red
cellophane the horizon always appeared
brighter than the zenith (especially with
cloudless skies) which probably caused the
illusion of greater nearness thus making
the shape of the sky appear more curved.
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