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ABSTRACT
Applying concepts of analytical mechanics to numerical discretization techniques for geophysical flows has
recently been proposed. So far, mostly the role of the conservation laws for energy- and vorticity-based
quantities has been discussed, but recently the conservation of phase space volume has also been addressed.
This topic relates directly to questions in statistical fluid mechanics and in ensemble weather and climate
forecasting. Here, phase space volume behavior of different spatial and temporal discretization schemes for
the shallow-water equations on the sphere are investigated. Combinations of spatially symmetric and common temporal discretizations are compared. Furthermore, the relation between time reversibility and longtime volume averages is addressed.

1. Introduction
In atmospheric modeling, many properties of a numerical scheme contribute to its overall performance.
Local accuracy of the operators, numerical stability,
phase speed of characteristic waves and conservation
laws for mass, momentum, and energy- and vorticitybased quantities have long been a matter of interest (see,
e.g., Arakawa 1966; Vichnevetsky and Bowles 1982;
Salmon 1983; Zeitlin 1991; Salmon 2005; Sommer and
Névir 2009). In related efforts, new classes of numerical
schemes have been developed for classical mechanics
(Leimkuhler and Reich 2004; Hairer et al. 2006). Of
particular interest in this field are conservation laws for
energy, symmetry-induced conservation laws, and preservation of the symplectic (i.e., intrinsic geometric)
structure. These methods, primarily designed for finitedimensional systems of ordinary differential equations,
are now commonly referred to as geometric integration.
Extension of geometric integration to Hamiltonian partial differential equations (Morrison 1998; Shepherd 1990;
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Salmon 1999) is still an active area of research (Bridges
and Reich 2006). See Frank and Reich (2004) for a particular application to atmospheric fluid dynamics.
In this paper, we focus on a particular aspect of geometric integration methods; namely, conservation of
volume and time reversibility (Arnold 1989). Considering inviscid atmospheric dynamics as a continuum
limit of classical mechanics, time reversibility and volume should be conserved under the ideal fluids contribution to dynamics.
There are practical applications where phase space
volume behavior of a given dynamical system can be of
relevance. When computing ensemble forecasts, a spurious phase space contraction or expansion could have
severe effects on the implied ensemble spread and the
dimension of the chaotic attractor (Ehrendorfer 1994a,b).
Another application concerns sequential data assimilation via ensemble Kalman filters, where again a correct
ensemble spread is crucial for the stability of the filter
(Evensen 2006).
The aim of this article is to investigate the impact of
common spatial and temporal discretization schemes of
a state-of-the-art atmospheric forecast model on phase
space volume and its relation to time-reversible discretization methods (Leimkuhler and Reich 2004; Hairer
et al. 2006). This topic has been previously addressed in
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Egger (1996). Dubinkina and Frank (2007) showed that
the Arakawa scheme (Arakawa 1966) for two-dimensional
incompressible flow is volume conserving. Here we show
results of a more general physical and numerical setting.
Section 2 gives a definition of phase space volume
conservation for numerical schemes in terms of the
Liouville equation and introduces the concept of time
reversibility. In section 3, three different spatial discretization schemes of the shallow-water equations on
the sphere are compared regarding their phase space
volume conservation properties. In section 4, different
time integration schemes are compared.

2. Volume conservation under numerical
discretizations
For this analysis, the discretization process is understood as split into two parts, namely spatial (e.g., finite
differences) and temporal (e.g., implicit midpoint, leapfrog) discretization. This carries a partial differential
equation (PDE) over to an ordinary differential equation
(ODE) and to an algebraic equation.

a. Volume conservation and time reversibility under
spatial discretization
The adiabatic (reversible) atmospheric fluid equations
are our starting point, which we assume to be spatially
discretized into a finite-dimensional ODE model:
z_ 5 X(z),

(1)

where z 2 RN denotes the complete set of discretization
variables of our model. In an abstract notation, we denote the induced solution operator (or flow map) by
z(t) 5 ft [z(0)],
which provides the state z(t) of our model at time t given
an initial state z(0) at time t 5 0. In many instances a
better understanding of our model (1) can be achieved
by looking at an ensemble of solutions with probability
density function (pdf) r(z, t) (Ehrendorfer 1994a,b). The
pdf is known to fulfill Liouville’s equation:
›t r 5 $  (rX) or equivalently

dr
5 r$  X.
dt
(2)

Here $  X denotes the standard divergence operator of
a vector field X(z) with respect to the state variable z.
The divergence operator acts on phase space in a Cartesian way related to the Euclidean scalar product. This
is a specific choice for phase space volume measure and
other choices are also possible. The one used here is
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directly related to the physical variables velocity and
height. It is also equivalent to any Cartesian volume
form accessible by a linear transformation, such as a
change to vorticity and divergence variables.
The evolution equation (2) can be interpreted as a
conservation law for the probability p of finding a system
in a given comoving volume V(t):
d
dt

ð
dzr 5 0.
|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}

(3)

V (t )

5:p

Ð
Here Vdz f (z) denotes the standard volume integral of a
function f(z) over V  RN. If we make V(t) infinitesimally small, then p 5 rdV and the comoving
infinitesimal phase space volume element dV(t) is antiproportional to the comoving pdf r(t). In the following
when speaking about phase space volume, what is meant
is simply the inverse of the pdf. Hence, conservation of
volume is equivalent to
d
r 5 0,
dt

(4)

which, by (2), is equivalent to $  X 5 0 (i.e., the ODE is
divergence free).
Since the reversible part of atmospheric fluid dynamics
is derived from a continuum version of classical mechanics, conservation of volume holds for the PDE model.
Of course, this like any other conservation property of the
PDE model need not be preserved under the spatial
discretization process. This has been discussed, for
example, by Egger (1996). However, conservation of
volume is desirable since the ODE model (1) can
otherwise possess lower dimensional attractors, which
reduce the effective resolution of the numerical model.
Known volume conservation spatial discretizations include Zeitlin’s (Zeitlin 1991) and Arakawa’s discretization
for the 2D incompressible Euler equations (Dubinkina
and Frank 2007).
A concept closely related to volume conservation is
that of time reversibility. Time reversibility means that
the fluid equations are invariant under a reversal of
momenta and time. Mathematically speaking our ODE
model (1) is then called time reversible, if there is a
linear transformation of variables S (the momentum/
velocity reversal) such that S 5 S21 and X(Sz) 5
2SX(z). Time reversibility of a PDE is relatively easy to
maintain under spatial discretizations except for the
advection terms (Egger 1996). In this paper, we consider
only spatial discretizations which lead to reversible ODEs
(1), see section 3. However, it should be noted that time
reversibility does not imply conservation of volume, in
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general (Lamb 1996; Posch and Hoover 2004), and we
will demonstrate this fact numerically in section 3.

b. Volume conservation and time reversibility under
temporal discretization



ri11  ri
r
1
5 i 1
det(MDt )
Dt
Dt
5

ri
(1  expfDt tr[A 1 O(Dts )]g).
Dt

(9)
(10)

In the following, the accuracy of volume conservation
for time-stepping algorithms of linear systems is considered. Experiments with the nonlinear shallow-water
equations in section 4 will partially reflect this linear
analysis, but also feature important differences. For now,
assume the ODE (1) to be linear:

A comparison of this to the corresponding equation with
the exact solution r^i11 (in the meaning of an exact time
integration of the spatially discretized ODE),

z_ 5 Az,

shows that the accuracy order of volume conservation is
also s.
We now demonstrate that conservation of volume
can be achieved for linear systems (5) that are time
reversible.
In a typical situation of fluid dynamics, where the
nonlinear equations of motion are invariant under time
and momentum reflection, a linearized system (5) will
satisfy

(5)

with constant (not necessarily zero) phase space divergence:
$  (Az) 5 tr(A).
A two time-level time-stepping method will lead to a
matrix MDt that maps the prognostic variables zi 5 z(ti)
from time step ti to ti11 5 ti 1 Dt:
zi11 5 MDt zi .

dzi11 r(zi11 , ti11 ) 5

Vi

dzi r(zi , ti ).

ð

ð
dzi11 r(zi11 , ti11 ) 5

Vi

(12)

SAv 5 lSv 5ASv.

(7)

The left-hand side of (7) complies with the transformation formula:

(11)

where S acts by inverting the sign of the velocity components. Then the eigenvalues l of A come in pairs with
opposite signs since

ð
V i11

V i11

SA 5AS,

(6)

To fulfill discrete probability conservation in a comoving
control volume [corresponding to (3)] the pdf r must
satisfy
ð

r^i11  ri
r
5  i f1  exp[Dt tr(A)]g,
Dt
Dt

Also, since A is similar to 2A under the similarity transformation S, A is a traceless matrix. Therefore in the linear case, time reversibility and volume conservation are
equivalent. If a numerical method (6) satisfies

dzi r(MDt zi , ti11 ) det(MDt ),

MDt 5 (MDt )1

(13)

SMDt 5 M1
Dt S,

(14)

then it also satisfies

so that
ri11 det(MDt ) 5 ri .

(8)

Here, the abbreviation ri :5 r(zi, ti) has been used. As
expected, conservation of volume is encoded in the conditions that the numerical scheme satisfies det(MDt) 5 1.
In general it is not known how to devise numerical
methods that satisfy this condition for given traceless
matrices A in (5), see Hairer et al. (2006). Instead the
following general result can be shown. Let MDt have numerical accuracy of order s $ 1:

which implies det(MDt) 5 1 and volume is conserved.
The condition (13) is satisfied for symmetric Runge–
Kutta methods such as the implicit midpoint/trapezoidal
rule. It does not hold for nonsymmetric methods such as
explicit and implicit Euler and the popular explicit
fourth-order Runge–Kutta methods (Leimkuhler and
Reich 2004; Hairer et al. 2006). For example, consider
the u method:

MDt 5 exp[DtA 1 O(Dts11 )].

zi11  uDtAzi11 5 zi 1 (1  u)DtAzi ,

Now (8) can be written as a discrete Liouville equation:

(15)

u 2 [0, 1]. Then
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MDt 5 (I  uDtA)1 [I 1 (1  u)DtA]

(16)

MDt 5 (I 1 uDtA)1 [I  (1  u)DtA]

(17)

as well as

(18)

b (Sz), that is, the modib (z) 5  X
which satisfies SX
Dt
Dt
fied ODE is still time reversible. However, since time
reversibility does not imply conservation of volume for
nonlinear ODEs, the same applies to numerical methods.
We will explore this issue further in the subsequent section and section 4. Note that the modified ODE depends
b ! X for Dt / 0.
on the step size Dt and X
Dt

c. Volume conservation in terms of Lyapunov
exponents
Lyapunov exponents provide an appropriate generalization of the concept of eigenvalues to nonlinear
dynamical systems. Recall that the Lyapunov exponents
l1, . . . , lN of an N-dimensional dynamical system (1) are
defined as
1
lns j (z, t),
t!‘ t

lj 5 lim

where s1, . . . , sN are the singular values of the Jacobi
matrix of the flow map ft(z).
The sum of the Lyapunov exponents satisfies
1
åj lj 5 lim
t!‘ t

ðt

$  X[z(t9)] dt9,

(19)

0

which, for ergodic systems, is equal to the phase space or
ensemble mean of divergence.
For a time-discretized system zi11 5 cDt(zi) this becomes
k1

1
åj l^j 5 k!‘
lim å lnjdet[DcDt (zi )]j
k i50

5 lim

1

k!‘ k

P jdet[Dc
i50

Dt (zi )]j

eåj lj 5 lim
^

k1

P jdet[Dc(z )]j

1 /k

i

,



rﬃﬃﬃﬃﬃ
r0
ri
k
5 lim
,
k!‘ r
k!‘ r
k
i11 0#i#k

5 lim

(22)

(23)

where the overbar denotes the geometric mean and we
have used the generalization
ri11 det[DcDt (zi )] 5 ri

(24)

of (8). It is assumed that no reorientation [i.e.,
det[DcDt(zi)] , 0] takes place, which is reasonably the
case here, since any meaningful discretization will
satisfy ri/ri11 ’ 1 for sufficiently small Dt.
For conservative systems, phase space volume is conserved and therefore the sum of all Lyapunov exponents
is equal to zero. A numerical method, which does not
conserve volume, may shift the sum of the numerical
^ to a negative or positive value.
Lyapunov exponents l
j
In case of a positive shift, the scheme will be unstable
and in the other case, the scheme will possess a lowerdimensional attractor. A third alternative is provided
by time-reversible systems for which the sum of the
Lyapunov exponents is zero generically.1 Consequently
(19) states that, as long as reversibility is ensured, phase
space volume is conserved in a long-term average even
if locally the vector fields are not divergence free. The
same applies to time-reversible time stepping via the
modified equation argument (18). In other words, a
symmetric time integration scheme with a reversible space
discretization can be expected to average out local fluctuations in volume over long-time simulations.

3. Experiments with spatial discretization schemes
In this section, three different spatial discretization
schemes of the shallow-water equations on a staggered
inhomogeneous triangular grid (the ICON grid) will be
compared. One is the ICON shallow-water prototype
(ICOSWP), a finite-volume scheme with wind and height
as prognostic quantities. The second (Helmholtz) is also
a finite-volume scheme but with prognostic quantities
vorticity, divergence, and height. The third (Nambu)

(20)

k1

ln

^.
for the numerically computed Lyapunov exponents l
j
Here DcDt(z) denotes the Jacobian of cDt at z and the sum
is taken along a numerical trajectory fzgki50 . Therefore,

k!‘ i50

and one easily verifies that (13) holds if and only if u 5 ½,
which is the implicit midpoint/trapezoidal rule.
The situation becomes more complicated for general
nonlinear ODEs (1) with time-reversing symmetries. It
can be shown (Reich 1999) that symmetric Runge–Kutta
methods can be interpreted as the ‘‘exact’’ solution to
a modified ODE:
b (z),
z_ 5 X
Dt

VOLUME 138

(21)

1
A nonzero sum of Lyapunov exponents for time-reversible
systems is possible for systems with a strong local violation of
volume conservation and leads to the existence of low-dimensional
attractors and repellors (Posch and Hoover 2004).
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FIG. 1. Normalized pdf tendency (27) against grid constant:
ICOSWP (dashed), Helmholtz (dotted), and Nambu (solid)
scheme. Displayed are the results for a shear flow simulation
averaged over 3 h.

predicts also vorticity, divergence, and height and has
additionally algebraic exact conservation properties for
total energy and potential enstrophy. A detailed description of these schemes can be found in Sommer and
Névir (2009).
For the Nambu discretization scheme (Sommer and
Névir 2009), the divergence of the prediction vector
field in phase space is the difference of a product of
a mean and the mean of a product. This spatial semidiscretization is thus not exactly divergence free and
even a perfectly volume-preserving time integration
method would not preserve phase space volume. However, the divergence vanishes in the continuum limit and
is very small for practical choices of resolution as shown
below together with the results of the two other discretization schemes. The divergence of the compressible
part of the system is due to grid staggering and inhomogeneity. From the antisymmetric way of constructing
the Nambu discretization scheme (Sommer and Névir
2009), it follows that the incompressible part of the vorticity equation is exactly volume preserving. This corresponds to the fact, that the Arakawa Jacobian is divergence
free as demonstrated by Dubinkina and Frank (2007).
To keep the results independent of the number of grid
points N, the pdf is normalized:
pﬃﬃﬃﬃ
(25)
Li :5 N ri .
The inverse of this quantity can be interpreted as a typical
length of a control volume or as the geometric mean ensemble variation. The relation to the Lyapunov exponents is


Li
(26)
e1/N å j l j 5 lim
k!‘ L
i11 0#i#k
according to (23). It must be stressed though, that even
with conserved total volume, the variation may be very
different in the distinct dimensions as the volume

deforms. To determine variation along the different dimensions, an ensemble forecast would be the appropriate method.
Normalized pdf tendency as given by (1/N)$  X(z)
against spatial resolution is depicted in Fig. 1 for three
different spatial discretization schemes on the ICON
grid. The divergence is approximated numerically by
disturbing the current state z in a specific phase space
dimension with unit vector el by Dzel for sufficiently
small Dz . 0, then computing the change of the tendency in this dimension and summing this up for all
phase space dimensions:
N

eTl [X(z 1 Dzel )  X(z)]
1
1
.
$  X(z) ’
Dz
N
N l51

å

(27)

The values displayed were calculated as a mean along
a 3-h trajectory with a shear flow (Galewsky et al. 2004)
as an initial condition. Because of the complexity of the
problem, only the results for three different values of the
resolution (corresponding to 802, 3202, and 12 802 data
points, respectively) were computed. With more data
available, the order of spatial accuracy r could be determined. However, for the comparison between the
different spatial and temporal schemes, we focus on the
absolute values. Obviously all three schemes are not divergence free, in contrast to the results for the tendency
of potential enstrophy. For that quantity it has been
shown in Sommer and Névir (2009) that the tendency
of the Nambu scheme vanishes algebraically. Still, all
schemes considered here converge and, as will be shown
below, volume nonconservation is still rather small
compared to that caused by asymmetric time integration
schemes.

4. Experiments with temporal discretization
schemes
In this section, different time integration rules are
compared concerning their volume-conservation properties. The spatial resolution for these tests was set at
762 km, corresponding to the lowest resolution in the
previous section.
To evaluate the general volume conservation properties
of a time-differencing scheme, the probability conservation law (24) can be written in terms of the normalized
pdf (25) as a time-discrete Liouville equation:
"
#
1 Li11  Li
1
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  1 .
5
Li
Dt N detDcDt (zi )
Dt

(28)

Displayed in the figures below is the normalized pdf
tendency between two subsequent time levels [i.e., the
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FIG. 2. Normalized pdf tendency (28) against time step size for
the implicit midpoint scheme: ICOSWP (dashed), Helmholtz
(dotted), and Nambu (solid). Displayed are the results for a Rossby
wave simulation averaged over 3 h. Time step size is measured in
courant units with Dt = 1.0 corresponding here to 1.7 h in real time.

FIG. 3. Normalized pdf tendency (28) against time step size for
leapfrog (dotted) and Runge–Kutta-4 time integration (inviscid:
solid, viscid: dashed). Displayed are the results for a Rossby wave
simulation averaged over 3 h. Time step size is measured in courant
units with Dt 5 1.0 corresponding here to 1.7 h in real time.

right-hand side of (28) averaged over a trajectory with
a Rossby wave (test 6 of Williamson et al. 1992)] as the
initial condition. This test was chosen here to analyze
also a more realistic example from numerical weather
forecasting. The general behavior is, however, largely independent of the specific initial condition. The discrete
approximation of the Jacobi matrix of the discrete flow
map cDt is determined by computing the (nonlinear)
change under small variations Dzl:

Normalized pdf tendency against time step size is plotted
in Fig. 2 for different spatial discretization schemes. It
can be seen that the nonconservation of volume is dominated by the spatial truncation error.

[DcDt (zi )]kl 5 eTk

cDt (zi 1 Dzl el )  cDt (zi )
.
Dzl

Again, volume conservation is equivalent to detDcDt(zi) 5
1 or the vanishing tendency of the normalized pdf.

a. Implicit midpoint rule
The implicit midpoint rule:

z 1 zi
,
zi11 5 cDt (zi ) 5 zi 1 DtX i11
2
is symmetric and therefore conserves volume very well,
whenever the underlying ODE is reversible (Egger 1996).
Here we show experimentally, that while the conservation property is well reproduced, it is not exact. Vanishing phase space divergence is not a sufficient criterion
for volume conservation under this scheme (Hairer et al.
2006). As discussed in section 2, the implicit midpoint
rule is time reversible and volume is conserved exactly
for linear time-reversible systems. Note also that volume
conservation for general Hamiltonian systems can be
ensured by using symplectic time integration methods
(Leimkuhler and Reich 2004; Hairer et al. 2006). An application of such a method for the shallow-water equations on the sphere is given in Frank and Reich (2004).

b. Leapfrog method
Since three time levels are involved in the leapfrog
method, the definition of volume change is slightly more
complicated compared to the definition in section 2b. As
suggested in Egger (1996), the concept of extended
phase space is used here. Its dimension is twice that of
the regular phase space and it is spanned by the grid
variables of two subsequent time levels. As shown in
Egger (1996) the unfiltered leapfrog scheme is symmetric and volume conserving in the extended phase
space, even for nonreversible equations. Here we show
results of the leapfrog with Asselin filter, a common
method to control the computational mode. This filter
makes the scheme asymmetric and the pdf ratio between
two time steps can be computed as
ri11
5 (1  2g)N ,
ri
where g is the Asselin parameter and N the number of
grid points. This yields a discrete Liouville equation of
the following form:

1 Li11  Li
1
1
1 .
5
Li
Dt 1  2g
Dt
For typical choices of time step and Asselin parameter
values (0.02 has been chosen here), the pdf tendency is
positive and the phase space volume is therefore distinctively contracted, see Fig. 3. This is a consequence of
the strong damping of the computational mode and it is
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TABLE 1. Mean length ratio of a parallelepiped in phase space
during 24 h. Initial condition: Rossby wave; Dx 5 762 km, Dt 5
2000 s.
Implicit midpoint method with
ICOSWP spatial discretization
Implicit midpoint method with
Nambu spatial discretization
Fourth-order Runge–Kutta
Fourth-order Runge–Kutta with
additional viscosity
Leapfrog with Asselin filter
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0.998 09
0.999 89
0.25
0.23

Concerning the time integration methods, it was found
that only the symmetric implicit midpoint scheme comes
close to volume conservation. In combination with a reversible (but not necessarily divergence free) space discretization this symmetric scheme ensures time-averaged
volume conservation. In fact, we conjecture that there is
a pdf r~ that is invariant under (2), that is,
$  (~
rX) 5 0,

0.54

unclear, what impact this contraction has on the physically relevant dimensions. The spatial scheme chosen
here is the ICOSWP scheme, but the other two schemes
(Helmholtz and Nambu) give very similar results.

c. Fourth-order Runge–Kutta scheme
While for the linearized equations, volume conservation under this scheme is of fourth-order accuracy, the
results of an experiment (Fig. 3) with the nonlinear
equations suggests a very different behavior. Comparing
this to the results of the experiments with the symmetric implicit midpoint scheme, the fourth-order explicit
Runge–Kutta scheme shows strong volume contraction
even for reasonably small time step sizes. To give an
impression of the scale of this phenomenon, the result of
the same experiment with added viscosity of the form
n=2v (n 5 10 km2 s21, corresponding to an e-folding time
of the smallest wavenumbers representable on the grid
of half a day) is also displayed in Fig. 3. As expected, the
dissipation leads to an additional volume contraction;
here about 5% in 3 h. Here 0.1% of energy is dissipated
over the same period. While volume contraction due to
this viscosity is much stronger than the effect of spatial
discretization on volume, it is small compared to the effect
of the temporal discretization scheme. This shows clearly,
that volume nonconservation by numerical schemes can
be comparable or even larger than the effect of the
physical processes involved. To give a quantitative argument, the mean length ratio per day L0 /L1day(Dt)1 is estimated from the normalized pdf tendency (Li11 2 Li)/Dt
and displayed in Table 1.

5. Conclusions
Focusing on the divergence-free example of the
shallow-water equations, phase space volume behavior
for different discretization schemes has been analyzed.
For the spatial discretization, it was found that none of
the three schemes tested is a divergence-free approximation, which is due to the variable staggering and the
inhomogeneity of the grid.

implying that there is a modified volume form r~ dz that
is conserved under the implicit midpoint rule. All other
schemes showed significant spurious volume contraction,
dominating the effects of space discretization and even
that of viscosity (see Table 1). While phase space volume
(non)conservation is an abstract property of any dynamical system, the degree of its numerical realization
can obviously have an important impact on results of
the ensemble forecasting method. The above-mentioned
shortcomings will eventually cause a systematic error in
ensemble spread and effectively reduce the resolution of
the model.
The implicit midpoint/trapezoidal rule shows a desirable behavior with regard to conservation of volume;
but it is very expensive to implement. While computationally efficient, standard implementations of semiimplicit variants (Durran 1998) are no longer symmetric. A
framework for time-symmetric semi-implicit methods has
recently been proposed (Staniforth et al. 2006; Reich 2006;
Hundertmark and Reich 2007). These methods should
display the same desirable behavior with regard to timeaveraged volume conservation as the implicit midpoint/
trapezoidal rule.
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Sommer, M., and P. Névir, 2009: A conservative scheme for the
shallow-water system on a staggered geodesic grid based on a
Nambu representation. Quart. J. Roy. Meteor. Soc., 135, 485–494.
Staniforth, A., N. Wood, and S. Reich, 2006: A time-staggered
semi-Lagrangian discretization of the rotating shallow-water
equations. Quart. J. Roy. Meteor. Soc., 132, 3107–3116.
Vichnevetsky, R., and J. Bowles, 1982: Fourier Analysis of Numerical
Approximations of Hyperbolic Equations. SIAM, 152 pp.
Williamson, D. L., J. B. Drake, J. J. Hack, R. Jakob, and
P. N. Swarztrauber, 1992: A standard test set for numerical
approximations to the shallow water equations in spherical
geometry. J. Comput. Phys., 102, 211–224.
Zeitlin, V., 1991: Finite-mode analogs of 2D ideal hydrodynamcis:
Coadjoint orbits and local canonical structure. Physica D, 49,
353–362.

Unauthenticated | Downloaded 11/29/21 05:02 AM UTC

