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ABSTRACT
The common statement that the surface pressure in a hydrostatic atmosphere is equal to the weight per unit area of
the air aloft is shown to be true only for a Cartesian world. Here the unit area is the surface area of the base of the atmospheric column. For either a cylindrical or a spherical planet the surface pressure is always less than the weight per unit
area of the overlying atmosphere. In these curved geometries, lateral pressure forces help support an individual column,
thereby reducing the load carried by the surface pressure at the column's base. It is estimated that the surface pressure is
a factor of 0.25% less than the weight per unit area of a resting atmosphere similar to that on Earth.

1 • Introduction

downward force per unit volume exerted by gravity
on a fluid parcel is balanced by an equal but opposite
Meteorological textbooks often state that the pres- pressure gradient force per unit volume. We emphasure is equal to the weight per unit area of an atmo- size that (2) expresses the hydrostatic relation in a form
sphere at rest. This relation may be expressed math- independent of the coordinate system. The hydrostatic
ematically as
relation implies that the pressure field only varies in
the direction of the gravity vector. Similarly the other
AW
thermodynamic state variables can only vary along g.
(1)
9
AA
We proceed to apply this relation to a number of
hypothetical worlds. The worlds are similar in that the
where ps is the surface pressure and AW is the magni- atmosphere satisfies the hydrostatic relation (2) and
tude of the weight of the atmosphere in a column that the pressure at the top of the atmosphere vanishes.
whose base has a surface area AA.
The worlds differ only in their geometry. In each case
When the atmosphere is at rest, Newton's second we examine whether the relationship (1) between the
law describing the force balance on an air parcel is
pressure and weight of the atmosphere holds.
0 = -Vp + pg,

(2)

where V is the gradient operator, p is the pressure, p
is the density, and the vector g is the acceleration due
to gravity. The hydrostatic relation (2) states that the
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2. Cartis
Consider a Cartesian world for which the surface
of the planet is a horizontal plane and the acceleration
due to gravity g = -gz is perpendicular to that plane.
Figure 1 provides a sketch of Cartis. Then the hydrostatic relation takes the form
dp
= ~Pg.
~dz

(3)

The pressure, density, and any other thermodynamic
state variable can only be a function of the height z.
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which can be integrated radially from the surface of
the planet (r = rbot) to the top of the atmosphere (r =
rtop) to obtain
7

Ps=p{r = rbol) = l""pgdr.

(7)

The weight of the air in a column with a base of area

AW = jpgdV = AO Azj°Ppg r dr.

1.

Schematic diagram of an atmospheric column on the
Cartesian world of Cartis.
FIG.

Integration from the surface of the planet (z = 0) to
the top of the atmosphere (z = ztop) where the pressure
vanishes yields the familiar result
ps=p(z = 0)=

J

'Ztop

wO

,

pgdz.

Comparison of these expressions yields the conclusion
that the surface pressure is not equal to the weight per
unit area of the overlying air on Cylindris.
This general result is readily demonstrated for the
special case of a uniform density p() and constant gravity gQ. Then the integrals in (7) and (8) may be evaluated to find
ps = p0 g0 (/ top - rbot)
anc

(9)

*
AW=0.5p0g0tf-rl)AdAz.
top
v

(4)

(8)

(10)

The weight of the air in a column with a base of area
AAxy = AxAy is
AW = \pgdV = AA^

pg dz.

(5)

Comparison of these expressions yields the conclusion
(1) that the surface pressure is equal to the weight per
unit area of the overlying air on Cartis.
3. Cylindris
The effect of geometry on the interpretation of the
hydrostatic relation can be most easily illustrated by
the hypothetical planet Cylindris, which is a cylindrical planet for which the acceleration due to gravity is
g = -gt, which is directed radially inward. Figure 2
provides a sketch of the geometry of Cylindris.
The hydrostatic relation takes the form
FIG. 2. Schematic diagram of an atmospheric column on the
cylindrical world of Cylindris.
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sure is only a function of radius r and the unit normals
are in opposite directions. The second integral, however, has a finite contribution. We find

Clearly,

Ps*

AW
AA,Ldz

(11)

and the relationship (1) between surface pressure and
atmospheric weight does not hold on Cylindris.
The physics of the situation is further revealed by
integrating the vector hydrostatic relation (2) over a
volume V,

-f
/mdS = -f rfcP pfe(A0)-0(0)1 drAz, (16)
J sides
Jrboi L
J
where 0 is a unit vector in the azimuthal direction.
The force balance (13) can now be written
f
prdSJ bottom

0 = j(-Vp + pg)dV.

(12)

n°P/?[0(AO) - 0(0)1 dr Az = [ pgr dV,
tot
(17)

For a thin wedge of atmosphere, AO is small, and the
Using a form of Gauss's theorem, we rewrite this force difference in the unit normals on the sides of the volbalance as
ume is
0 = -f/?ndS+ [pgdV,
Js

Jv

(13)

JO
O(A0) - 0(0) = —A0 = - r A 0.
dO

(18)

where n is the unit normal vector directed outward Then the force balance is completely in the radial difrom the surface S that encloses the volume V. Physi- rection and has the form
cally (13) states that the total pressure force exerted
on the surface S balances the net force due to gravity
\
pr dS + f t0Ppr dr Az AO = f pgr dV9 (19)
acting on the mass in the volume V.
J bottom
Jrbot
Jv
'
We choose the volume V to compose a wedge of
the atmosphere of angular extent Ad and axial thickness Az and to extend radially from the surface to the which yields
atmosphere's top. Then the surface integral can be
1 rtop
ftop_ j
AW
divided into the following three parts:
Ps+ r
I Pdr
=
(20)
M Oz
bot rbot
-1 pn dS = - [ pndS- |
pndS- f pn dS
Js
J top
J bottom
J sides
(14)

where AAQz = rbot AO Az is the surface area of the bottom of the volume. This result shows that the net force
due to gravity on the atmosphere is balanced by a combination
of the upward pressure force at the bottom of
corresponding to integrals over the top, bottom, and
the
atmosphere
plus an upward pressure force exerted
sides of the volume. The integral over the top of the
on
the
sides
of
the
volume. Equation (20) may also be
volume vanishes since the pressure is assumed to be
found
directly
from
(8) using an integration by parts.
zero there. The outward normal along the bottom surface is radially inward. The integrals over the sides are The present derivation clarifies the physical contribution of the integral in (20).
given by
Figure 3 describes this force balance. The upward
force on the sides helps "hold up" the atmosphere against
the force of gravity so the surface pressure is always
-f
pndS
Jsides
less than the weight per unit area of the mass aloft.
(15) 4. Spheris
The first integral on the rhs vanishes since the presBulletin of the American Meteorological Society
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This result, analogous to that for Cylindris (20), demonstrates that the surface pressure is less than the
weight per unit area of the atmosphere aloft on Spheris.
5. Oblatis
As a result of its rotation, the Earth is not a perfectly
spherical planet. A more accurate model for Earth
would be, say, Oblatis (Fig. 5), for which the
geopotential surfaces correspond to oblate spherical
surfaces. The gravity vector g is the sum of the gravitational and centrifugal forces per unit mass (e.g.,
Huschke 1959) and may be written in terms of the
gravity potential 0 as
g = -V0,
F I G . 3 . Force diagram for an atmospheric column on Cylindris.
The weight AW of the atmospheric wedge is supported by the net
force exerted by the surface pressure ps and the lateral pressure
pL(r) fields.

where
GM

0 _ —
2

2 A/2

2

l x +y
lar to that of Cylindris. Here, however, the planet's
geometry is more conveniently described in terms of
spherical coordinates, and the acceleration due to gravity is g =
which is directed radially inward in the
spherical sense. The hydrostatic relation and the surface pressure are again given by (6) and (7) (with the
appropriate definition of the radial distance r). The
weight of the air above an elemental surface area on
Spheris (Fig. 4) is

(23a)

+z

2

v

x2 +y2
(23b)

&

|(GMQ)

2/3

(23c)

AW = J pg dV = Jo * JQ p°Ppgr2 dr sin 6 dd d(p
= 2n{\-cosA0)\r"'Ppgr2

dr,

(21)

where the curved base has an area AA0(p = 27t(1 cosA0)r^ot. Here 0 and cp are the zenith and azimuth
angles, respectively, defined relative to the radial vector z at the center of the surface area. The location of
the surface area is arbitrary. If one chooses the center
to be the North Pole, then 0 and (p are the colatitude
(90° minus the latitude) and the longitude, respectively. The volume integral of (2) yields, in the limit
as Ad tends to zero,
2
AW
frt°p ,
Ps+-r I prdr =
rbot •'rbot
AA,6(p
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FIG. 4. Schematic diagram of an atmospheric column on the
spherical world of Spheris.
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p = p(0), and thus so too must the pressure field
p = +jp(&)d0.

(25)

All of our hypothetical worlds satisfy (24) and (25)
with 0 suitably defined in each case.
A final issue concerns the meaning of the phrase
"the weight of the air aloft." Here weight should be
defined generally as a vector describing the net force
on a body due to gravity
W= fpgdV.
Jv

FIG. 5. Contour plot of the geopotential Oof the planet Oblatis.
The contour interval is uniform. By relations (26) and (27), the
isopleths of geopotential are also isopleths of constant density and
constant pressure. The direction of the gravity vector g is indicated
by the unit vectors. The straight horizontal line across the planet
denotes the equator; the long vertical arrow denotes the rotation
vector A of the planet. The heavy solid lines outline the silhouette
of polar, midlatitude, and equatorial atmospheric columns whose
sides are always parallel to gravity g. The intersection of the zero
contours defines the geostationary ring. The dashed line denotes
the gravity top to the atmosphere where the radial component of
the gravity vector vanishes. Beyond this line lies the zone of levity.

(26)

The direction "aloft" must be interpreted as that direction opposite to the gravity vector g. For Cartis, aloft
is the upward direction z; for Cylindris and Spheris,
aloft is the radially outward direction t (cylindrically
and spherically, respectively). These definitions dictate the choice of the atmospheric volume V for the
integral (26) such that the sides of the volume are always parallel to g. This rationale justifies our choice
for the domain of integration for Cartis (5), Cylindris
(8), and Spheris (21).
For Oblatis, the shape of the volume varies with
latitude. For an elemental surface area centered over
the pole, the directional variation of g vanishes and the
analysis of the force balance is identical to that of
Spheris, (22). The weight of the air column over the
pole is supported by the surface pressure and symmetrically by the pressure fields on the equatorward
sides of the column. The weight of the air column centered over Oblatis' equator is supported slightly more
by the pressure fields to the north and south than by
those to the east and west. For a midlatitude column
(Fig. 5), the weight is not radially inward but is inclined slightly toward the equatorial plane. This weight
is supported approximately radially by the surface
pressure field and asymmetrically by the lateral pressure field with the equatorward side supporting a
greater share.

Here G is the gravitational constant, M is the mass of
the planet, and Qz is its rotation rate. [The limitations
of the representation (23) for Earth are discussed in
Stommel and Moore (1989).] For such a world the direction of the acceleration due to gravity g can vary
with distance above a point on the surface. This variation is large in midlatitudes and vanishes at the pole.
In the equatorial plane, the gravity vector changes sign
at the ring of points of radius (GM/Q2)173 (-42 174 km
for Earth) where geostationary satellites reside. We
have chosen the arbitrary constant &c in the definition
of the geopotential (23) so that Evanishes at this ring.
A gravity top to the atmosphere would comprise the
loci of points at which the radial component of the
gravity vector toward Oblatis first vanishes. This surface is denoted in Fig. 5 by the dashed lines that converge at the poles at infinity. Beyond this top one enters the zone of levity where the gravity vector has a
component radially outward from Oblatis.
6. Conclusions
The hydrostatic relation may be written using (23) as
We have examined the consequences of hydrostatic
Wp = pVO.
(24) balance (2) on four hypothetical worlds: Cartis,
Cylindris, Spheris, and Oblatis, which have Cartesian,
Taking the curl of this relation indicates that the den- cylindrical, spherical, and oblate spherical geometries,
sity field must be a function of the geopotential, respectively. Only for Cartis is the statement (1) true
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that the surface pressure is the weight per unit area of
the overlying atmosphere. On the planets Cylindris,
Spheris, and Oblatis the surface pressure is always less
than the weight per unit area of the overlying atmosphere. This behavior arises because the curved geometries allow the weight of the atmosphere to be supported by lateral pressure forces as well as by pressure
forces at the bottom of the atmosphere.
An estimate of the effect of the lateral pressure
forces on earth can be made using the results obtained
for the planet Spheris. Assuming an isothermal atmosphere with a constant pressure scale height H, such
that

force balance reduces to
(30)

Care is required in the interpretation of these integrals.
Since the integrals extend over all radial directions, the
angular dependence of the radial unit vector t requires
that each of these integrals vanish. Thus, in spite of
the fact that each column of air has a weight, the vector sum of the weights is zero. Physically the net force
exerted on the atmosphere is zero. This result holds
by symmetry. A global weight is not a meaningful
concept, but a global mass is.
(27)
We conclude by noting that the idea that the surface pressure does not equal the weight per unit area
the radial integral over pressure in (22) is readily evalu- of the air aloft is not new (e.g., Trenberth 1981). Our
ated. We find
desire to share this idea and its underlying physics with
the general meteorological community motivated this
article.
flop , 2 H
pr dr
1
= 0.0025, (28)
rbot
r
r
bot
r
Ps bot

"

bot

bot J

for the representative terrestrial values H = 8 km and
rbot = 6371 km. Then the surface pressure
ps = 0.9975

AW
A A

(29)

is a factor of 0.25% less than the weight per unit area
of the air aloft.
The force balance (2) has an interesting consequence when integrated over the whole atmosphere.
Contributions from the sides [e.g., (14)] vanish and the
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