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Abstract

A linear dynamical prediction model is combined with a
linear analysis scheme to give a formula for the expected
squared forecast error, as a function of space and time,
given a knowledge of observational error covariance and
spectrum of the true field. The formula is applied with
a two-layer geostrophic model to estimate the maximum
impact of tropospheric temperatures derived from satellite
radiances over oceanic areas on the accuracy of 500 mb
forecasts over North America. The results show a positive
impact if the observations are analyzed by an unrealistically
efficient optimum interpolation method, but they show a
negative impact at all but the smallest satellite error values
if the observations are analyzed by a method that ignores
observational errors. Eight conclusions are reached concerning routine numerical forecasts and the First GARP
Global Experiment.
1. Impact

Observing systems, analysis procedures, and forecasting
methods affect the accuracy of meteorological predictions. All three have been undergoing critical evaluation
for the design of the First GARP Global Experiment
(FGGE); but such evaluation, even if only at a less
intense level, should also be included in the ongoing
activity of any operational weather service. Gandin et al.
(1967) have reviewed the adequacy of large-scale
analysis procedures and observing systems. They include the results of a small number of test forecasts that
explore the effect of changing separation distances in
an observational network of uniform density and
uniform random error. What is lacking for these and
other studies is an economical method to assess, in a
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statistically reliable manner, the effect on forecasts of
improved observation-analysis systems in which the
station density is realistic and the error properties of
the observations are considered fully.
I present such a technique in this paper. The general
technique is also applied to a sample problem: estimation of the maximum impact that tropospheric temperature measurements from satellites can have on the
500 mb forecast error in geopotential over North
America. This example will not only serve to illustrate
the general method, but it will also shed some light, in
spite of its simplicity and specificity, on the proper
interpretation of the FGGE data-gathering effort and
on the difficulties associated with empirical studies.
Figure 1 shows the squared forecast error deviation
in 500 mb height, as a function of forecast period, that
the operational models at the National Meteorological
Center (NMC) have produced over North America
during six winter months in recent years. These errors
are due to a multitude of effects. We consider them as
arising from a host of almost independent error sources,
1

^total^E^ ,
i

2

(1.1)

although we would be hard put to divide the entire
right side into truly independent sources of error. But
we will not be far off in this regard if we consider the
It will be assumed that these do not include improvement from satellite data, although satellite data of poor
coverage and high correlation with forecast temperatures
were used in this period.
1
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accurate only if the response of the perfect model to
changes in this initial error source is similar to that of
the full operational model when subject to the same
changes in initial error source.
The At defined by (1.2) at t = n days is a number
that tells us that if the improvement were instituted,
forecasts for a period of n days would become as
accurate as those now being made for a period of
n — At(n) days. Several features of this ratio are worth
emphasizing:
1) It does not reflect directly on the accuracy per se
of the contemplated new observation or analysis
system but weighs their effect against the total
error present in the entire system. In other words,
At(t) will approach t in value only if the initial
error being eliminated is the major contribution to
D TOTAL2

FIG. 1. Squared deviations of 500 mb forecast error over
North America from December 1973; January, February,
and December 1974; and January and February 1975.
(Average height is subtracted out before differencing and
squaring.) The graphical determination of At is illustrated,
in which Ad is given by (1.3).
2

elimination of only one source at a time. Robert (1975),
for example, has estimated that for the forecast period
of 36 h, the total geopotential error at 500 mb over
North America can be divided into contributions of:
1) 18% from poor initial analyses over oceans;
2) 48% from numerical integration errors;
3) 34% from errors in "physics" (turbulence, convection, radiation, etc.).
We begin the definition of impact then by considering
the ratio
d TOTAL (present) — G£ TOTAL (improved) (1.2)

At ( / )

2

2

d(d TOTAL)/dt
2

Both numerator and denominator are functions of
forecast time t. The numerator is the reduction in
^ TOTAL due to a reduction only in initial error, all other
"sources" being kept fixed. To the extent that the errors
are independent and additive, we can approximate this
by evaluating it in the absence of any other source of
error, i.e., with a model that is otherwise perfect:
D TOTAL (present) — ^ TOTAL (improved)
: [d (present) — d (improved)] rfect model- (1.3)
2

2

2

2

2

pe

This approximation will, of course, be reasonably

2) The reduction of one error source will decrease the
denominator and ease the way for noticeable effects
from future reduction of other error sources.
To arrive at a more useful measure of impact, we take
advantage of the first comment above and divide At
by the forecast time t.
[d (present) — d (improved) ] f e c t model (1.4)
^est =
T[D(D TOTAL)/^^operational model
2

2

p e r

2

is then the definition of the estimated impact. If the
growth rate of C^ TOTAL is constant, I is an estimate of
the fractional reduction in total error achieved by
implementing the proposed improvement in observation
and/or analysis.
All stable operational models, when carried out
sufficiently far in time, result in a leveling-off of C^ TOTAL.
This asymptotic value, if the model satisfactorily treats
the climatological "general circulation," should be close
to twice the climatological variance of the predicted
field. (The results shown in Fig. 1 are far from this
state, since Oort and Rasmusson (1971) report a value
of 16 400 m for the variance of 500 mb height in
transient motions at 45°N in winter.) The denominator
in (1.4) vanishes in this asymptotic state. Rather than
replace the denominator in (1.4) by g£ TOTAL(0> 1 suggest that the present form is instead useful as a reminder
of this limitation. But since the linear models that I
soon suggest as giving a useful cheap estimate of the
numerator will not produce an asymptotic value of the
numerator, I also suggest that I t as a function of time
be considered meaningful only until that time when
d ( d T O T A i , ) / d t begins to decrease.
The numerator in (1.4) can, of course, also be estimated from test calculations with the operational model
that has produced the denominator. Here the difficulty
is that if I is small, sampling problems are serious and
may well require an unreasonable number of test forecasts with expensive models. The "perfect model" used
in the theory below circumvents this difficulty by being
linear. If the analysis procedure is also linear, it is
possible to combine these two linear operations and
2

2

2

2

es

2
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obtain a general formula:
<rf (x, t)) = E E ( y y) Uj(x, t) Uj> (x, 0
y=i J'-i
+ E^» -Sn (x, /). (1.5)
2

6

e

n

2

2

In this expression the angle brackets denote an ensemble
average. The other symbols are as follows:
x finite set of discrete analysis-forecast points;
(ejeji) covariance of observational errors at observing points j and j' \
A spectral power in wavenumber n of the true
field D (x, /);
d (x, t) squared forecast error of the meteorological
field D(x, t).
The symbols Uj and S are transfer functions that depend on the analysis method, the linear dynamical
model, the location of observing and analysis points,
and, in some analysis methods, the error covariance
and true spectrum.
The theorem is useful because the statistical averaging has been done—the expensive Monte Carlo approach to impact tests is not used—and the numerator
in (1.4) is readily obtained by applying (1.5) separately
to the "present" and "improved" circumstances.
This general theorem and the conditions for its
validity are developed in Appendix A. I then apply it,
using a one-dimensional linearized two-layer geostrophic
model, to investigate the growth of 500 mb geopotential
errors over North America. The linear model is formulated in Section 2, and the observational system and
error statistics are described in Section 3. A common
theme throughout these sections in this particular
example is to slant the resolution of procedural choices
toward the overestimate of the impact of satellite temperature measurements. These procedural decisions
arise here as matters of numerical convenience or in
response to a lack of precise statistical data. Rather
than serving to emphasize difficulties in applying the
theory, these choices, I believe, serve as illustrations of
the ability of the theory to produce some useful results
even in the absence of complete and precise statistical
data.
A final observation about (1.4) is that since the
denominator comes from operational models and real
data, (1.4) is not subject to the criticism that can be
levied against "observational system simulation experiments" when the models used in the test and control
cases of those experiments are identical.
2

n

2

n

2. The linear model

Incorrect tropospheric temperature analyses may produce forecast errors through a variety of physical processes. I concentrate on that temperature-dependent
process that seems most important in operational
models. This is the large-scale baroclinic instability of
extratropical latitudes. In this first application, I use

the simplest such model—a two-layer quasi-geostrophic
model in a zonal channel centered at 45° latitude. The
equations without heating and friction, when linearized
about a uniform baroclinic basic current u(p), are as
follows:
/d
d \/a </> a <A
d4> i d
2

and

2

K

d

d \d<t>

du d<j>~1
J-

di+*Tx)Bz-jzTx

( 2

-

2 )

The time unit is 1 day and the horizontal length unit
is a cos 45°, where a is the earth's radius; x is then
numerically equal to longitude (0 < x < 2ir). The
other symbols are as follows:
P pressure/100 cb;
Z = - In P ;
</> perturbation geopotential;
w =

(tt a )dZ/dt;
2

2

5 = (QA/HN)
H = RT/G~
2

-

30;

7.4 X 10 m;
N = I ( 1 + — J - 1.32 X 10~ s" ;
2

3

4

dz )

T\cp

2

u = u(Z) basic current in radians per day.
The 2T is the value assumed by Rossby's "beta" in this
system of units (Charney and Eliassen, 1949). We also
have the hydrostatic relation
d<t>/dZ = RT

(2.3)

between the perturbation geopotential and temperature.
The next simplification in this first application is to
include only the simplest variation with latitude. At
each pressure level, I set the geopotential equal to
cj>(x, y, t) = cos\y

N

£

l=-N

$>(l,t)e .
ilx

(2.4)

A value of ir for X is equivalent to placing the channel
boundaries at about 25° and 65° of latitude with y = 0
at 45°. The even number K is the total number of
analysis points at y = 0:
x = ( 2 T / K ) (k k

1);

k = I , 2, . . . , K.

(2.5)

Appendix B shows that in (2.4) N should be set equal
to (K/2) — 1 and <£(/ = 0) should be omitted. Friction
is allowed for in the manner of Charney and Eliassen
(1949) in which the vertical velocity at the top of the
planetary boundary layer is proportional to the surface
vorticity. Its Fourier coefficient is
(Z = 0) = -2yflir{gE/RT){l
+ \ )3>(Z = 0),
in which E is a depth of 150 m in middle latitudes.
In Appendix A, it is shown that the error in </> will
obey the same equations, and we can then consider </>
in these equations as the error. The final simplification
is to introduce vertical finite-differences and boundary
W

2

2
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higher wavenumbers, phase speeds of the two modes
approach u\ and u^.
Let r denote the tropospheric temperature error.
From (2.3) we obtain
(2.8)
0
(/, t) = RAT (I, t).
We further simplify matters at this point by assuming
a linear relation between $ at all four levels of Fig. 2:
$2
and
(2.9)
We finally introduce the major assumption that the
only error in this perfect model arises from the temperature analysis at t = 0. This is effected most realistically by the specific statement, in every analysis, there

FIG. 2. Vertical structure of two-level model with top
at 250 mb and equal intervals in In (pressure). The winter
values of U\ and Uz used correspond to 6.8 and 18.3 m s .
-1

conditions on w as shown in Fig. 2. When this is done,
it is possible to derive two equations (q = 1, 2),
d/dt(w $
q

i—

=

—ilcq(wq$

i—

(2.6)

in which <£i(Z, t) and ^(Z, t) refer to levels 1 and 3 in
Fig. 2 and (2.4). The remaining symbols are as follows:
a (I) = P + X = P + 7T ;
2

s = S(Z = A)/A ;

2

2

co = 2~*;
U = 0 . 5 f e + ^i);
V = 0.5(^3 -

is no geopotential

error at 1000 mb. T h e t e r m <£ in (2.9)
0

vanishes when t = 0, and the solution of (2.6) with
q = 1 and 2 is

w $i(l,
q

t) — v $z (/, t)
= (RA/2)(w
q

- 3v )r(l,

q

q

0)e~ « .
ilc

(2.10)

t

These two equations determine both <£i and $3 at later
times, and (2.9) can then be used to get 3> (/, t):
$ (/, 0 = RAT (/, 0)[7i(/)e" + 72 {l)e~ * ~]
2

2

iZci<

= T{1, 0)H(l,

t),

ilc

t

(2.11)

where H is such that H(-l, t) = H(l, t)*.
We obtain r(/, 0) from the Fourier decomposition of
the error in the temperature analysis at t = 0, y — 0.
To evaluate this, we first specify the true temperature

U\);

A = a + B, B = su, J = s/<a, F = a + J ]
C = AU(a - B) V - 2tt
i(3aTgE/lART);
D = (t/i(awgE/lART);

G = (£/ + F ) / ;

H = FU+

=

+ (a/ ; - J)V + 2tt;

vq = Bpq +

= (^Pq +

Pi(l),P2(l)

F;

G)/w

q

roots of the quadratic p +
with
2

a = (AH + JDCFb= (GF - JH)/(AD
-

ap

BG)/(AD
BC).

+ b = 0,
— BC),

I apply the model to winter conditions, since temperature variations are then largest and the heightened
baroclinic instability will produce a more dramatic
large-scale response to improved temperature analyses
than would occur in other seasons. Using data from
Oort and Rasmusson (1971), I found the latitudinal
average of u at 700 mb and 350 mb to be
u\ = 0.13 rad/day uz 0.35 rad/day. (2.7)
Fig. 3 shows the resulting doubling times and (real)
phase velocities. The maximum growth rates are at
n = 4 and 5, with doubling times of slightly more than
2 days. These have a phase speed of 0.18 rad/day; at

FIG. 3. Phase speeds cq in radians per day for modes q = 1
and q = 2, together with the corresponding doubling time D1
in days for q = 1 and the halving time D2 for q = 2. Mode 1
changes from amplifying to very slowly damping at zonal
wavenumber I greater than 10.
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field (at y = 0) at the initial time t = 0 of each realization by
N

T(x, y = 0,t = 0) = X n COS(0„ +
n=l

(2.12)

T

where 0 is a random phase. As explained in Appendix A,
I consider only transient motions. (The n = 0 term is
missing since it is part of the omitted stationary
components.)
At a grid point Xk, the temperature analysis error is a
linear function of observed temperatures and the true
temperature :
n

J

= 0) = £y=i P k j i e j + T j ) - T ,
(2.13)
where xj is the location of a data point, Tj and Tk are
the true initial temperatures at Xj and Xk, ej is the
observation error at XJ, and PKJ are the analysis weights.
The linear relation between observed temperatures
€j + Tj and analyzed temperatures contained in (2.13)
is only a special case of objective synoptic analysis
methods that, although they may simultaneously
analyze many variables other than T, are almost
invariably linear in nature. (I later compare the
efficacy of two methods of determining pkj.)
In Appendix B, it is shown how (2.11)— (2.13) can be
combined to give the following prediction formula for
the 500 mb geopotential forecast error at the grid
points Xk:
Tk(t

k

j
(t>2(Xk

t) =

f

£

6 j JJ jk { t )

3=1

EN

+

71=1

TntVnkW

cosdn ~

WHk(t)

sin0 ]n

(2.14)

We square this and take the ensemble average under the
conditions that ey is uncorrelated with the true field and
that the phase 0 for one value of n is uncorrelated with
that of a different n. The result is
J

J

<02 (**,0> = E £
j= i
i
2

(tj*j>)Ujk(t)Uj>k(t)

This is efficient for the use of fast Fourier transforms,
and it is realistic in that the corresponding maximum
zonal wavenumber of 31 is as large as most present-day
spectral models contemplate. I also divided this into
four geographical areas:
1) Eurasia: 0°-160°;
2) Pacific: 160°-240°;
3) North America: 240°-305°;
4) Atlantic: 305°-360°.
2

(The spot x = 0 is actually located 10° west of the
Greenwich meridian.)
The present dynamical model, in its onedimensionality, is too crude to merit the use of refined
data on the spectrum of the "true" field (2.12). The
one-dimensional spectra for available potential energy
given by Wiin-Nielsen (1967), for example, include
quasi-stationary as well as transient components. He
shows a drop-off in the range n = 6-15 proportional
to n~ - with a smaller slope of n~
for n = 1-5.
Instead of using his data directly, I have simplified
matters by using an artificial spectrum peaked at n = 4,
with a drop-off proportional to (X + w ) at n > 4
and an arbitrary linear increase with n for n < 4 so
that T (n = 1) = \T (n = 4). The admittedly artificial peak at n = 4 will emphasize the response to
improved (or degraded!) temperature analyses, since
it coincides with the wavenumber of maximum instability. This tends again to overestimate satellite impact.
Oort and Rasmusson (1971) cite a value of 29°C for
the total variance of 500 mb transient temperature
3 21

N

+ i Z T \ V n \ t ) + WnkHtn
n=l

F I G . 4. Artificial spectrum of transient eddy temperature field in degrees Celsius squared, as function of zonal
wavenumber n.

n

k

(2.15)

(A similar expression can be derived for the 1000 mb
error (j>o2(xk, t) by returning to (2.9).) This is our
special case of the general formula (1.5). It is applied to
different observing systems and analysis systems in the
next sections.

0,959

2

2

2

-1,5

2

2

3. Analysis points and observation nets

I divided the longitude range into 64 intervals,
x =(7r/32)(ifek

1), k = 1, . . . , 6 4 .

(3.1)

Computations with K — 128 for the smaller of the observing nets produced only very minor changes in the results.
2
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this gives a decent agreement with the 10 January
chart, since
/ 29 + 15 V
X 18.5°C = 22.8°C.
\ 29
We now consider three sources of temperature observations that enter into my initial analyses.

)

a. Radiosondes

These were assumed to have an rms error of 0.5°C,
uncorrelated with each other, with other measurements,
or with the true field:
(3.4)
<€<€y>RB = (0.5°C) 5iIn this one-dimensional model, I located radiosondes
at 45°N by computing, for each of the four regions, a
separation distance given by the square root of the area
of that region between 25°N and 65°N divided by the
average number of World Weather Watch (WWW)
radiosondes for that region received at NMC. In the
case of the Pacific, I arbitrarily first divided the Alaskan
radiosondes by 3, since they number more than the
other Pacific radiosondes but are north of 60°N. Each
longitudinal region at 45 °N was then assigned its quota
of radiosondes at equally spaced distances. The numbers
so derived are shown in Table 1 under the heading
"WWW RS." The station separations over Eurasia and
North America are almost identical. Additional radiosondes assigned to the oceans at this typical continental
station separation constitute what I call the "Ideal RS"
net.
2

FIG. 5. Normalized covariance of temperature spectrum
of Fig. 4. The search radius in the Gandin analysis method
extended out to the distance given by the heavy bar (about
7000 k m ) .

fields in winter at 45°N. In terms of the representation
(2.12) this gives
N

VAR = <r ) = i E TV = 29°C ,
2

2

71=1

(3.2)

with the results shown in Fig. 4. The normalized covariance of this field is important. It is given by
ixn = ( T { x i ) T { x ) ) / V A R
s

= E 2V

C O S

n(Xi

~ J)/H
X

T

n

2

(3.3)

and is shown in Fig. 5. The size of the negative area
beyond the zero crossover at 1900 km is larger than
one would expect from two-dimensional spectra, but
the general location of the zero crossover point is not
unrealistic for a field that does not contain quasistationary components.
Figure 6 shows a sample 500 mb T field, constructed
by superimposing (2.12) with random 6 on the zonally
averaged temperature field corresponding to the shear
present in (2.7). The uniform difference of 26.5°C between 25°N and 65°N corresponds well to the average
values given by Oort and Rasmusson. At 45°N the
temperature in this realization ranges from —7.2° to
11.3°C. This difference of 18.5°C can be compared with
a difference of 25 °C I noted for the total temperature
range at 45°N on the 500 mb chart for 10 January 1976.
The difference is due to my omission of the quasistationary components. For those components, Oort
and Rasmusson cite a variance of 15 °C . Allowance for
n

2

FIG. 6. Sample realization of the temperature field given
by Fig. 4 superimposed on the field corresponding to the
uniform basic current. Upper diagram gives X = 0°-180°;
lower diagram, for 180°-360°. For each diagram, the top
corresponds to 65°N and the bottom corresponds to 2 5 ° N ,
but the latitudinal scale is slightly compressed. Temperatures
are uniformly at -13.25°C and +13.25°C at the latitudinal
boundaries. Longitudinal boundaries of the continents are
shown but play no part in defining T.
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Number of observing points in each region.*

TABLE 1.

es

Region

Eurasia
(160°)

Pacific
(80°)

North
America
(65°)

Atlantic
(55°)

WWW RS
Ideal RS
First guess (/)
Satellite

31
31
29
0

4
15
14
18

12
12
12
0

3
11
9
12

es

* The width of each region is in degrees of longitude. RS
denotes radiosonde.
b.

not included, and the omission of any of them will
contribute to an overestimate of 7 t. As a compromise
between simplicity and generality in this first application and in a desire to consistently overestimate 7 t in
cases of doubt, I elected to include only the "first guess"
source of temperature information. This choice also
enabled me to consider analysis methods that require
a first guess.
To implement this, I treated first guesses as being
available at each analysis point Xk and handled them
as pseudo-observations. Their error structure was set
up as
M f = (3°C) -A(l*i- */1),
(3.6)
where h(\xi — xj\) is the self-normalized covariance.
Quantitative data on h were not available to me, so I
based this on an assumed spectral representation:

Satellites

2

The errors in satellite temperature retrievals are still a
matter of some uncertainty. Following discussions
with Dr. K. Bergman, I have represented them by
(€<ey)sAT = B + a exp(—dij ),
2

2

(3.5)

2

where dij is the distance between two satellite retrieval
points, divided by the distance of 300 km, which
Bergman has estimated from several cross sections of
satellite and radiosonde data. The numbers B and a
in (3.5) represent the (expected) square of a horizontally
averaged error, and the (expected) squared deviation of
error from that horizontal averaged error. I performed
tests with differing values of B and a. The satellite
errors are assumed to be uncorrelated with other types
of measurements or—most optimistically—with the
true field of temperature. The spatial distribution of
satellite points is patterned after a highly idealized
two-satellite side-scanning system. On the supposition
that tropospheric satellite temperatures over the
continents will add little if anything to temperatures
from radiosondes, the test satellite points are limited
to the oceans. The side-scan feature is modeled by six
spots in each "swath," separated from each other by
283 km. Three such swaths are centered in the Pacific,
and two in the Atlantic, with 30° of longitude between
swath centers. All 30 satellite observations are treated
as if they were made synoptically. The extremely
idealized nature of this distribution in longitude and
time certainly overestimates the positive impact of
any realistic two-satellite system.
2

c. First-Guess

2

5Tf

N

= E

n

cos(xpn + nx)

(3.7a)

and
h(\x{ — xj|)

= E (bT ) cosn(xi -

E (8r») .

(3.7b)
I first made preliminary tests without satellites using
5 TV = constant X Tn2
(3.8a)
5 TV = constant X n X TV
(3.8b)
where TV is the true spectrum (Fig. 4). These showed
that analysis errors at t = 0 were largest when (3.8b)
was used. I therefore used (3.8b) in order to maximize
d (present) and avoid underestimating 7 t. The resulting covariance function is shown in Fig. 7. These errors
are assumed to be uncorrelated with measurement
n

2

2

Xj)/

2

es

temperatures

In the numerator of the impact parameter (1.4),
d (present) is the forecast error from analyses made
without benefit of satellite data, and J (improved) is
the forecast error from analyses in which satellite temperatures are used. In operational practice, tropospheric
temperature analyses use not only radiosondes and
satellite temperatures but also winds (through a
geostrophic constraint of some type), "bogus" information (subjective artificial observations introduced by
experienced analysts), and a "first guess" consisting
of a 12 h forecast temperature field. The difference
J (present) — d (improved) would presumably be increased if these last three sources of information were
2

2

2

2

FIG. 7. Normalized covariance of assumed 12 h forecast
temperature error with spectrum given by (3.8b).
Unauthenticated | Downloaded 01/09/23 01:19 AM UTC

Vol. 57, No. 10, October 1976

1232

Combinations of four observation configurations
with two analysis methods used in this study.

TABLE 2.

Observation Configuration
Radiosonde
First Guess
Satellite

Ideal
WWW
WWW
WWW

—
—
Yes
Yes

—
—
—
Yes

Analysis Method
Optimaliayshy Credulous

Yes
Yes
Yes
Yes

No

No

Yes
Yes

errors in the other two systems and are also assumed to
be uncorrelated with the true T. This last is probably
not a completely valid assumption, but as an argument
in its favor I point out that I know of no case where
forecast flow-pattern charts from a numerical model
are systematically corrected statistically before leaving
the purview of the responsible numerical modeling
group. Such correlations are evidently not large enough
to merit immediate routine corrections. (This is
presumably even true of the small systematic tendency
to move systems too slowly.)
The variance of 9°C .in (3.6) corresponds to an rms
12 h forecast temperature error of 3°C. Verifications of
NMC 12 h winter forecasts at island and ship stations
suggest a smaller figure of about 2.3°C. (Continental
figures are about 1.5°C.) The net result is probably to
give a slightly conservative estimate of the information
provided by first-guess temperatures over the oceans.
3

FIG. 8. Variation of 500 mb rms error in meters as function of longitude (left to right) and forecast period (increasing
downward) after application of optimaliayshy analysis to
WWW radiosonde net plus forecast first guess. Tick marks
at top show radiosonde locations; those at the bottom mark
analysis grid points. The two interior vertical lines are the
boundaries of North America. The two arrows have a slope
of 0.18 rad/day, the phase speed of wavenumbers 4 and 5.
Isolines are drawn from values at the grid points computed
at half-day intervals.

where /jL is the normalized covariance of the true temperature field between points xr and x , VAR is the
variance of the true field, and
is the error covariance. How many and which observations (j = 1, . . . , / )
enter into the analysis at each k point is an operationally practical problem, as are the values of the two
types of covariance. In these respects, I have followed
the philosophy of overestimating satellite impact in
case of doubt by
1) using all data within ± 9 0 ° of the analysis point;
2)
using the spectrally defined /jL in (4.1);
4. The analysis methods
3) using the same ( e ^ ) in (4.1) as are used in the
final evaluation formula (2.15).
I used two analysis procedures. One method is based
on the "optimum analysis" technique of Gandin Decision 1 involves a larger search radius than is
(1963; see also Eliassen, 1954). It does not need a practical in operational practice, where J would then
forecast first guess, and it requires knowledge of ob- approach several thousand. Conditions 2 and 3 amount
servation error covariances and spatial covariances of to pretending that in operational practice, one knows
the true field. As a comparative analysis method, I exactly the error and true-field covariances. These
formulated a simple version of the operational method considerations, plus the sharp character of /JL in Fig. 5
now used at the NMC. It is one example of an analysis (from its one-dimensional origin), undoubtedly result
scheme that pays little or no attention to observational in an overly optimistic estimate of the power of practical
error statistics, and I therefore denote it as a credulous optimum interpolation schemes. Although this bias will
method. This particular credulous method is severely decrease both terms in the numerator of / t, it will
handicapped in data-void regions in the absence of a certainly reduce the second term (which attempts to
forecast first guess. Table 2 summarizes the meaningful use more information) more than it will reduce the
combinations of observation systems with analysis first term. This choice will again contribute to an overmethods that I tested. (Values of B and a for the estimate of the impact of satellite temperature data.
satellite data are given in later tables.)
In order to impress the reader with this unrealistic
I extended Gandin's description slightly (Gandin, aspect of my Gandin analysis, I shall use the trans1963, see pp. 78-81) to allow for correlations between literated Russian superlative optimaliayshy in referring
observational errors. The result is, for each analysis to this method of analysis.
point k, a set of J linear equations (i and j = 1, . . ., J)
The detailed behavior of the error with longitude
for the weights pkj:
and time is of some interest. Figure 8 depicts the rms
error in s at 500 mb over North America and nearby
ocean
areas as it results from the optimaliayshy method
(
4
1
)
=
+
^
applied to the observing system consisting of only
WWW radiosondes plus a first guess. For about 5 days,
rs

s

2

rs

es

4

An exception was the very early hemispheric barotropic
forecasts made in Washington, when planetary wavenumbers
1 - 4 were moved back to their initial location (Wolff, 1958).
3

Note added in proof: Dr. Gandin informs me that the correct superlative form is oppimalneishy or naioppimalny.
4
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one can trace individual maximums and minimums
propagating eastward at about 0.28 rad/day from the
initial maximums and minimums over the Pacific that
are associated with particular radiosonde locations.
This speed is that of the least damped mode in Fig. 3
at wavenumber 12. Two larger-scale amplifying trends
move eastward at about 0.18 rad/day (10.3° of longitude per day) followed by an equally slow-moving
amelioration trend whose minimum crosses the Pacific
coastline at about day seven. The latter is traceable
back to good initial analyses over Eurasia at t = 0, and
the speed of 0.18 rad/day is the phase speed of the most
unstable waves shown in Fig. 3. Introduction of a more
general latitude dependence into my model would
undoubtedly smooth out the early individual maximums
and minimums. Granted this modification, the figure
bears a striking resemblance to the North American
sector of Fig. 11 in the article by Miyakoda et al. (1972).
The patterns of rms temperature error that they found
in 12 winter forecasts show a dominant eastward motion
of 10° of longitude per day. They also found an
amelioration entering North America at 7 days, and
at 9 days their maximum errors are over the Atlantic
and western Europe. The square of the North American
temperature errors corresponding to Fig. 8 (computed,
but not shown) has a general magnitude equal to
about 15% of the squared error reported by Miyakoda
et al.

The main analysis method now in use at the NMC
differs considerably from the optimaliayshy. As developed by Flattery (1971), it concentrates on producing
simultaneous global analyses of both wind and geopotential. Dynamical relations borrowed from atmospheric tidal theory are employed to obtain some degree
of mutual consistency between wind and geopotential,
but observational errors are not recognized explicitly.
A major role is played in Flattery's method by the use
of the Rossby wave subset of Hough functions in
latitude, Fourier series in longitude, and empirical
orthogonal functions in pressure to bring about this
consistency. My prediction model here is quasigeostrophic. Furthermore, I have already assumed a
perfect 1000 mb analysis, there are no wind data, and
the only necessary analysis is that of the temperature
field. Under these conditions, Flattery's analysis into
orthogonal functions and eventually synthesis back
into a spatial representation is almost reversible. I
therefore need consider only his local combination of
5

Dr. Flattery has pointed out to me that his spectral
analysis method is an iterative one, in which only the longer
wavelengths are included in the first iterations. This feature
is believed to allow for irregular spacing of data better than
would a single spectral fit. My simplified version does not
include this iteration process. However, the nonregular
spacing of data is only a minor source of the error in my
model. For example, if all errors (RS, first guess, B and a)
are set equal to zero in the configuration W W W + / + SAT,
my version of the N M C analysis scheme produced North
American errors of 32, 22, 40, 61, 95, 143, 258, 412, 648,
and 1070 m . These are only a small fraction of the entries
in Table 5.
5

}

2

radiosonde and satellite temperatures into an analyzed
grid point value. This procedure reduces to
Tk (anal) = I»(fcst) + ^

Z

RS

- ^(fcst)]

+ NR + l NSAT |Xt
Z IT, -

7y(fcst)], (4.2)

where the sums are over radiosonde or satellite observations within a distance of dt3° of longitude from
the analysis point k, and
NR number of radiosonde observations in this
distance;
NSAT number of satellite observations in this
distance;
Tj observed T at observation point j ;
TV (fest) forecast value at observation point, interpolated from values at Xk.
Although this method does not use any specification of
observational error, the division by (NR + NSAT)
instead of NSAT in the second sum is an attempt to
prevent a single oceanic radiosonde from being overruled by several nearby satellite reports. As applied in
the simple observation nets of Table 1, however, NSAT
at almost all grid points is either zero or dominates NR.
The same all or nothing tendency is present in the
operational scheme at NMC, although " N R " and
"NSAT" there each include a somewhat wider class of
data than is considered here. Therefore, this crude
attempt to recognize the relative accuracy of radiosondes and satellite temperatures cannot be expected
to distinguish efficiently between good and bad data.
It should also be noted that at points where
NR + NSAT is not zero, any information present in
the first guess is ignored in my simplified version of the
method; the actual operational procedure is of course
not so stark.
The net result of the scheme (4.2) is an analysis equal
to the first guess at points where there are no nearby
data and equal to the average of nearby data (but
including no information from the first guess) at points
having nearby data. I therefore use the adjective
credulous to identify this type of analysis. This scheme
is certainly not unique in the meteorological community
in its optimistic view of data.
Before proceeding to the next section, I must emphasize, in fairness to the complete Flattery analysis
method, that my tests here do not recognize any
beneficial results that his method might achieve from
its dynamically based blending of wind and geopotential
data.
5. Results of the "optimaliayshy" and
"credulous" analyses

Table 3 shows the rms 500 mb height errors averaged
over the entire zonal belt and over each of the four
continent-ocean areas, computed from the WWW
radiosonde net plus the forecast first guess (no satelUnauthenticated | Downloaded 01/09/23 01:19 AM UTC
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TABLE

3. Root-mean-square forecast errors in 500 mb height over entire zonal belt (AVG) and the four regions.*

Day

AVG

Optimaliayshy Analysis
NAM
EUA
PAC

ATL

AVG

EUA

0
1
2
3
4
5
6
7
8
9

18
18
21
27
31
39
48
61
79
102

10
12
17
22
27
34
43
56
75
102

30
27
27
26
25
25
25
28
35
47

28
23
19
16
20
33
53
81
115
155

34
32
38
45
55
69
88
112
145
189

20
23
31
39
50
62
79
103
138
188

10
15
25
37
48
60
71
82
91
101

Credulous Analysis
NAM
PAC

52
46
47
48
47
47
46
49
63
84

ATL

15
26
42
61
83
107
132
152
168
186

50
39
34
29
32
53
89
143
210
287

* The regions are Eurasia (EUA), Pacific Ocean (PAC), North America (NAM), and Atlantic Ocean (ATL). The data network
is WWW radiosondes plus first guess. Units are in meters.

lites). Results from the optimaliayshy method are shown
in the first five columns. The second five columns show
the results from the credulous analysis method (4.2).
The squares of the entries under " N A M " will provide the d (present) in later calculations of I from
(1.4). The following features are apparent:
1) In both cases the oceanic regions improve with
time for the first 3-4 days. This is presumably
due to a combined effect of positive information
(less error) arriving upward from 1000 mb and
laterally from the continents.
2) The continental areas consistently deteriorate,
and by 3 days, North America has the largest
error, in both cases, of any of the four regions.
3) By 8 days, it is the North Atlantic region that
has the largest average error.
4) The nine ratios of the errors over North America
at day n to that at day n — 1, in the optimaliayshy
method, are 1.50, 1.67, 1.48, 1.30, 1.25, 1.18, 1.15,
1.11, and 1.11. The same pattern of decrease in
these ratios is found in the credulous method. An
error distribution that was homogeneous in longitude would lead to an increasing ratio approaching
2llD = 1.35 from below (where D = 2.32 is the
minimum doubling time). This shows the extent
to which errors over North America are due to
large initial errors over the Pacific and are not
due to simple baroclinic instability alone.
5) A 1°C temperature error associated with zero
height error at 1000 mb gives rise to a 20.3 m
height error at 500 mb. At t = 0, the optimaliayshy
method returns slightly less than the 0.5°C radiosonde error over the continents (where radiosonde
stations and grid points are almost equally
spaced), and in both oceans it returns an error
about half that of the first guess. The credulous
method, on the other hand, is contaminated over
the continents by the (unrealistic) 3°C first-guess
error there, and in the oceans it returns a temperature analysis error of 2.5°C—almost as large as
the raw first-guess error.
2

est

Table 4 shows the squared forecast error averaged
over North America following upon optimaliayshy
analysis applied to the indicated observational systems.
The NMC operational model errors for the first 4 days
are also shown for comparison. The important points
seem to be as follows:
1) Every addition of observational data, no matter
how crude, results in an improvement.
2) Horizontally averaged satellite errors (B) are
almost cancelled out as a source of error. (Recall,
however, that here the Gandin method for determining pkj knows the correct value of B.)
3) The WWW alone, unaided by a first guess or
satellite, is the only system at all comparable
with NMC's total error.
Table 5 gives the corresponding squared forecast
error from the credulous analysis scheme (4.2). In contrast to Table 4, we see that in the credulous scheme
1) addition of poor satellite data to WWW + f can
produce a deterioration;
2) the errors depend significantly on B (at day three,
for example, the squared error is closely equal to
885 + 271cr + 227J3 ).
2

2

6. I m p a c t estimates and conclusions

Table 6 gives the value of I for d at 500 mb over
North America for both analysis schemes. Before
discussing them, I remind the reader that all values are
optimistic because 1) wind data were ignored in
d (present), 2) satellite data are assumed to be synoptic,
and 3) the optimaliayshy method is unrealistically
accurate. For orientation, I shall assume that the
state-of-the-art satellite retrievals have a squared error
of the size 5°C (Bengtsson and Morel, 1974).
In the credulous case the denominator in (1.4) comes
from Fig. 1, with d2 (present) and d2 (improved) coming
from the (WWW + /) entries in Table 5 and the
est

2

2

6

<r = y/2° and B = V2° from recent Nimbus data are
probably most realistic (W. Smith, personal communication).
6
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Squared forecast error in meters squared at 5 0 0 mb averaged over North America when
initial analyses are made with the optimaliayshy method.*
l

0

Data

2

Forecast Period, days
4
5
6

3

7

8

9

No satellites
627 1 023 1 702
89
74
93 124 175 257
395
Ideal RS
123 414 1333 3128 5395 8306 11 684 15 143 18 431 22 174
WWW RS
102 226 605 1338 2296 3560 5 103 6 724 8 349 10 267
WWW + /
Satellites with WWW + /
oB
100 181 449 925 1571 2420 3 525 4 699 5 947 7 603
3°
3°
99 181 448 921 1564 2409 3 508 4 675 5 913 7 558
3°
1°
97 154 359 704 1181 1807 2 657 3 571 4 592 6 054
2°
2°
96 150 354 690 1161 1774 2 607 3 501 4 491 5 911
2°
0°
92 105 211 374 605 916 1 379 1 887 2 539 3 646
1°
3°
91 104 210 371 600 908 1 366 1 870 2 514 3 609
1°
1°
100 1354 3506 6218 8951
NMC operational
* / is forecast first guess; a and B are size of satellite errors defined in (3.5),, in degrees Celsius.
where the correction terms come from Tables 5 and 4.
This modified d2TOTAL has an average slope of 1100
m /day, considerably smaller than that in Fig. 1. (An
optimum analysis scheme is being developed at NMC
but cannot be expected to produce such a drastic
improvement with the present data base!)
The values of 0.138 and 0.233 for 7 for the Ideal RS
net imply that at 36 h, 18% of the 500 mb North
American forecast error is due to poor tropospheric
temperature data over the ocean, even if the existing
data base were analyzed with the unrealistically good
optimaliayshy method. The total error contribution
from existing oceanic data with any practically realiz-

satellite entries therein. Under the optimistic conditions
of this first application, some positive impact might be
expected, especially at the longer forecast periods.
In the optimaliayshy case, we really are considering
the impact of two successive changes to NMC's operational routine—application of a new analysis method
and addition of new data. The impact of only the second
of these changes cannot be estimated with the original
d (dz)2 HOTKI,/dt values. I can only correct them by
replacing d2TOTAL with
d2TOTAL ~ [d (WWW + / ; cred.)
- d2{WWW + / ; optim.)],

2

est

2

TABLE

5. Squared forecast error in meters squared at 500 mb averaged over North America when
initial analyses are made with the credulous method.*

Data

No satellites
Ideal RSf
WWW RSf
WWW + /
Satellites with WWW + /
a
B
3°
3°
3°
1°
2°
2°
2°
0°
1°
3°
1°
1°
NMC operational

Forecast Period, days
4
6
5

0

l

2

3

213

674

1724

3750

6854

11 359

498
255
333
211
477
234
100

1612
913
851
502
1093
394
1354

2940
1948
1609
1113
1803
810
3506

5377
3557
2881
1972
3203
1385
6218

7395
5349
3945
2922
3921
1876
8951

11 306
7 847
5 841
4 111
6 022
2 562

7

8

9

17 360

23 151

28 386

34 570

16 798
11 224
8 622
5 833
9 292
3 713

21 259
14 732
11 007
7 734
11 386
4 844

29 651
19 094
15 284
10 010
17 211
6 661

43 588
24 974
22 783
13 490
28 912
10 313

* / is forecast first guess; <r and B are size of satellite errors defined in (3.5), in degrees Celsius,
t Unrealistic without forecast first guess.
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able analysis scheme must certainly be larger than this.
The indications from this study then are that Robert's
assignment of 18% of the 36 h error to oceanic data
may be an underestimate.
The optimaliayshy impacts are all positive and are
most impressively better than the credulous values in
the realistically important case of the major component
of satellite error being in B.
The credulous scheme (4.2) produces negative impacts from addition of satellite data when a2 + B2 in
degrees Celsius squared is larger than (approximately)
(<7 + 5 ) c r i t ^ § [ 8 + lOf(days)].
When (j and B are both very small, 7 t for the
credulous method is not significantly worse than that
for the optimaliayshy method. This emphasizes a point
made earlier, namely, that in the dense satellite network
envisaged here, the most important problem is that of
allowance for observational error, with interpolation
errors being somewhat less critical. Unfortunately for
the credulous method, values of a2 + B2 much less than
the typical 12 h oceanic forecast error do not seem to
be attainable.
An instructive juxtaposition of errors is that for
3 days, using a = 2°, B = 2° and a = V2°, B = yft°:
Error, m
Analysis Method
6218
NMC operational
3750
W W W + / ; cred.
1338
W W W + / ; optim.
a = 2°, B = 2°
2

2

es

2

W W W + / + S A T ; cred.
W W W + / + S A T ; optim.
a = V2°, B =

V2°

2881

704

1883
521
These imply that institution of optimum analysis
methods will be the most important step forward for
the NMC, even if the results do not have all the virtues
of the idealized optimaliayshy method. They also suggest that intelligent analysis of satellite temperatures,
even if they have rms errors as large as V8°C, will
enable that system to approach surprisingly close the
results from the completely unattainable Ideal RS
network. This "intelligent" analysis presupposes, however, that the satellite error covariance statistics are
well understood and accurately given to the analysis
scheme.
I draw the following conclusions from these preliminary results:
1) Analysis methods of the credulous type, i.e., those
that do not explicitly recognize observational error
statistics, are ineffective in handling data with
errors comparable to or larger than those typical
of a "first guess."
W W W + f + S A T ; cred.
W W W + f + S A T ; optim.

TABLE 6. Estimated impact at 500 mb over North America
of the indicated observing systems in comparison to the
system W W W + f *
Forecast Period, days
1
d{dz)*/dt
WWW + / + SAT
a
R
3°
3°
3°
1°
2°
2°
2°
0°
1°
3°
1°
1°
d(dz) /dt
Ideal RS, no f , no SAT
WWW + / 4- SAT
R
a
3°
3°
1°
3°
2°
2°
0°
2°
3°
1°
1°
1°
2

Credulous
1314

2

3

4

Analysis
2462

2900

2980

-0,714
-0.182
-0.135
0.131
-0.319
0.213
Optimaliayshy
1100
0.138

-0.247
-0.045
0.023
0.124
-0.016
0.186
Analysis
1100
0.233

-0.187
0.022
0.100
0.204
0.063
0.272

-0.045
0.126
0.244
0.330
0.246
0.418

1100
0.368

1100
0.482

0.041
0.041
0.065
0.069
0.110

0.071
0.071
0.112
0.114
0.179
0.180

0.125
0.126
0.192
0.196
0.292
0.293

0.165
0.166
0.253
0.258
0.384
0.385

0.111

* Values of d^dzY/dt for the credulous analysis are NMC operational
values in meters squared per day. For the optimaliayshy method, they are
estimated as described in the text.

2) An efficient optimum analysis scheme can extract
some information important for large-scale forecasts even from poor data.
3) Reduction of the spatially variable observation
error (a) in satellite temperature retrievals is
probably more important than reduction of
spatially averaged errors (B) if an optimum
analysis scheme is used and the expected rms
value of B is known.
4) The feasibility of assigning a probable error
magnitude to each satellite retrieval temperature
in the coded messages should be considered
promptly by satellite groups.
5) Extension of the present theoretical model is
desirable. This should be on a hemispheric basis,
with exact spherical geometry, realistic location
of observing points, a more realistic treatment of
the zonal basic current, complete latitudinal
variation of the Coriolis parameter, inclusion of
wind data and—what will be most difficult—use
of real three-dimensional covariances for the true
field and for the forecast first-guess errors.
During most of the FGGE year, the only significant
addition to the Northern Hemisphere data that are
now received routinely at the NMC will be temperatures from a second polar-orbiting satellite and cloud
winds from several additional equatorial geostationary
satellites. From this I conclude that:
6) North American forecasts for 1-5 days made
during the FGGE year by the NMC will be better
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because of those data only if the analysis method
is changed to one that will extract positive information from the new satellite data.
7) Reduction of other error sources, such as numerical
error, will enhance the impact of better FGGE
data and analyses.
My final conclusion is a consequence of point 6:
8) A major observational goal of the FGGE should
be the determination of the covariance structure
of meteorological fields, especially in the tropics
and oceanic regions. This will enable better use to
be made of data from the post-FGGE World
Weather Watch.
I believe the principal weakness in the dynamical
model I have used in this paper is its inability to
acknowledge the possibility that satellites may, in their
north-south tracks, be able to delineate closely the
latitude of the principal zone of temperature contrast
in the oceanic troposphere, or the existence of closed
upper-level lows in mid-ocean. If they are able to do this
in a way that cannot be duplicated with cloud winds
from geostationary satellites, they may conceivably
have a greater impact than my calculations now show.
If true, this would open up the possibility that conclusion 6 is too pessimistic.
Appendix A : T h e general theorem

Consider a linear time-dependent continuous system
that has a complete set of discrete spatial eigenfunctions
En(x) with corresponding frequencies an. Let T(x, t)
denote the dependent variable, the departure from a
real or assumed climatological average. (T and x are
symbolic in that they may represent a column vector
of variables or coordinates.) We can then write
T(x, t) = E

A

n

n

E

n

( x ) e ( A . l )

in which the coefficients A are given by
N

An = JEn*(x)T(x,

0)dx

(A.2)

In other words, for all admissible T(x, 0) we require
that (A.2)N and (A.4) give the same result:
f

E F T(xk,
k=1

= bum.

N
N
E Fkn E AmEm(xk)

k—l

n

kn

k

0).

=

m=l

J

R
/ En*(x)

N
N
E ^ m E FknEm(Xk) =

m=1

0)dx.

N
E

m=1

AmEm(x)dx.

k=l

An.

Since this must be true for all Am, Fkn must be such as
to satisfy the relation
N
E FknEm(xk)
k=l

= 5nm

(A.5)

for n = 1, . .., N and m = 1, ..., N. This is a system
of N sets (n = 1, . . . , N) of N linear equations in each
set of which m runs from 1 to N. For example, if we
denote Em{xk) by Emk, we have, for each value of
n = 1, ..., N, the N equations
N

E FknEmk = 0,
k—l
N

E FknEnk = 1 ,

k=i

m = 1, ..., N b u t n o t n;
m = n.

The linear independence of the eigenfunctions allows
many sets of xk to be used for this purpose. A common
choice is to select the xk as the zeros of the next higher
eigenfunction EN+I(X) (see Appendix B).
We now return to (A.l) and (A.4) and write

(A.3)

(A.4)

/ En*(x)T(x,

Inverting the order of the operations on each side and
invoking (A.3) gives us

Let us assume further that T(x, 0) is always such
that the upper limit of the sum in (A.l) is limited to a
fixed finite number N. We then consider a set of N or,
analysis points Xk, where k = 1, . N , and examine
whether these can be chosen so that there exists a
doubly discrete function Fkn, where k and n = 1, ..., N,
such that
where
A = Z F T(x ,
k=l

J

Replacing T in this formula by (A.l), we first obtain,
using a dummy index m,

on the supposition that the eigenfunctions satisfy
a normalization and orthogonality condition
J En(x)Em*(x)dx

0) =

kn

N
T(xk, t) = E

AnEn{xk)ei(Tnt

n—\
= nEN= l k'=
EN I
=

N
E

k'=l

T(xk,t)

Gk'At)

F > T(xk>,0)En(xk)ei'«t
k

N
T(xv, 0 ) E

n=1

n

FvnEn{xk)e^\

N
= E T{xv,G)Gvth{t)
k'=1
N
= Z

n=1

(A.6)

Ftf
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Equation (A.6) is a prediction equation for T at the
analysis points x that, once GV, (t) is known, enables
T at these points to be predicted knowing as initial
conditions only the initial value of T at the N points

neighboring A values; the well-known concentration of
interdiurnal variability in the western Atlantic and
Pacific oceans also suggests some correlation between
the A for the very long waves and those for the shorter
cyclone waves. Physically, these off-diagonal correlaXi, X2j • • •, xjy.
If T(xk , 0) in (A.6) is the analyzed field (of depar- tions represent nonlinear interactions that are abtures), the left side of (A.6) is the forecast field if we sent in any ordinary linear meteorological model of
make no numerical errors in the forecast model. If it is the type (A.l). This fact, plus the absence of any data
the true field at xk', the left side of (A.6) is the 'Verifica- on this point, makes it necessary to ignore them. We
tion" field. The difference, denoted by 5T, is the fore- are left then with only the diagonal correlations:
cast or the analysis error:
k

k

f

N
= £ &T(xh>,0)Gk>,k(t).
k'=l

&T(xk,t)

(l8T(xk,

= Ej Ey (w)Ujk(t)

t)J)

Uj'k(t)

+ Y,{Ar?)Snl?(t).
n

(A.7)

(A. 10)

This is the formula (1.5).
Two final remarks are relevant. First, it might be
thought that the two sums in (A. 10) represent separate
contributions from observational errors and contribuJ
tions from the nonidentity of observing points Xj with
5TV (anal, t = 0) = £ p ,j{Tj + e ) - 7V,
the
analysis points xk. This may be so if the weights
3=1
p 'j in (A.9) are determined without regard to either
the error covariance (eyey/) or the spectrum (A ). Some
where Tj and TV are the true fields (of departures) at analysis
schemes do ignore these in determining p, but
t = 0, oc ~~ ocj or oc ocjc* j and e-; is the observation error.
the
"optimum"
analysis methods do not. Second,
(The weights p 'j can be chosen in a variety of ways, (A ) can be divided
into
which do not concern us here.) Let us now assume that
the true field T(x, t = 0) at any one initial time is
( A J ) = (A ) + (A 'A ')
(A. 11)
given by the truncated spectral representation (A.l),
where
An = (An) + An', ( A ' ) = 0.
N
T(x, 0 ) = £ AnEn(x),
(A.8)
The first term in (A. 11) is what we often refer to as the
"quasi-stationary" component, and the second, as the
where An varies from one realization to another. The "transient" component.
The term (A ) should be included in the total
8T is a linear function of ey and A , and (A.7) also
spectrum
(A ) only if the dynamical model giving rise
becomes a linear function of ey and An:
to (A.l) predicts these components.
The analyzed field (of departures) at t = 0 is generally a linear function of observations taken at observation points Xj. The analysis error is then
k

y

k

n

k

2

2

n

n

2

n

n

n

71=1

n

n

n

t) = £ e £
j k'

8T(x ,
k

y

+ £ AnZ

n

k'

Gv.tMCZ

pk'jG ' (t)
k tk

j

Appendix B: Application to (2.11)—(2.13)

p 'jE
k

(Xj) -

n

J
= £ ejUjkW
y=l

The discrete Fourier transform involving K regularly
spaced points is

En(xv)l

N
+ £ Ansnk(t).
n=l

= 0:

n

<[ST(x , t)J ) = £j £j' (ej6j,)Uj (t) Uj'jc(/)
k

2

k

+ E E

m n

fk = £ Fme^k
m—l

(B.l)

Em = -I £ f k e - ^

(B.2)

2tt
Pmk = -^(m - \ ) { k - 1) = ( m - 1)**

(B.3)

(A.9)

We square this and take the ensemble average (denoted
by angle brackets) under the condition that there is no
correlation between observational errors and the true
field, (ejA )

2

2

{AmAn)Snk(t)Smk(t).

If meteorological fields at any one analysis time are
represented by as general a formula as (A.8), we must
expect some nonzero values for ( . A m A n ) when m and n
are not equal. The existence of frontal zones, for
example, certainly suggests phase correlations between

and

& k=i

in which

The notation is that suitable to Fortran indexing, and
Xk is consistent with (2.5). The transient true field has
a zero zonal average and is given by a continuous
Fourier series of the form (cf. (2.4))
N

fix) = £ Gie ,
ilx

- N

Go = 0.

(B.4)
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It is very convenient in (B.1)-(B.3) to have K equal
to a power of 2, so that a "fast Fourier transform" can
be used. But the absence of a nonzero zonal average
in (B.4) is certainly a piece of information that should
be used in any analysis of transient eddies. This means
that in (B.1)-(B.2), we should set
F(m = 1) = 0,
(B.5)
in agreement with the condition in (B.4) that
G{1 = 0) = 0.
(B.6)
This changes the number of degrees of freedom from K
to the odd number K — 1 and thereby prevents us from
having only traveling waves. This incompatibility with
the dynamical equations can be resolved by limiting N
in (2.4) and (B.4) to
N = (K/2) - 1.
(B.7)
This will in turn leave one extra degree of freedom in
the grid-point representation of /, which we must now
resolve, using the procedure leading to (A.5).
Substitution of (B.4) at Xk into (B.2) gives
KF

m

K
/ —1
= E e - ' M E Gie
k=l
\ l=-N

ilxk

N
\
+ E G^ ** )
1=1
/

= 1——N
E- G zk=lE e x p VL 2ivi
—
1

K

K

The "two-grid-increment" wave must be filtered out
of the grid-point analysis, in addition to the zonal
average, before the correct forecast equations (2.6) are
applied to the analyzed data. This particular arrangement can be related to the general conditions (A.5) by
noting that our eigenfunctions E are the K — 2 ordered
functions (sinx, cosx, sin2x, cos2x, . .., sin£(i£/2)—
cos[(i£/2) — 1 » , and Xk has been chosen as the K
zeros of the next higher function s\n(Kx/2).
Let Pjm be the discrete Fourier transform of the
analysis weights pkj'.
Pjm = ^ it

Introducing this into (2.13) and (2.12) gives the initial
temperature analysis error as
K
m=X

where

N
Dm = E Pjm*j + E T ( d
j

1

n=I

n

m

(K/2).

(B.9)

This gives the desired relation between the two sets of
Fourier coefficients:
F\ =

0,

m

= 1;

Fm = Gi=m~h

m = 2, 3, . . . ,

F /2)+i
=

m = (K/2) + 1;
m = (K/2) + 2,...,

iK

= 0,

The vanishing of
and (B.3), that

F(k/2)+I

(B.10)

1
e m = E Pjm s i n n x j — — E sinnx e
j
K k=l
k

E /* = 0.
Jc=l

n

,

(B.15)

m k

.

The filtering step (B.ll) and (B.12) amounts to insuring that D in (B.14) vanishes for m = (K/2) + 1
and m = 1. Because n runs only from 1 to (K/2) — 1,
the transform of cosnxk and sinnxk contribute nothing
to d and e for m = 1 and m = (K/2) + 1. (The
true field at Xk has already been filtered, so to speak.)
The filtering process is completed then by simply setting
m

n m

n m

Pjm=l — 0

and

(B.16)

Pjm=(K/2)+l = 0

when computing (B.13).
Equation (B.14) is the analog of 3T(xk', 0) in (A.6)
of the general theory. The equivalent of the time integration factor Gk', (t) in that equation follows from
(2.3)—(2.11), and leads to
k

K.

K
<t>2(x , t) = E D H(l ,
m=1
k

k=I

sin 9 ),

n m

K

n

and Fi implies, from (B.2)

E (-1)*/* = 0

and

(K/2);

cos On ~ e

n m

and

The k sums vanish unless I + 1 — m is a multiple of K,
when they add up to K. In the first sum, this occurs
only for
l = m - (K + 1);
m = (K/2) + 2, (K/2) + 3, . . . , K. (B.8)
In the second sum, it occurs only for
m

(B.14)

m

k

K

l = m - 1; m = 2, 3,

D e^\

1 «
dnm = E Pjm COStlXj ~ — E COSUX e
j
K k=i

1)(/+1 -m) J1

1
+ Ez=i ^ Ek=i exprL 2tti
~—{k1)(/+1m) I
K
J
N

(B.13)

pkje~0mk.

K k=l

(B.ll)
(B.12)

m

t)e***,

m

(B.17)

where l is given by (B.8) and (B.9). Rearranging the
summand with the aid of (B.15) finally yields (2.14),
in which
m

K

U (t) = E e^P H(l ,
jk

m=1

jm

m

0,
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K

V (t) = L
n k

e^dnmHVmj),

m=1
Wnhit) = m=l
EK e^enmHiU

and

/),

# ( - / , /) = #*(/, 0-
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