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ABSTRACT
In data assimilation, observations are combined with the dynamics to get an estimate of the actual state of
a natural system. The knowledge of the dynamics, under the form of a model, is unavoidably incomplete and
model error affects the prediction accuracy together with the error in the initial condition. The variational
assimilation theory provides a framework to deal with model error along with the uncertainties coming from
other sources entering the state estimation. Nevertheless, even if the problem is formulated as Gaussian,
accounting for model error requires the estimation of its covariances and correlations, which are difficult to
estimate in practice, in particular because of the large system dimension and the lack of enough observations.
Model error has been therefore either neglected or assumed to be an uncorrelated noise. In the present work,
an approach to account for a deterministic model error in the variational assimilation is presented. Equations
for its correlations are first derived along with an approximation suitable for practical applications. Based on
these considerations, a new four-dimensional variational data assimilation (4DVar) weak-constraint algorithm is formulated and tested in the context of a linear unstable system and of the three-component Lorenz
model, which has chaotic dynamics. The results demonstrate that this approach is superior in skill to both the
strong-constraint and a weak-constraint variational assimilation that employs the uncorrelated noise model
error assumption.

1. Introduction
Most operational weather prediction centers worldwide
adopt a variational data assimilation algorithm (Sasaki
1970; Le Dimet and Talagrand 1986; Rabier et al. 2000).
The state estimation in the variational assimilation is
formulated as an optimal control problem, and aims at
determining the trajectory that best fits the observations
and accounts for the dynamical constraints given by the
law supposed to govern the flow. The accuracy of the
variational solution is naturally connected to our knowledge of the error associated with the information sources.
Based on the Gaussian hypothesis, such knowledge is
expressed via error covariances and correlations. However, while an accurate estimate of the observation error
covariance is usually at hand, more difficulties arise for
the background and model error covariances.
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In the last decades, extensive researches have been
devoted to improve the estimation of the background
error covariance, particularly in the context of sequential Kalman filter (KF)-type algorithms (Kalman 1960;
Ghil et al. 1981). Dee (1995) has pointed out the difficulties of specifying the model error because of the large
size of a typical geophysical problem and the consequent
enormous information requirement involved. He proposed a scheme for the online estimation of error covariance suitable also for the estimation of model error
especially when the latter is expressed through a reduced
number of relevant degrees of freedom.
In the context of ensemble-based schemes [see, e.g.,
Evensen (1994) for the ensemble Kalman filter (EnKF)]
a lot of efforts have been devoted to the representation
of model error through an optimal ensemble design.
Among these studies, Hamill and Whitaker (2005) have
investigated the ability of two methods, covariance inflation and additive random error, to parameterize error
due to unresolved scales. Meng and Zhang (2007) have
analyzed the performance of the EnKF in the context
of a mesoscale and regional-scale model affected by
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significant model error due to physical parameterizations,
while in Fujita et al. (2007) the EnKF was used to assimilate surface observations with the ensemble designed
also to represent errors in the model physics. Houtekamer
et al. (2009) have examined several approaches to account
for model error in an operational EnKF used in a numerical weather prediction (NWP) context. They found
that, from the approaches they considered, a combination
of isotropic model-error perturbations and the use of
different model versions for different ensemble members
gave the best performance. A similar analysis was done
by Li et al. (2009) in the context of the local ensemble
transform Kalman filter (Hunt et al. 2007). They investigated several methods to account for model error, including model bias and system noise, and concluded that
the best performances are obtained when these two approaches are combined.
In variational data assimilation, model error has been
often ignored, assuming implicitly that it has only a minor influence compared to errors in the initial condition
and in the observations. More recently, the refinement
and the increase of the observational network have reversed the problem, suggesting an urgent need for deeper
understanding of the model error dynamics and its treatment in data assimilation. Different solutions have been
proposed in recent years to estimate and account for
model error in variational assimilation (Derber 1989;
Zupanski 1997; Vidard et al. 2004; Trémolet 2006). These
studies have shown that treating the model error as part
of the estimation problem leads to significant improvements in the accuracy of the state estimate. However,
these studies have used crude estimations of the model
error covariances (Trémolet 2007) and/or simple model
error dynamical law, such as a first-order Markov process
(Zupanski 1997). Because of the constraints given by the
size of the problem, model error has been usually assumed
uncorrelated in time (see, e.g., Trémolet 2006). In contrast
to the case of ensemble-based schemes where model error
covariances are estimated using the ensemble, in variational data assimilation these estimates have to be built up
on some statistical or dynamical assumptions.
In the last few years, the dynamics of model error has
attracted a lot of interest (e.g., Reynolds et al. 1994;
Vannitsem and Toth 2002). In particular, a series of
works have studied the behavior of deterministic model
errors and identified some universal dynamical features
(Nicolis 2003, 2004; Nicolis et al. 2009). They were at the
origin of a deterministic formulation of the model error
term in the extended Kalman filter (EKF; Carrassi et al.
2008). The present investigation takes advantage of the
same theoretical framework on the deterministic dynamics of the model error to formulate a new approach for
variational assimilation. Specifically, evolution equations
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for the model error covariances and correlations are derived along with suitable, application-oriented, approximations. These deterministic laws are then incorporated
in the formulation of the variational problem.
Here we focus on model error due to incorrect parameterizations, but the approach can also be used in
the case of error coming from processes that are not
accounted for by the model but are parameterized in
terms of the resolved scales (Nicolis 2004). The proposed algorithm is analyzed, in comparison with traditional approaches, in the context of two systems of
increasing dynamical complexity, beginning with a onedimensional linear system and then with the threecomponent Lorenz model (Lorenz 1963), a nonlinear
dynamical system exhibiting a chaotic behavior.
The paper is organized as follows. In section 2 the
variational assimilation problem is described, while the
deterministic formulation for model error dynamics is
presented in section 3. Results for both systems are
given in section 4 and the final conclusions are drawn in
section 5.

2. Formulation of the problem
Let us write the equations describing the model of a
system as
dx
5 f(x, l),
dt

(1)

where the I-dimensional state vector x(t) describes a set
of relevant physical variables of the system under consideration, and the Ip-dimensional vector l describes a
set of parameters that can be related, for instance, to
parameterized physical mechanisms. Alternatively, the
solution of model in (1) can be expressed as x(t) 5
M(x0, l), with x0 5 x(t0) as the initial condition. We
assume this model is used to describe the dynamics of
a real system whose corresponding equations can be
written as
dv
5 g(v, ltr ),
dt

(2)

where v(t) is the unknown Itr-dimensional truth state
and ltr is a Iptr-dimensional vector of unknown parameters. Alternatively, the evolution of v(t) can be written as
v(t) 5 G(v0, ltr).
We suppose that M measurements are collected at the
discrete times (t1, t2, . . . , tM) within the reference time
interval T. The observations, yo, are related to the model
state through the observation operator H, and are affected by an error, ek, which is assumed here to be a
white noise:
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yok 5 H(xt ) 1 ek

k 5 1, . . . , M.

(3)

k

An a priori estimation, xb, of the model initial condition
is supposed to be available. This is usually referred to
as the background state, and

that is em 5 0 (Lewis and Derber 1985; Le Dimet and
Talagrand 1986). In this case the model-error-related
term disappears and the cost function reads as
M

2J strong 5
x0 5 xb 1 eb ,

(4)

where eb represents the background error.
We search for the trajectory that, on the basis of the
background field and according to some specified criteria, best fits the observations over the reference period
T. However, besides the observations and the background, the model dynamics itself represents a source
of additional information that can be exploited in the
state estimate. Nevertheless, since the model is not perfect, it is usually assumed that an additive model error,
em(t), affects the model prediction in the following form:
x(t) 5 M(x0 , l) 1 em (t).

(5)

Assuming that all errors are Gaussian, these information sources can be combined using a least squares approach. Assuming furthermore that these errors do not
correlate with each other, the quadratic penalty functional, combining all the information, takes the following form (Jazwinski 1970, his section 5.3):
ðT ðT
2J 5
0

0

m
[em (t9)]T P1
t9,t 0 [e (t 0)] dt9 dt 0

M

1

T 1
å
eTk R1
k ek 1 eb B eb .
k51

(6)

The weighting matrices Pt9t0, Rk, and B have to be regarded as a measure of our confidence in the model, in
the observations and in the background field, respectively. In this Gaussian formulation these weights can
be chosen to reflect the relevant moments of the corresponding Gaussian error distributions.
The best fit is defined as the solution, ^
x(t), minimizing
the cost function J over the interval T. It is known that,
under the aforementioned hypothesis of Gaussian errors,
^
x(t) corresponds to the maximum likelihood solution
and J can be used to define a multivariate distribution
of x(t) (Jazwinski 1970, his section 5.3). Note that in order
to minimize J all errors have to be explicitly written as
a function of the trajectory x(t).
The variational problem defined by (6) is usually referred to as weak constraint given that the model dynamics is affected by errors (Sasaki 1970). An important
particular case is the strong-constraint variational assimilation in which the model is assumed to be perfect,

T 1
å
eTk R1
k ek 1 eb B eb .
k51

(7)

The calculus of variations can be used to find the extremum of (6) [or (7)] and leads to the corresponding
Euler–Lagrange equations (Le Dimet and Talagrand
1986; Bennett 1992, his sections 5.3–5.4). In the strongconstraint case, the requirement that the solution has
to follow the dynamics exactly is satisfied by appending
to (7) the model equations as a constraint by using a
proper Lagrange multiplier field. However, the size and
complexity of the typical numerical weather prediction
problem is such that the Euler–Lagrange equations cannot
be practically solved unless drastic approximations are
introduced. When the dynamics is linear and the amount
of observations is not very large, the Euler–Lagrange
equations can be efficiently solved with the method of
representers (Bennett 1992, his sections 5.3–5.4). An
extension of this approach to nonlinear dynamics has
been proposed in Uboldi and Kamachi (2000). Nevertheless, the representers method is far from being applicable for realistic high-dimensional problems such as
NWP, and an attractive alternative is represented by the
descent methods, which makes use of the gradient vector of the cost function in an iterative minimization procedure (Talagrand and Courtier 1987). This latter approach
is used in most of the operational NWP centers that
employ variational assimilation. Note finally that the
Euler–Lagrange equations can also be used as a tool to
obtain the cost function gradient. Details on the representers and the descent techniques are provided in section 4
in relation to the applications described therein.
In the discrete case, when the model dynamics is lumped
over N time steps of size Dt . 0, the weak-constraint cost
function becomes
N

2J 5

N

M

m
T 1
T 1
å
å (emi )T P1
i, j (e j ) 1 å ek Rk ek 1 eb B eb .
i51 j51
k51

(8)
The best-fit trajectory is now defined over N time steps
in the interval T, and Pi,j represents the model error covariance matrix between times ti and tj.
Note that in the cost functions in (6) and (8), the
model error is allowed to be correlated in time, and leads
to the double integral and summation, respectively. If it
is assumed to be a random uncorrelated noise, only
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covariances have to be taken into account and the
double integral in the first rhs of (6) [the double summation in the first rhs of (8)] reduces to a single integral
(to a single summation).
The search for the best-fit trajectory by minimizing
the associated cost function requires the specification of
the weighting matrices. The estimation of the matrices
Pt9t 0 is particularly difficult in realistic NWP applications
because of the large size of the typical models currently in
use. Therefore, it turns out to be crucial to define approaches for modeling the matrices Pt9t 0 in order to reduce
the number of parameters needed for their estimation.
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The first partial derivative on the rhs of (10) is the Jacobian
of the model dynamics evaluated along its trajectory.
The second term, which corresponds to the model error,
will be hereafter denoted as dm 5 (›f/›l)jldl.
The solution of (10), with initial condition dx(t0) 5
dx0, reads
dx(t) ’ Mt,t dx0 1 dxm (t)
and
dxm (t) 5

ðt
t0

3. Deterministic model error dynamics
The derivation of the statistical weights, Pt9t 0, is based
on the formalism on model error dynamics introduced
in Nicolis (2003) and is an extension of a previous work
in which a deterministic model error treatment was incorporated into the extended Kalman filter (Carrassi
et al. 2008).
Let us assume that the unknown true dynamics we
intend to estimate can be conveniently expressed through
a set of differential equations equal to (1) except in their
parameters, so that
dv
5 f(v, ltr ),
dt

(9)

where v(t) is now I-dimensional and ltr is an Ip-dimensional
vector. A prediction of the evolution of (9), perceived
through the model in (1), will be affected by errors in both
the initial condition and the model parameters.
The assumption that the model error comes only from
the misspecification of the parameters does not account
for other potential model errors, present in a realistic
application, such as those due to unresolved scales and/
or to unrepresented physical processes. However, the
approach described in the sequel can be straightforwardly extended to the case of omission errors expressible in terms of the resolved scales (Nicolis 2004), since
they can be brought back to the simpler case of parametric errors (e.g., Nicolis et al. 2009). These types of
errors are typical in NWP systems.
An approximate evolution law for the state estimation error is obtained by taking the difference between
(9) and (1). As usual, for ‘‘small’’ error the linearized
dynamics provides a reliable approximation of the actual
evolution. The linearization is made along a model trajectory, the solution of (1), by expanding to the first order
in dx 5 v(t) 2 x(t) and dl 5 ltr 2 l, and reads
ddx
›f
›f
’ jx dx 1
j dl.
dt
›x
›l l

(10)

(11)

0

dtMt,t dm(t),

(12)

with Mt,t being the fundamental matrix (the propagator)
0
relative to the linearized dynamics along the trajectory
between t0 and t. Equation (11) states that, in the linear
approximation, the error in the state estimate is given
by the sum of two terms: one relative to the evolution
of initial condition error and another one, dxm, relative
to the model error.
We now make the conjecture that, as long as the errors in the initial condition and in the model parameters
are small, (12) can be used to estimate the model error
em(t) entering the weak-constraint cost functions, and
consequently the corresponding correlation matrices
P(t9, t 0). In this case, the model error dependence on the
model state implies the dependence of model error
correlation on the correlation time scale of the model
variables themselves.
By taking the expectation of the product of (12) by
itself, over an ensemble of realizations around a specific
trajectory, we obtain an equation for the model error
correlation matrix:
ðt 0

ð t9
P(t9, t0) 5

dt
t0

t0

dt9Mt9,t hdm(t)dm(t9)T iMTt 0,t9 .
(13)

The integral in (13) gives the model error correlation
between times t9 and t 0. In this form, (13) is of little
practical use for any realistic nonlinear systems. A suitable expression can be obtained by considering its shorttime approximation through a Taylor expansion around
(t9, t 0) 5 (t0, t0).
It can be shown (see appendix A) that the first nontrivial order is quadratic and reads
P(t9, t 0) ’ hdm0 dmT0 i(t9 t0 )(t0 t0 ).

(14)

Equation (14) states that the model error correlation
between two arbitrary times, t9 and t 0, within the shorttime regime, is equal to the model error covariance at
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the origin, hdm0 dmT0 i, multiplied by the product of the
two time intervals. Naturally the accuracy of this approximation is connected on the one hand to the length
of the reference time period and on the other to the
accuracy of the knowledge about the error in the parameters needed to estimate hdm0 dmT0 i. Nicolis (2003)
has shown that the evolution of the quadratic error is
bound to be universally quadratic in the short time for
deterministic systems and that the range of validity of
this evolution is related to the inverse of the largest
Lyapunov exponent of the underlying dynamics.

4. Variational assimilation using short-time
approximation for the model error

a. Linear system: Solution with the representers
Let us consider the simple scalar dynamics:
tr

with ltr . 0, as our reference.

yok 5 xk 1 ok ,
with ok being an additive random noise with variance
so2(tk) 5 so2, 1 # k # M, and that a background estimate,
xb, of the initial condition, x0, is at our disposal:
x0 5 xb 1 b ,
with eb being the background error with variance sb2. We
assume the model is given by
x(t) 5 x0 e lt .

In this section we propose to use the short-time law
in (14) as an estimate of the model error correlations in
the variational assimilation. Besides the fact of being
a short-time approximation, this evolution equation is
based on the hypothesis of linear error dynamics. To
highlight advantages and drawbacks of its application,
we explicitly compare a weak-constraint variational assimilation employing this short-time approximation with
other formulations.
The analysis is carried out in the context of two systems of increasing complexity. We first deal with a very
simple example of scalar dynamics, which is fully capable
of being integrated. The variational problem is solved
with the technique of representers. The simplicity of the
dynamics allows us to explicitly solve (13) and use it to
estimate the model error correlations. This ‘‘full weak
constraint’’ formulation of the four-dimensional variational
data assimilation (4DVar) is evaluated and compared
with the one employing the short-time approximation in
(14). In addition, a comparison is made with the widely
used strong-constraint 4DVar in which the model is considered as perfect.
In the last part of the section we extend the analysis
to an idealized nonlinear chaotic system. In this case
the minimization is made by using an iterative descent
method, which makes use of the cost function gradient. In
this nonlinear context the short-time approximated weakconstraint 4DVar is compared to the strong-constraint
and to a weak-constraint 4DVar in which model error is
treated as a random uncorrelated noise as it is often assumed in realistic applications.

x(t) 5 x0 e l t ,

Suppose that M noisy observations of the state variable
are available at the discrete times tk 2 [0, T], 1 # k # M:

(15)

We seek for a solution minimizing simultaneously the
error associated with all these information sources. The
quadratic cost function can be written in this case as
ðT ðT
2J(x) 5
0

0

lt 0
[x(t9)  x0 e lt9 ]p2
t9t0 [x(t 0)  x0 e ] dt9dt 0

M

1

2
2
o
2
å s2
o ( yk  xk ) 1 sb (x0  xb ) .
k51

(16)

The control variable here is the entire trajectory within
the assimilation interval T. In (16) we have used the fact
that the model error bias, dx m(t), is given by x(t) 2 x0e lt
assuming the model and the control trajectory, x(t), are
started from the same initial condition x0. Note that x0 is
itself part of the estimation problem through the background term in the cost function.
The final minimizing solution of (16) is found using
the technique of representer (the details of the derivation are given in appendix B) and reads
M

x(t)5 xb e lt 1

M

å bkrk (t) 5 x f (t) 1 k51
å bk rk (t)
k51

0 # t # T,
(17)

where the M functions, rk(t), are the representers while
the coefficients, bk, are given by
b 5 (S 1 s2o I)1 d,

(18)

where d is the innovation vector, d 5 (y1o 2 x1f, . . . , yoM 2
xfM), S is the M 3 M matrix (S)i,j 5 ri(tj), and I is the
M 3 M identity matrix. The coefficients are then inserted
into (17) to obtain the final solution (see appendix B).
In the derivation of the general solution in (17) [with
the coefficients (18)], we have not specified the model
error correlations p2(t9, t0); the particular choice adopted
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characterizes the formulations we aim to compare. Our
first choice consists in evaluating the model error correlations through (13). By inserting dm 5 (›f/›l)dl, with
f(x) 5 lx, and the fundamental matrix, Mt,t 5 e l(tt0 ) ,
0
associated with the dynamics (15), we get
p2 (t9, t 0) 5 h(x0 dl)2 iel(t91t0) t9t 0,

(19)

where the expectation, hi, is an average over a sample of
initial conditions and parametric errors. Expression (19)
can now be inserted into (B8) and (B9) to obtain the
M representer functions in this case:
rk (t) 5 e l(t1tk ) [h(x0 dl)2 itk t 1 s2b ] 1 # k # M.

(20)

The representers (20) are then inserted into (18) to obtain the coefficients for the solution, x(t), which is finally
obtained through (17). This solution is hereafter referred to as the full weak constraint.
The same derivation is now repeated with the model
error weights given by the short-time approximation in
(14). By substituting dm 5 (›f/›l)dl into (14), we obtain
p2 (t9, t 0) 5 h(x0 dl)2 it9t 0.

(21)

Once (21) is inserted into (B8) and (B9) the representer
solutions become
rk (t) 5 s2b e l(t1tk ) 1 h(x0 dl)2 itk t

1 # k # M.

(22)

The representer functions are then introduced into (18)
and (17) to obtain the solution, x(t), during the reference
period T. The solution based on (22) is hereafter referred to as the short-time weak constraint.
To complete our comparative analysis the strongconstraint solution is derived. In this case, we seek a
solution that follows the dynamics exactly while being
a best fit to the data and the background field. We may
proceed along the same lines as above; this would imply
writing down a cost function without the term of the
model discrepancy while the dynamics is appended as
a constraint through a proper Lagrange multiplier field.
Alternatively, by invoking the continuity of the solution
(20), or (22), with respect to the model error weights, the
strong-constraint solution is obtained in the limit dl /
0 and reads
rk (t) 5 s2b e l(t1tk )

1 # k # M.

(23)

The three solutions based respectively on (20), (22),
and (23) are compared in a set of experiments. Simulated noisy observations sampled from a Gaussian distribution around a solution of (15) are distributed every
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5 time units over an assimilation interval T 5 50 time
units. Different regimes of motion are considered by
varying the true parameter ltr.
The results displayed in the sequel are averages over
103 initial conditions and parametric model errors, around
x0 5 2 and ltr, respectively. The initial conditions are
sampled from a Gaussian distribution with standard deviation sb 5 1, while the model parameter, l, is sampled by a Gaussian distribution with standard deviation
jDlj 5 jltr 2 lj; the observation error standard deviation
is so 5 0.5.
Figure 1 shows the mean quadratic estimation error,
as a function of time, during the assimilation period T.
The different panels refer to experiments with different parameter for the truth 0.01 # ltr # 0.03, while
the parametric error relative to the true value is set to
Dl/ltr 5 50%. The three lines refer to the full weakconstraint (dashed line), the short-time approximated
weak-constraint (continuous line), and the strong-constraint
(dotted line) solutions, respectively. The bottom-right panel
summarizes the results and shows the mean error, averaged
also in time, as a function of ltr for the weak-constraint
solutions only.
As expected, the full weak-constraint solution performs systematically better than any other approach.
The variational solution employing the short-time approximation for the model error successfully outperforms
the strong-constraint one. The last plot displays the increase of total error of this solution as a function of ltr.
To understand this dependence, one must recall that
the duration of the short-time regime in a chaotic system
is bounded by the inverse of the largest amplitude
Lyapunov exponent (Nicolis 2003). For the scalar unstable case considered here, this role is played by the
parameter ltr. The increase of the total error of the
short-time-approximated weak constraint as a function
of ltr reflects the progressive decrease of the accuracy
of the short-time approximation for this fixed data assimilation interval, T.
The accuracy of the short-time-approximated weak
constraint in relation to the level of instability of the
dynamics is further summarized in Fig. 2, where the difference between the mean quadratic error of this solution and the full weak-constraint one is plotted as a
function of the nondimensional parameter Tltr, with
10 # T # 60 and 0.0100 # ltr # 0.0275. In all the experiments Dl/ltr 5 50%. Remarkably all curves are
superimposed, a clear indication that the accuracy of the
analysis depends essentially on the product of the instability of the system and the data assimilation interval.
This feature is of course strongly related to the fact that
the discrepancy of the short-time approximation is
larger for large ltr and long times in (14).
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FIG. 1. Mean quadratic estimation error as a function of time for variational assimilation with the system in (15). Experiments with (top
left to bottom left) ltr 5 0.01–0.03 in increments of 0.0025. (bottom right) The mean quadratic error, for the weak-constraint solutions
only, averaged also over the assimilation interval T as a function of ltr. Strong-constraint solution (dotted line), full weak-constraint
solution (dashed line), and short-time approximated weak-constraint solution (solid line).

We now turn to the analysis of the effect of the initial
condition error on the weak-constraint solutions (20)
and (22) in Fig. 3. We focus here on a setting with only
one perfect observation in the middle of the assimilation period, at time t 5 25. The panels refer to experiments with different parametric model error and show
the mean quadratic error, averaged over a sample of 103
initial condition errors and over the assimilation period
T, as a function of the standard deviation of the initial
condition error sb. In all the experiments, ltr is fixed
to 0.0225. For the smallest parametric model errors (top
panels 2Dl/ltr # 15%), the estimation error of both
solutions monotonically increases with the initial condition error, until a common plateau is reached. Note
that the full weak constraint, with a perfect initial condition (sb 5 0), is able to keep the average error to almost 0.
This is a very remarkable performance considering that

only one observation is available within the assimilation
period. The figure indicates further that the difference
between the full and the approximated solutions decreases monotonically by increasing the initial condition
error, and it is reduced to almost zero for sufficiently
large errors. This clearly reflects the relative impact of
initial condition and model errors on the quality of the
assimilation. When the initial condition error is significantly larger than the model error, the accuracy of the
state estimate is not improved employing the more costly
(and accurate) full weak-constraint algorithm. Note also
that the error plateau is reached for larger values of sb as
Dl/ltr increases.
Finally, in Fig. 4, the possibility of improving the quality
of the solutions by inflating the model error covariance matrix is investigated. The aim is to understand
whether the model error is under- or overestimated in the
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FIG. 2. Difference between the mean quadratic error of the short-time-approximated and the full weak-constraint solution, for the
system in (15), as a function of Tltr, for the assimilation period 10 # T # 60 and for values of ltr 5 0.0100–0.0275. In all the experiments,
Dl/ltr 5 50%.

weak-constraint approaches and if an improvement can
be obtained by inflating–educing the model error correlation term. The original network of 10 noisy observations, every 5 time units, in now used with so 5 0.5,
sb 5 1, and ltr 5 0.01. The amplitude of the model error
term, hx0dli2, is now multiplied by a scalar factor 0.1 #
a # 20 and then used in both the weak-constraint assimilations. The panels show the mean quadratic error
as a function of a, for different parametric error Dl/ltr.
As a first remark we observe that by increasing the
model parametric error, the analysis error of all the solutions increases accordingly. In the smallest parametric
error case, Dl/ltr 5 10%, for a close to 1, the solutions
are very similar to each other. The full- and short-timeapproximated weak constraint (dashed and continuous
lines, respectively) only slightly improves over the strong
constraint. By increasing a both solutions degrade rapidly
at a rate that is faster for the full weak-constraint solution,
indicating its high sensitivity to the model error correlation
amplitude. Note that the growth of the error for large a is
found for all the parametric errors considered, and that in
the cases of small Dl/ltr the weak-constraint solutions
with large a performs even worse than the strong-constraint case. This means that when the model error is not
dominant, assuming it is perfect is better than incorrectly
estimating the corresponding correlations.
It is interesting to remark on the existence of a minimum in the error curves, which deepens with the increase

of the parametric error. This minimum is systematically
located at a 5 1 for the full weak-constraint case, indicating that the estimate of the model error correlation
based on (13) is adequate. On the other hand, for the
short-time-approximated case the minimum is shifted to
3 , a , 4. This suggests that, as expected, the estimate
of the actual model error correlation based on (14) is an
underestimation and that a better performance can indeed be obtained by inflating it. Note furthermore that
the level of the minima of the short-time-approximated
weak constraint is very close to the full weak-constraint
ones. This is a very encouraging result from the perspective of a realistic application where (13) cannot be
solved.

b. Nonlinear system: Solution with descent method
Let us now turn to a more realistic dynamics. We
adopt here the widely used Lorenz three-variable convective system (Lorenz 1963), as a prototype of nonlinear chaotic dynamics:
dx
5 s(x  y),
dt
dy
5 rx  y  xz,
dt
dz
5 xy  bz;
dt

(24)
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FIG. 3. Mean quadratic estimation error, averaged over the entire assimilation period, as a function of the standard deviation of the initial
condition error sb, for the system in (15). Experiments with (top left to bottom right) Dl/ltr 5 5%–30% in increments of 5%. Full weakconstraint solution (dashed line), short-time-approximated weak-constraint solution (solid line), and their error difference (dotted line).

with the canonical choice for its parameters, l 5 (s, r,
b) 5 (10, 28, 8/ 3), the system behaves chaotically with
a leading Lyapunov exponent equal to 0.90 per nondimensional time. We perform a set of observation
system simulation experiments for which a solution of
(24), with the canonical parameters, is the reference
dynamics. The estimation is based on observations of
the entire system’s state (i.e., observation operator
equal to the identity 3 3 3 matrix), distributed within
N

2J(x0 , x1 , . . . , xN ) 5

a given assimilation interval and affected by an uncorrelated Gaussian error with covariance R. The model
dynamics is given by the Lorenz system in (24) with
a modified set of parameters. The numerical integrations are carried out with a second-order Runge–Kutta
scheme with a time step equal to 0.01 nondimensional
time units.
The variational cost function can be written, according to (8), as

N

å
å[xi  M(xi1 )]
i51 j51

M
T

P1
i, j [xi

1 (xb  x0 )T B1 (xb  x0 ),
where, as in section 2, M stands for the model nonlinear propagator, and B and P for the background
and model error covariance and correlation matrices,

 M(xi1 )] 1

å
[yok  H(xk )]T R1 [yok  H(xk )]
k51
(25)

respectively. We have assumed the assimilation interval T has been discretized over N time steps of equal
length Dt.
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FIG. 4. As in Fig. 3, but for as a function of the tuning parameter a multiplying the model error covariance matrix, for the system in (15).
Strong-constraint solution (dotted line), full weak-constraint solution (dashed line), and short-time-approximated weak-constraint solution (solid line).

The control variable for the minimization is the
series of the model state xi at each time step in the
interval T. The minimizing solution is obtained by

using a descent iterative method that makes use of the
cost function gradient with respect to xi, 0 # i # N. This
latter reads

8
<N

9
=
1
$x J 5HT0 R1 [yo0  H(x0 )]  MT0,1
P1
[x

M(x
)]
j1 ;  B (xb  x0 ) i 5 0,
0
:j51 1, j j
8
9
<N
= N
T 1 o
T
1
$x J 5Hi R [yi  H(xi )]  Mi,i11
Pi11, j [x j  M(x j1 )] 1
P1 [x  M(x j1 )] 1 # i # N  1,
i
:j51
; j51 i, j j

å

å

å

N

$x J 5HTN R1 [yoN
N

 H(xN )] 1

å
P1
N , j [x j  M(x j1 )]
j51

The matrices H and M represents the linearized observation operator and model propagator, respectively,
while MT is the adjoint dynamics operator. The gradient
expression (26) is derived assuming that observations

i 5 N.

(26)

are available at each time step ti, 0 # i # N. In the usual
case of sparse observations the term proportional to the
innovation disappears from the gradient with respect
to the state vector at a time when observations are not
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FIG. 5. Mean quadratic estimation error as a function of the observation frequency Dtobs for variational assimilation
in the Lorenz system in (24). Experiments with (top to bottom) Dl/ltr 5 5%–20% in increments of 5% for different
assimilation intervals: T 5 2 (crosses), T 5 4 (squares), T 5 8 (triangles), and T 5 16 (circles) time steps. (left) Strongconstraint solution and (right) short-time-approximated weak-constraint solution.

present. Note furthermore that assuming the model error
is correlated in time leads to the summation in squared
brackets of (26), which accounts for the full contribution
over the entire assimilation interval. The situation is
drastically different if the model error is treated as an
uncorrelated noise. In this case the cost function takes
into account the model error covariances only, and the
model error cost function term reduces to a single summation over the time steps weighted by the inverse of
the model error covariances. The cost function gradient
modifies accordingly and the summation over all time
steps disappears (see, e.g., Trémolet 2006).
The cost function in (25) and its gradient in (26) define the discrete weak-constraint variational problem.
We study here its performance when the estimate of the
model error correlations Pi,j is done by using the shorttime approximation (14). In this discrete case it reads
Pi, j 5 hdm0 dmT0 iijDt2 .
The invariant term hdm0 dmT0 i, which is here a 3 3 3
symmetric matrix, is assumed to be known a priori and is

estimated by accumulating statistics on the model attractor and perturbing randomly each of the three parameters s, r, and b with respect to the canonical values
and with a standard deviation jDlj. We compare the
short-time weak constraint with the strong-constraint
variational assimilation. In this latter case, the model
error term disappears from the cost function in (25) and
the gradient is computed with respect to the initial
condition only (Talagrand and Courtier 1987).
Observation system simulation experiments are conducted with assimilation intervals equal to 2, 4, 8, or 16
time steps and with observations each 2, 4, 8, or 16 time
steps. The simulated measurements of the three components of the model state are uncorrelated with each other
and are affected by a Gaussian noise whose standard
deviation is set to 5% of the system’s natural variability.
The results are averaged over a sample of 50 initial
conditions and parametric model error sampled by a
Gaussian distribution with standard deviation jDlj. Each
simulation lasts for 240 time steps, which is equivalent
to 15 assimilation cycles for the longest T 5 16 time steps
up to 120 cycles for T 5 2 time steps. The background
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FIG. 6. Time series of the model state components for the system in (24): (top) x, (middle) y, and (bottom) z. The
solutions refer to a period of 1200 time steps, the assimilation interval is T 5 8 time steps, Dtobs 5 4 time steps, and
Dl/ltr 5 15%. True evolution (solid lines), observations (crosses), strong-constraint solution (dotted lines), and
short-time-approximated weak-constraint solution (dashed lines).

error covariance matrix is set to diagonal with the entries equal to the initial condition error variance, 0.01%
of the system climate variance. A more refined choice
for B will certainly have a positive impact on the algorithms, but this aspect is not our central concern here
and the choice adopted is not expected to have an influence on the relative performance of the assimilation
schemes.
Figure 5 shows the mean quadratic estimation error
as a function of the observation frequency (i.e., the
time steps between them, Dtobs) and for the different
assimilation intervals: 2 (crosses), 4 (squares), 8 (triangles), and 16 (circles) time steps. The left panels refer
to solutions of the strong-constraint variational assimilation, while the approximated weak-constraint solutions are shown in the right panels. The parametric
errors are indicated in the text boxes, and all errors are
normalized with respect to the system’s natural variability. As in the linear example of the previous section,
when the parametric error is too small (now Dl/ltr 5
5%) the strong-constraint performance is not significantly improved by using the short-time weak constraint.
Conversely, as long as larger parametric errors are considered, the improvement over the strong-constraint approach becomes substantial. In addition, by reducing the
observation frequency, for fixed T, the strong-constraint

solution deteriorates at a slower rate than the weakconstraint one.
Note that the accuracy of the weak-constraint algorithm should be affected by the limitation of validity of
the short-time regime on which the estimate of the
model error correlations is based. According to Nicolis
(2003), we estimate the duration of the short-time regime in this system to be approximately equal to 0.07
nondimensional time units (the inverse of the largest
in absolute value Lyapunov exponent of the true dynamics, 214.57). The rapid growth of the error for large
data assimilation intervals, in light of Fig. 5, reflects this
fact.
In Fig. 6 we show the time series of the three model
variables relative to the true solution (continuous line),
the strong-constraint solution (dotted line), and the approximated weak constraint (dashed line); the observations are displayed with the cross marks. The solutions
refer to a period of 1200 time steps, the assimilation
interval is T 5 8 time steps, Dtobs 5 4 time steps, and
Dl/ltr 5 15%. We see that the tracking of the unknown
true evolution provided by the short-time weak-constraint
assimilation is very efficient, unlike the strong-constraint
one. This is particularly evident in correspondence with
the peaks/trough of the signal and with changes of the
system regimes. The latter are characterized by a change
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FIG. 7. As in Fig. 6, but T 5 8 time steps and Dtobs 5 8 time steps.

in the sign of the x field, when the trajectory changes
the wing of the attractor. By reducing the frequency of
the observations to Dtobs 5 8 time steps a decrease of the
overall quality of the short-time weak-constraint assimilation is observed (Fig. 7). Larger deviations from
the truth are only observed in correspondence with the
changes of regime.
The effect of a further degradation of the observational network is investigated in Fig. 8, where the observations are reduced to a single component of the
system’s state. From the left to the right the panels refer
to experiments with measurements of x, y, and z respectively, while from top to bottom the panels show
the time series relative to each components. As in Fig. 6,
the assimilation interval is T 5 8 time steps, Dtobs 5 4
time steps, and Dl/ltr 5 15%, while the experiments
last for 600 time steps. In comparison with the results
in Fig. 6, we can observe here a general degradation of
the algorithm skill to track the true dynamics. By time
step 300, the scheme commits small errors in the estimate
of both the phase and amplitude of the true signal, but
it still systematically outperforms the strong-constraint
solution.
The robustness of the proposed approach is finally
compared with the uncorrelated noise treatment of the
model error. This assumption has often been done in
previous applications; it is particularly attractive because
it reduces significantly the computational cost associated

with the minimization procedure. Although more refined
choices have been recently described in the literature
(Trémolet 2007), model error covariances have been
often set to be proportional to the background error
covariance (e.g., Zupanski 1997; Vidard et al. 2004). We
make the same choice here and compute the model error covariances as P 5 aB. Figure 9 shows the mean
quadratic error as a function of the tuning parameter a.
The panels refer to different parametric model error.
The results are averaged over the same sample of 50
initial conditions and parametric model error, while
Dtobs 5 2 and T 5 0.08. The error of the short-time weakconstraint (dashed line) and the strong-constraint (dotted line) 4DVar are also displayed for reference. The
solid line with open squares refers to an experiment in
which the model error is treated as an uncorrelated noise
but the spatial covariances at observing times are estimated using the short-time approximation; the aim is to
evaluate the relative impact of neglecting the time correlation and of using an incorrect spatial covariance.
The uncorrelated noise formulation (solid line without any marks) never reaches the accuracy of the proposed short-time weak constraint. Note, furthermore,
that for the smallest parametric error considered and for
small a it is even worse than the strong-constraint
4DVar where the model is assumed to be perfect. By
further increasing a over a 5 103 (not shown), the error
reaches a plateau whose value is controlled by the
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FIG. 8. Time series of the model state components, for the system in (24): (top) x, (middle) y, and (bottom) z. The solutions refer to
a period of 600 time steps, the assimilation interval is T 5 8 time steps, Dtobs 5 4 time steps, and Dl/ltr 5 15%. True evolution (solid lines),
observations (crosses), strong-constraint solution (dotted lines), and short-time-approximated weak-constraint solution (dashed lines).
Observations at (left) x, (middle) y, and (right) z.

observation error level. When the spatial covariance is
estimated as in the short-time weak constraint, the performance is generally improved. Note, however, that for
the smallest parametric error considered, and large a,
the estimate P 5 aB gives better skill; for all other cases,
the improvement in correspondence with the bestpossible a is only minor. This suggests that the degradation of the uncorrelated noise formulation over the
short-time weak constraint is mainly the consequence of
neglecting the time correlation and only to a small extent
to the use of an incorrect spatial covariance.

5. Conclusions
Recently a deterministic formulation of the model error dynamics has been introduced (Nicolis 2003, 2004;
Nicolis et al. 2009). A number of distinctive features
have been identified, such as the existence of a universal
short-time quadratic evolution law for the mean-square

model error evolution (Nicolis 2003). This approach has
been exploited here in the context of variational assimilation as a natural extension of the analysis performed
for the EKF in Carrassi et al. (2008). A short-time approximation for the model error correlations has been
derived, and a short-time-approximated weak-constraint
4DVar has been formulated. The performance of this
algorithm has been analyzed in the context of two different dynamical systems.
First, a linear unstable one-dimensional dynamics has
been considered. The performance of the short-time
weak-constraint 4DVar has been compared to a weakconstraint formulation based on the analytical equation for the model error correlations, and to the classic
strong-constraint 4DVar. A dramatic increase of the
quality of the analysis was obtained with the short-time
weak constraint as compared with the strong constraint.
The difference with the weak-constraint 4DVar employing
the full model error correlation equations increases with
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FIG. 9. Mean quadratic estimation error as a function of the tuning parameter a multiplying the model error covariance in the weak-constraint 4DVar with the uncorrelated noise assumption (see text for details). The dynamics is
given by the system in (24). Experiments with (top left to bottom right) Dl/ltr 5%–20% in increments of 5%. Shorttime-approximated weak-constraint 4DVar (dashed–dotted line), strong-constraint 4DVar (dotted line), uncorrelated
noise weak-constraint 4DVar (continuous line), and uncorrelated noise weak-constraint 4DVar with spatial covariance
as in the short-time-approximated weak-constraint (continuous line with open squares).

the level of instability and similar performances are
attained for relatively stable configurations of the dynamics. The system instability and the length of the assimilation period are the main factors controlling the
accuracy of the short-time weak constraint. The maximum length of the assimilation period over which the
short-time weak-constraint 4DVar gives accurate skill is
inversely proportional to the level of instability of the
dynamics. The amplitude of the initial condition error
also modulates the accuracy of the short-time weak constraint with respect to its full formulation. The inflation
of the model error correlations helps to compensate for
the error underestimation affecting the short-time approximation and improves its performance up to a level
of accuracy equivalent to the full weak constraint.
The analysis has then been extended to a nonlinear
chaotic dynamical system. Analogously, the short-time
weak-constraint 4DVar improves substantially over the
strong-constraint one. Furthermore, it is able to closely
track the unknown true dynamics, which, for the dynamical system considered, is characterized by changes in the

regimes that are not captured by the strong-constraint
solution. In this nonlinear context we performed additional experiments with a weak-constraint 4DVar
employing the uncorrelated noise assumption for the
model error and, as often done in practice, the model
error covariance was assumed to be proportional to the
background-error covariance matrix. The analysis reveals that the 4DVar employing the uncorrelated noise
assumption never attains the level of accuracy of the
proposed short-time weak-constraint case.
The results obtained in the present idealized contexts
suggest that there are potentialities in applying this deterministic formulation to more realistic models and/or
observational setups. The size of a typical geophysical
system of practical relevance is the main obstacle to the
application of the present approach. Nevertheless, the
increase of computational power on the one hand and
the development of advanced techniques for the optimal
choice of the control space representation (Bocquet 2009)
on the other hand can make possible its application
in realistic contexts. Follow-up studies are necessary to
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J
›t 0
›t 02 ›t 0
*

+
ð t9
›dm T
,
1 dtMt9,t dm(t)
›t 0
t0

reveal more specific aspects of the practical implementation that could not be highlighted in the experimental setting used here, and will be addressed in
future works.
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Short-Time Evolution of the Model
Error Covariance
Equation (13) gives the model error correlation matrix and it is a function of the two variables t9 and t 0.
We proceed by doing a Taylor expansion around (t9, t0) 5
(t0, t0):
›P
›P
(t9  t0 ) 1
(t 0  t0 )
P(t9, t 0) ’ P(t0 , t0 ) 1
j
j
›t9 (t0 ,t0 )
›t 0 (t0 ,t0 )
1 ›2 P
1 ›2 P
1
j(t ,t ) (t9  t0 )2 1
j
(t0  t0 )2
2
2 ›t9 0 0
2 ›t 02 (t0 ,t0 )
›2 P
j
1
(t9  t0 )(t 0  t0 ) 1 O(3).
›t9›t 0 (t0 ,t0 )
(A1)

and
ð t9
E
D
E
›2 P D
5 dm(t9)dm(t 0)T 1 J(t9) dtMt9,t dm(t)dm(t 0)T
›t9›t0
t0

P(t9, t0) ’ hdm0 dmT0 i(t9  t0 )(t 0  t0 ).

dthdm(t9)dm(t)
t0

T

iMTt 0,t

1 J(t9)P(t9, t0)

Scalar System: Solution with Representers
Here we derive the solutions in (17) and (18) using the
technique of representers. We begin by evaluating the
variations of J(x):
ðT ðT
dJ 5
0

0

lt 0
[dx(t9)  dx0 e lt9 ]p2
t9t 0 [x(t 0)  x0 e ] dt9 dt 0

M
2
o
2
å s2
o ( yk  xk )dxk 1 sb (x0  xb )dx0 1 O(dx)

(A2)

ðT
0

dtMt9,t hdm(t)dm(t0)T i 1 P(t9, t0)JT (t 0),

dt

0

5 J(t)Mt,t ,

dt
t0

0

m
p2
tt9 dx (t9) dt9.

(B2)

(A4)

0

ðt 0

ðT

Using the condition for a local extremum of J(x), $xJ(x) 5
0, and (B2), after some reordering, we obtain the Euler–
Lagrange equations:
ðT

lt

x(t) 5 x0 e 1

with J representing the Jacobian matrix associated with (1).
For the second time derivative we obtain
›2 P
›P
›J
1
P(t9, t 0) 1
5 J(t9)
›t9
›t9
›t92

lt9
p2
tt9 [x(t9)  x0 e ]dt9 5

(A3)

where we have made use of the following identity:
dMt,t

(B1)

For convenience we introduce the variable
q(t) 5

t0

(A8)

APPENDIX B

5 $x J(x)dx 1 O(dx)2 .

and
ð t9

(A7)

k51

The first time derivatives of P(t9, t 0) reads

›P
5
›t0

›P T
J (t 0).
›t9

1


ðt 0

(A6)

After evaluating the time derivatives at (t9, t 0) 5 (t0, t0),
we see that the first nontrivial term is the quadratic, so
the second-order Taylor expansion of (13) reads

APPENDIX A

›P
5
›t9
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›dm
dm(t)T MTt 0,t ,
›t9
(A5)

subject to x0 5 xb 1 s2b
x(t), and

ÐT
0

0

p2tt9 q(t9) dt9

(B3)

q(t)e lt dt, for the variable

M

q(t) 

o
å s2
o ( yk  xk )d(t  tk ) 5 0,
k51

(B4)
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where q(T) 5 0, for the variable q(t) (usually referred to
as the adjoint field), while d(t 2 tk) is the Dirac delta
function. In the derivation of (B3) and (B4) we have
used the inverse of the model error correlations defined
through
ðT
0

p2 dt* 5 d(t9  t 0).
p2
t9,t* t,*t 0

(B5)

The solution in (B3) represents the best fit to the observations and to the dynamical model according to the
penalty function in (16). However, (B3) is coupled to
(B4) through the model error term, which appears as a
forcing; conversely, the observation term, depending on
x(t), acts as a forcing in (B4).
As mentioned in section 2, the method of representers
can be used to decouple and solve the Euler–Lagrange
equations in the linear case (Bennett 1992, his section
5.3). The method is used here to find the minimizing
solution of (16) and this application is briefly detailed in
the following, but we refer to Bennett (1992, his section 5.3) for an exhaustive description of the approach
in a general case.
A solution is sought in the following form:
M

x(t) 5 xb e lt 1
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M

å bkrk(t) 5 x f (t) 1 k51
å bkrk(t)
k51

0#t # T
(B6)

for the forward field x(t), and
M

q(t) 5

å bkak (t),
k51

0#t#T

(B7)

for the adjoint field q(t). The 2M functions, rk(t) and
ak(t), are the representers and their adjoint respectively,
while the bk are M coefficients to be determined.
By inserting the definitions (B6) and (B7) into (B3)
we obtain the following:
rk (t) 5 rk (0)e lt 1

ðT
0

p2t,t9 (t9)ak (t9)dt9 1 # k # M,
(B8)

ÐT
which is subject to rk (0) 5 s2b 0 ak (t)e lt dt, 1 # k # M.
The coupling with x(t) in (B4) is removed by imposing
that the adjoint representers satisfy
ak (t) 5 d(t  tk )

1 # k # M,

(B9)

which is subject to ak(T ) 5 0, 1 # k # M. In practice the
contribution of each measurement has been converted
into a single impulse.

Equation (B9) can now be inserted into (B8) to obtain
the M representer functions rk(t). As can be shown
by substituting back the expressions for rk(t) and ak(t) in
the Euler–Lagrange (B3) and (B4), in order to write
(B8) and (B9) the vector of coefficients has to be chosen
so that (Bennett 1992, his section 5.3)
b 5 (S 1 s2o I)1 d,

(B10)

o
where d is the innovation vector, d 5 (y1o 2 x1f, . . . , yM
2
f
xM), S is the M 3 M matrix (S)i,j 5 ri(tj), and I is the M 3
M identity matrix. The coefficients are then inserted in
(B6) to obtain the final solution.
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