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INTRODUCTION

F T E R the diurnal and annual variation
have been eliminated, the record of any
meteorological variable as a function of
time might look like this:

A

FIG. 1.

Typical record of meteorological variable.

No units of time have been given in F I G U R E 1 .
Actually, the units could be seconds, hours, days
or even years. The graph would probably have
the same general appearance. It is characterized
by irregular oscillations, some of which have periods short compared to the length of the record,
and some of which are so long that they may produce a trend throughout the length of the record.
Meteorologists have always been concerned
with the statistical analysis of a record such as
shown in F I G U R E 1, with the primary purpose of
extrapolating the record into the future. To do
this, they have attempted to find regular "cycles,"
which would cause peaks and valleys at regular
intervals and could therefore be used for forecast
purposes. Attempts to find and extrapolate regular cycles by ordinary Fourier analysis have always met with failure. The variations of meteorological variables do not seem to be characterized by oscillations of particular periods, excepting of course, the diurnal and annual variations.
POWER-SPECTRUM

ANALYSIS

Power-spectrum analysis dififers from ordinary
Fourier analysis in not ascribing the observed
variation to a finite number of cycles with discrete
periods, but to an infinite number of small oscillations with a continuous distribution of periods.
For example, everybody is familiar with apparent
weekly periodicities in the occurrence of rain. In
the usual language—now to be discarded—one
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would have said that there exist "cycles" in the
weather with periods of one week. In terms of
power-spectrum analysis, we now say, that oscillations with periods about a week are more probable than oscillations with periods about, say, four
days or ten days.
For the purpose of power-spectrum analysis,
it is more convenient to use the "frequency" as
variable instead of the period. The frequency is
just the reciprocal of the period. For example,
the period of one week or seven days corresponds
to a frequency of 1/7 cycle per day; and a period
of one hour to a frequency of 24 cycles per day.
We may now define the power-spectrum as describing the probability distribution of the occurrence of oscillations with particular frequencies in
a given meteorological record. For example, the
power-spectrum of daily rainfall amounts might
look like this:

FIG. 2.

Hypothetical power spectrum.

This hypothetical spectrum would indicate that
oscillations with frequencies near 0.14 cycle per
day (periods of a week) are more probable than
those with neighboring frequencies. Since a frequency of 0.14 per day corresponds to a period of
approximately a week, the spectrum indicated in
F I G U R E 2 would make it likely that rainy periods
would occur at intervals of approximately a week.
If only one exact cycle of a week existed, the spectrum would consist of a vertical line at 0.143 cycle per day. In that case, the spectrum would be
more useful than that in F I G U R E 2 since it would
show that rainy weather would reoccur exactly
every week.
Up to this point, only spectra have been discussed which are characterized by a single peak.
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Frequently we find spectra which show more than
one peak, sometimes with wide gaps between the
peaks. Whether or not these gaps are accidental
and are just a property of the single sample of
observations studied, can be decided on the basis
of the sampling theory of spectra developed by
Tukey. If the gaps are real, then the peaks are
probably produced by different physical processes;
different mechanisms set up oscillations characterized by different groups of periods. For example, a spectrum based on observations of vertical velocities on a sunny day may have one peak
about twenty seconds and another about two
minutes, with few oscillations near forty seconds.
Further, on cloudy days, the peak near two minutes is missing entirely. This set of observations
would indicate that the low-period peak is caused
by mechanical turbulence, the high-period peak
by heat convection.
In general, gaps in spectra have some important applications. For example, what is meant by
"turbulence?" Short-period variations of wind
are ascribed to turbulence, in contrast to the motions encountered in cyclones or long waves.
But, where is the boundary between the two types
of motion? Frequently, this boundary is dictated
by our practice of weather-map analysis. Any motions smoothed out by that analysis are defined as
"turbulence."
A more rational definition of
"turbulence" would be possible on the basis of the
spectrum of velocity components, provided a gap
existed near periods of the order of an hour.
This gap then would mark the dividing line between turbulence and mean motions.
A similar application of gaps arises in connection with diffusion problems. Diffusion of smoke
from a chimney, for example, often appears to the
casual observer to be made up of two parts:
spreading of the plume downwind, and the meandering of the plume. Both of these factors tend
to thin out the time-average concentration of smoke
at some distance downstream. If meandering and
spreading-out can be distinguished visually, there
probably are two distinct scales of turbulence important in diffusion. In the language of powerspectrum analysis, there exists a gap between two
peaks. In the theoretical treatment of diffusion,
the determination of the position of this gap is useful. Given the power spectrum, not only is it possible to separate two scales of turbulence quantitatively, but also to determine over how long a period a variable has to be averaged in order that
averages over successive periods are essentially
equal.
Unfortunately, the spectrum involved in diffusion problems is the power spectrum relative

to a coordinate system moving with individual air
parcels. This spectrum is called the "Langrangian" spectrum, and bears no simple relation to
the spectrum measured at a point, the so-called
"Eulerian" spectrum. Only the second of these
can be determined relatively easily.
A third type of spectrum is of interest both to
students of the General Circulation of the atmosphere and to designers of airplanes and tall structures. This is the spectrum based on instantaneous or nearly instantaneous observation along a
line, and depends on wave length (or its reciprocal, the wave number), rather than frequency.
Thus, for example, a designer of airplanes must
avoid dimensions of the wings which would produce oscillations in resonance with the turbulent
eddies. In fact, given the spectrum of atmospheric
velocities, the plane designer can calculate the
spectrum of the motions of the airplane, and thus
avoid large amplitudes of any disturbance in the
motion of the plane. The same is true for oscillations of towers or chimneys.
If the mean wind was very fast compared to
deviations of the actual wind from the mean wind,
the easily-measured spectrum of the wind components at a point would also give information
concerning the spectrum of velocity components
measured along a line in the direction of the mean
wind. Unfortunately, the above condition is not
necessarily satisfied, in which case no simple relation exists between the two types of spectra.
The computation of all power spectra is laborious. It involves, first, the determination of a number of products of the record with itself (with
various lags), followed by harmonic analysis.
Punched-card methods have been used to advantage in this process as well as electronic digital
computers. Analogue devices have also been applied to the determination of spectra, for example,
machines analyzing sound frequencies.
A typical spectrum determined numerically
might look like F I G U R E 3 :

FIG 3.
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Typical spectrum of vertical velocity at 100
meters.
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The computed values are entered as crosses,
and a smooth line was drawn by eye. The question immediately arises as to the meaning of the
smooth line. Perhaps it can be put this way: if
all data were available of the same character as
the data analyzed, then the line drawn by eye
would have been obtained. In a sense, the line
is our estimate of the true spectrum. The scatter
is assumed to be due to chance fluctuations. For
example, the spectrum in F I G U R E 3 might represent the spectrum of vertical velocities for a period of an hour at Brookhaven, Long Island, with
a South West wind, 10 m sec-1, and a lapse rate
of 1.5°/100 m. Then the smooth line would represent our estimate of the spectrum if these average conditions did not change and vertical velocities could be observed and analyzed for an extremely long time under the same mean conditions.
The fact that the actual period is fairly short introduces an uncertainty into the estimates of the
spectrum, which is apparent through the scatter
in F I G U R E 3. Tukey developed a method of estimating the expected scatter from a given amount
of information; this theory can be used to estimate how smooth a spectrum curve may be drawn
through a given set of spectrum estimates.
So far, little is known about the spectra of atmospheric variables. However, much work is
being done along this line in this country and
Great Britain. The available information concerns mostly the velocity components over periods reckoned in seconds and minutes. From
these studies we know, for example, that the period of the eddies possessing most energy increases rapidly with increasing height. Near an
elevation of one meter, most of the energy is contained in eddies with periods of order of a second,
whereas eddies with periods of a few minutes are
common at 100 m. In terms of spectral analysis,
the period at which the spectrum of a velocity
component reaches its peak (especially that of the
vertical velocity) increases with increasing height.
Further, the spectra depend on the amount of
short-wave radiation. As the sun appears, heat
convection is started which is characterized by eddies of longer periods than mechanical turbulence.
The wind speed also plays an important part,
both in increasing the frequency with which eddies
pass a particular point, and also in intensifying
the turbulence and therefore increasing the amplitudes of the spectrum.
Finally, there is a very characteristic difference
between spectra of horizontal and vertical velocity
components. Vertical velocities averaged over a
long period—say, twelve hours—are small, perhaps 1 cm sec-1. On the other hand, horizontal

velocity components remain large when averaged
over periods of this length. Probably, the largest
variations of wind speed and direction occur with
periods of about six days. Therefore, the maximum of the spectrum of the horizontal velocity
components is very likely located somewhere near
periods of the order of one week; the vertical velocity spectra, on the other hand, tend to reach
their greatest values near periods of minutes or
seconds, depending on the height above the ground
and other variables.
Spectra of velocity components obtained from
the motions of airplanes cover only wave lengths
much shorter than those in which most of the
energy is concentrated. They show a decrease of
spectral intensity with increasing frequency approximately according to the &~5/3 law as required
by theory (where k is the wave number).
Little power-spectrum analysis has been done
for periods greater than a day, nor at levels above
the friction layer. Further, the analysis can be
extended profitably to such variables as temperature, pressure and rainfall, resulting both in forecasting aids and a better understanding of the largescale processes operating in the atmosphere.
CROSS-SPECTRUM

ANALYSIS

Cross spectra between two variables have two
components: the "cospectrum" and the "quadrature spectrum." The cospectrum answers the
question: to what extent do oscillations with certain ranges of periods or wavelengths contribute
to the mean product of two variables? For example, the vertical flux of heat is given essentially
by the mean product of vertical velocity and temperature. It is not at all obvious how frequently
the temperatures and vertical velocities have to be
measured to obtain a reasonable estimate of the
heat flux. The cospectrum may tell us that, under
certain conditions, eddies with periods of one second or less do not contribute significantly to the
mean product. In that case we know that it would
be useless to measure vertical motion and temperature more frequently then, say every y2 second.
In this manner, it will probably be possible to
show that the horizontal flux of heat, moisture and
momentum in the atmosphere is due to eddies of
the size of cyclones and larger and that measurements from weather maps are sufficiently frequent to permit the determination of these fluxes
from them. So far only indirect evidence is available to show this assumption to be correct. On
the other hand, the vertical flux of heat, momentum
etc., is almost certainly produced to a large extent
by eddies of the size of convective cells and
smaller, because the large-scale vertical veloci-
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ties are of such small magnitude. Again, this
statement has been confirmed quantitatively only
in the lower 100 meters. Another result that has
been established near the ground, and is probably
equally valid elsewhere is that, when large eddies
and small eddies exist simultaneously, the small
eddies may have considerable energy, but produce
relatively little flux.
A basic problem which can be attacked by
means of cospectrum analysis is this: when the
equations of dynamic meteorology are applied to
the problem of forecasting, they have to be averaged before they can be applied to observations
obtained from weather maps. Unfortunately, not
only the mean quantities appear in the averaged
equations, but also certain products containing deviations from the means. Such terms describe the
effects of "eddy friction," or "eddy heat conduction." It would be desirable to relate these quantities statistically to the mean motions. But before this can be done, we must be able to measure
such things as "eddy heat flux." As just noted,
measurement of eddy heat flux is possible after
cospectrum analysis has indicated what sizes of
eddies are important in the production of the heat
flux.
In the last few paragraphs, the assumption has
been implied that the oscillations of the two variables of various periods are in phase with each
other. Now, suppose that some or all of the oscillations are exactly 90° out of phase. Then, the
average product of the two variables would be
zero. Nevertheless, the two variables are related.
For example, consider the contour height and
south-north wind component on an isobaric chart.
If we proceed along a latitude circle, we will
reach extremes of contour height at places where
the south-north component of the wind vanishes,
and vice-versa. Wind and height are 90° out of
phase. As mentioned at the beginning of this section, complete "cross-spectrum" analysis consists
of two parts, that of showing the magnitude of the
in-phase relationship between the oscillations (the
cospectrum), and the other the magnitude of the
90° out-of-phase relationship. The second of
these has been named "quadrature" spectrum by
Tukey. Both are obtained by Fourier analysis of
lag correlation coefficients between the two variables. If the quadrature vanishes at a certain frequency, but the cospectrum does not, and is positive, the two oscillations with that frequency are
in phase. If both differ from zero, their ratio determines the phase lag between the two series for
a given frequency. In particular, if they are equal,
and both positive, the phase lag is 45°. If the co-

BULLETIN

AMERICAN

METEOROLOGICAL

SOCIETY

spectrum vanishes, but the quadrature does not,
they are 90° out of phase.
We may use complete cross-spectrum analysis
for example in connection with two time series
which we may suspect to be related but where different components of the time series may be characterized by different lags. For example, suppose that we have made measurements of the Index of the Westerlies ("zonal index") at latitudes
50° and 30° at 500 mb, covering a long period
of time.
We may postulate that, generally,
the energy of the Westerlies at 30° lags behind
that at 50°, but that high-frequency oscillations
show less lag than low-frequency oscillations.
This hypothesis can be tested by computing the
ratio of quadrature spectrum to cospectrum, and
therefore the lag between the oscillations that
make up the variations of the indices at 30° and
50°. Incidentally, this method of analysis can give
evidence of whether any real relationship at all
exists between the two variables, although the
complete sampling theory of cospectra and quadrature spectra has not yet been worked out. If an
apparent relationship between two functions can
be discovered only at low frequencies, but no such
relation exists for high frequencies, the whole relation is subject to suspicion. This is because
there exist, in a given length of record, fewer complete long-period oscillations. In other words, we
have a smaller sample of long-period oscillations
than of short-period oscillations. The smaller the
sample, the less significant will be a given result.
Hence, relations produced by long-period variations only are not likely to be significant. Quite
in general, the amplitudes of long-period variations
of a variable are not well-known, not just in connection with cross spectra, but in the case of
spectra as well.
Incidentally, cross-spectrum analysis between
wind velocity components at a point gives considerable information about the three-dimensional
eddy structure of eddies passing the point. In
particular, the sign of the quadrature spectrum between vertical velocity and a horizontal wind component, changes from the bottom to the top of
eddies.
Cross-spectrum analysis of meteorological variables is just being started, partly for the purpose
of the analysis of large-scale horizontal flux of
heat and momentum, and partly in order to increase our knowledge of the eddy structure near
the ground. It is a very powerful tool which has
many additional applications to the analysis of
any two functions, a relation between which is
known or suspected.
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