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ABSTRACT
A multiscale data assimilation (MS-DA) scheme is formulated for fine-resolution models. A decomposition
of the cost function is derived for a set of distinct spatial scales. The decomposed cost function allows for the
background error covariance to be estimated separately for the distinct spatial scales, and multi-decorrelation
scales to be explicitly incorporated in the background error covariance. MS-DA minimizes the partitioned cost
functions sequentially from large to small scales. The multi-decorrelation length scale background error covariance enhances the spreading of sparse observations and prevents fine structures in high-resolution observations from being overly smoothed. The decomposition of the cost function also provides an avenue for
mitigating the effects of scale aliasing and representativeness errors that inherently exist in a multiscale system,
thus further improving the effectiveness of the assimilation of high-resolution observations. A set of onedimensional experiments is performed to examine the properties of the MS-DA scheme. Emphasis is placed on
the assimilation of patchy high-resolution observations representing radar and satellite measurements, alongside sparse observations representing those from conventional in situ platforms. The results illustrate how MSDA improves the effectiveness of the assimilation of both these types of observations simultaneously.

1. Introduction
The spatial resolutions of numerical atmospheric and
oceanic circulation models have steadily increased over
the past decades. Horizontal grid spacing down to the
order of 1 km is now often used for regional models.
These fine-resolution models thus encompass a wide
range of temporal and spatial scales. In contrast, the
formulation of data assimilation algorithms has remained
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essentially unchanged in many fundamental aspects,
although a variety of parameters have been reestimated
and tuned in response to the increased resolutions. A
recasting of the basic data assimilation formulations
to accommodate fine-resolution models is the focus of
this study.
We argue that the current formulation of data assimilation is inherently ineffective when applied to
fine-resolution models. The ineffectiveness arises from
its filtering properties. The current formulation, referred to as basic data assimilation for convenience later
on, is based on a minimum error variance solution or
a maximum likelihood estimation, known as an optimal
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estimation (e.g., Lorenc 1986; Cohn 1997). The optimal
estimation hinges on the error covariance associated
with the background fields, known as the background
error covariance. The background error covariance is a
statistical quantity by definition in the ensemble sense,
and large-scale components can be dominant even in
fine-resolution models (e.g., Berre 2000). In comparison, the small-scale components account for only a small
portion of the total covariance, and intermittently occurring, but energetic, small-scale components cannot
be adequately represented.
One consequence of the underrepresentation of smallscale components in the background error covariance is a
large decorrelation scale. The decorrelation scale, which
is also known as a correlation length scale, is defined as
the spatial distance over which the correlation decreases
from 1 to 1/e (e is the mathematical constant that is the
base of the natural logarithm), that is, the Daley correlation scale (Daley 1991). In the implementation of basic
data assimilation, the background error covariance is
generally characterized by a single spatial decorrelation
scale (e.g., Gaspari and Cohn 1999). The decorrelation
scale is the parameter that dictates the filtering effect of
the data assimilation scheme. A large decorrelation scale
imposes strong filtering on small scales (Daley 1991, also
see section 2b). We infer that it is this filtering effect that
led decorrelation scales to be empirically reduced in a
number of recent studies aiming at effectively assimilating high-resolution observations, such as radar measurements, into high-resolution models (e.g., Xie et al.
2011; Zhang et al. 2009, 2011). Further, these studies
demonstrated that a sequence of data assimilation
should be applied for a set of decreasing decorrelation
length scales. We present here a framework for using a
sequence of decorrelation length scales, dubbed a multiscale data assimilation (MS-DA) scheme.
To mitigate the above-mentioned ineffectiveness, the
essential strategy of the MS-DA scheme is to untangle
distinct spatial scales. The basic data assimilation
scheme seeks to minimize a cost function to obtain the
optimal estimate (e.g., Lorenc 1986). To untangle the
spatial scales, we decompose the cost function for distinct spatial scales. Accordingly, the background error
covariance is decomposed, and the background error
covariance is estimated for the distinct spatial scales.
The data assimilation scheme with the decomposed cost
function, hence, allows explicit incorporation of multiple decorrelation length scales in the background error
covariances. The data assimilation problem is then
solved sequentially from large to small scales.
The MS-DA scheme is also formulated to more effectively assimilate observations with different properties, in particular, high-resolution observations into
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high-resolution models. Observations of high resolution
are increasingly available through advancements in satellite remote sensing and radar technologies. These observations are often localized, clustered, or patchy.
Effectively assimilating such localized and patchy highresolution observations using the basic data assimilation
algorithm remains a challenge (Toth et al. 2014). Assimilation of such observations can become even more complicated when they are assimilated along with sparse
conventional observations. In basic data assimilation, the
single spatial decorrelation scale is often a mean decorrelation scale estimated using observations (Hollingsworth
and Lonnberg 1986; Lonnberg and Hollingsworth 1986),
deterministic model data [known as the National Meteorological Center (NMC) method; Parrish and Derber
1992], or ensemble-based model data. The use of multidecorrelation-scale background error covariances can
reduce the filtering effects on fine structures present in highresolution observations and enhance a spatial spreading of
the observational increments from sparse observations,
which are conflicting objectives for a single-decorrelationscale based scheme. The MS-DA scheme is thus effective
in assimilating observations of disparate resolutions.
Further, the decomposition of the cost function outlined above provides a pathway for mitigating the effect
of scale aliasing. Scale aliasing is the misrepresentation of
small-scale waves as large-scale waves (e.g., Daley 1991).
It is a classic problem in data analysis, but has barely been
addressed so far in data assimilation. The decomposed
cost functions highlight properties of scale aliasing in
data assimilation. The aliasing may occur in such a way
that the small-scale component is misrepresented as a
large-scale component, but it is also possible for the
large-scale components to impact the small-scale components in the analysis, even if there is no background
error correlation between the two. The decomposed cost
functions also reveal that the aliasing is associated with
inherent additional representativeness errors in the basic
data assimilation scheme. The additional representativeness errors are referred to as multiscale representativeness errors and will be described in section 3. When
high-resolution observations are assimilated, the effects
of scale aliasing and the inherent additional representativeness errors can be mitigated in MS-DA by assimilating observations that are decomposed appropriately.
In this paper, we will describe the MS-DA scheme in
detail and use analytical and numerical solutions from a
one-dimensional problem to elucidate its general and
specific properties. The outline of this paper is as follows: section 2 presents a brief description of the formulation of basic data assimilation and its filtering
properties and section 3 derives the MS-DA formulation
and elucidates its algorithmic characteristics. In section
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4, the configurations of the one-dimensional experiments are described and the randomization of the parameters for the statistical analyses is discussed. Section
5 presents a set of data assimilation experiments used to
elucidate the performance of basic schemes and MS-DA
using different observational scenarios, including complete, patchy, and mixed sparse and patchy high-resolution
observations. Finally, a summary and discussion are given
in section 6.

2. Basic data assimilation formulation and filtering
properties
To proceed, we first describe the basic data assimilation scheme. Emphasis is placed on the description of
representativeness errors and filtering characteristic
that are closely related to the properties of the MSDA scheme.

a. Basic data assimilation scheme and
representativeness error

(1)

In this cost function, dx is the N-dimensional vector,
known as the incremental state variable, which is defined as dx 5 x 2 xb , where x is the state vector and xb is
the model forecast or background state of x. The
quantity B is the N 3 N matrix denoting the error covariance associated with xb , and is given by
b bT

B 5 he e i ,

In the ensuing discussions, we use the following
factorization:
B 5 SCS .

(3)

Here S is the root-mean-square error matrix, which is a
diagonal matrix whose elements are the root-meansquared errors, and C is the correlation matrix. With
this factorization, the root-mean-squared error and
correlation matrices can be prescribed separately.
The observational error covariance R is complicated
in a multiscale system, and so we present a detailed
derivation. Following the cost function in (1), the observational error can be written as
eo 5 d 2 Hdxt ,

(4)

where dxt 5 xt 2 xb . Using the definition of d and dxt , we
have
eo 5 yo 2 Hxt ,

In the notation suggested by Ide et al. (1997), the incremental form of the variational cost function is written as
1
1
J(dx) 5 dxT B21 dx 1 (Hdx 2 d)T R21 (Hdx 2 d) .
2
2
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(2)

where hi indicates an ensemble mean over many realizations, and the superscript T stands for transpose.
The quantity eb 5 xb 2 xt is the background error,
where the superscript t indicates the unknown true
state. The M-dimensional vector d 5 yo 2 Hxb is known
as an innovation vector, where yo is an observation
vector and the M 3 M matrix R its associated error
covariance. The M 3 N matrix H is an observational
operator that maps the model state variable to the
observation and is assumed to be linear over xb . The
solution obtained by minimizing J(dx) is the so-called
analysis increment dxa , and the final solution is
xa 5 xb 1 dxa , where xa is known as an analysis. This
analysis is statistically optimal as a minimum error
variance estimate (e.g., Jazwinski 1970; Cohn 1997) or a
maximum likelihood (Bayesian) estimate if the background and observation errors are not correlated and
both have Gaussian distributions.

(5)

Reorganizing (5) yields
eo 5 (yo 2 yt ) 2 (Hxt 2 yt ) ,

(6)

where yt is the true value of the observation. By
definition
eom 5 yo 2 yt

(7)

is the measurement error. By definition again, yt is
linked to the true state xt by
yt 5 Hxt 1 eor ,

(8)

where eor is the representativeness error (Lorenc 1986;
Cohn 1997). The representativeness error may result
from inaccuracies in H and components of the observation unresolved in the model. Here the unresolved
component is the component with spatial scales smaller
than the model resolution. Here we are concerned only
with the unresolved component, and in this case, have
eor 5 Hxtu ,

(9)

where xtu is the true value of the unresolved component
and is assumed to be unbiased. Using (7), (8), and (9), we
obtain the observational error from (6) as
eo 5 Hxtu 1 eom .

(10)

Following (10), the observational error covariance R can
be expressed as
T

T

R 5 heor eor 1 eom eom i .

(11)
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To obtain (11), em and xtu are assumed to be independent. They are also assumed to have Gaussian
distributions in the ensuing discussion.

b. Filtering property
The filtering property has been expounded on in
Daley (1991). We follow Daley (1991, chapter 4) to illustrate the salient property. The analytical solution
obtained by minimizing the cost function in (1) can be
written as
xa 5 xb 1 BHT (HBHT 1 R)21 d .

(12)

In a one-dimensional (1D) problem with N-grid points,
we can assume that there are observations at every grid
point, that is, complete observations. In this case, we have
H 5 I, where I is the identity matrix. Consider a finite
Fourier transform that can be written as Fx 5 s, where
s 5 (s1 , s2 , . . . , sN )T and sm is a spectral coefficient for
wavenumber m. With the transform F and for sufficiently
large N, B in the spectral space becomes FBFT 5 S, where
S is a diagonal matrix with its diagonal elements Smm being
the background error variance associated with the spectral
coefficient sm . The matrix S is diagonal, pointing to the fact
that the errors associated with sm and sn for (m 6¼ n) are
uncorrelated under the assumption that the background
error is homogeneous and isotropic (e.g., Berre 2000).
Applying the Fourier transform F to both sides of
(12), we obtain
Fxa 5 Fxb 1 FBF21 F(B 1 R)21 F21 Fd ,

(13)

where F21 F 5 I. Using the orthonormal property
F21 5 FT , some matrix manipulations yield
21

s 5 s 1 S(S 1 Rs )
a

b

sd ,

(14)

where sb 5 Fxb , sd 5 Fd, and Rs 5 FRF . Daley (1991,
chapter 4) gives a relation equivalent to (14) for the 1D
continuous problem.
The spectral form in (14) illuminates the filtering
property, that is, the smaller scales are strongly filtered
and thus the data assimilation acts as a low-pass filter.
This filtering property arises from the fact that Smm is a
monotonically decreasing function of the wavenumber
m. For example, a Gaussian function is often a good
approximation to represent a correlation function. For a
Gaussian function, Smm decreases exponentially with m
and becomes virtually zero for the components with
wavelengths smaller than twice the decorrelation scale.
For white noise observation errors, Rs is also a diagonal
matrix, and its diagonal elements, Rs,mm , are constant.
The filtering effect is thus determined by two factors: the
decrease of Smm with m and the magnitude of Rs,mm .
T

When Smm decreases more strongly with m and Rs,mm is
larger, the filtering effect is stronger.
With white noise observation errors, another property
revealed by (14) is that the analysis spectral coefficients
are independent, and each spectral coefficient is optimally estimated. Thus, the filtering nature is intertwined
with the optimality of individual spectral coefficients.
These filtering characteristics lead to the inability of
the basic data assimilation scheme to effectively assimilate high-resolution observations into fine-resolution
models. To obtain (14), complete observations are assumed. When observations are incomplete, the effectiveness of the assimilation further deteriorates as we
will show in the next section.
Since representativeness errors are crucial for the MSDA scheme and they are spatially correlated as discussed in the next section, we examine here the impact
of the spatial correlation of observational errors on the
analysis based on (14). If observation errors are homogeneous as we assume for the background errors, Rs is a
diagonal matrix. However, a spatial correlation causes
the diagonal elements Rs,mm to be monotonically decreasing with wavenumber m. The spatial correlation of
observational errors reduces the filtering effect on small
scales. For a correlation given by a Gaussian function,
Rs,mm decreases exponentially with m and becomes virtually zero for the components with wavelengths smaller
than twice the decorrelation scale. In other words, the
observational errors primarily affect the scales larger
than twice the specified decorrelation length scale. This
property is important in the MS-DA implementation.

3. Multiscale data assimilation scheme
A spectral expansion is a basic mathematical method
for scale decomposition. In the previous section, complete observations were assumed, so that a spectral expansion could be applied to the observations, thus
untangling spatial scales in the estimation given in (14).
However, observations are never complete. Therefore,
rather than using a spectral expansion, we decompose
the fields only into a limited set of distinct spatial scales.
We use two spatial scales in the ensuing discussion.

a. Formulation of multiscale data assimilation
We let PL and PS be two linear operators for
decomposing a state variable into two spatially distinct
scales, and thus have
dx 5 PL dx 1 PS dx 5 dxL 1 dxS ,

(15)

where dxL and dxS denote the large- and small-scale
components of dx, respectively, and the two operators
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satisfy PL 1 PS 5 I. Both PL and PS can be spatial filters
or orthogonal decompositions. One property of this
partition is that the errors of xbL and xbS are Gaussian,
when the error of xb is Gaussian [see theorems 2.11 and
2.12 in Jazwinski (1970)]. This property is the premise
for optimally estimating dxL and dxS separately.
Corresponding to (15), the decomposition of the
background error can be written as
eb 5 PL eb 1 PS eb 5 ebL 1 ebS ,

(16)

where eL and eS are the large- and small-scale components of the background error, respectively. Following
(16), we obtain
B 5 hebL (ebL )T i 1 hebS (ebS )T i 5 BL 1 BS ,

(17)

where BL and BS are the error covariances associated
with xbL and xbS , respectively. The background error covariance with the additive form in (17) has been used to
improve the effectiveness of assimilating highresolution observations (Wu et al. 2002). To obtain
(17), we have assumed that the large- and small-scale
forecast errors are uncorrelated, that is, hebL (ebS )T i 5 0.
We note that this is not a restrictive assumption. It is
known to be true for global spectral models (e.g., Boer
1983) and regional spectral models (e.g., Berre 2000)
when the error of xb is homogeneous and isotropic in
grid space.
Using (17), we can obtain an equivalence of the cost
function in (1) to two partitioned cost functions for the
large and small scales:
1
JL (dxL ) 5 dxTL B21
L dxL
2
1
1 (HdxL 2 d)T (R 1 HBS HT )21 (HdxL 2 d) ,
2
(18)
1
JS (dxS ) 5 dxTS B21
S dxS
2
1
1 (HdxS 2 d)T (R 1 HBL HT )21 (HdxS 2 d) .
2
(19)
To show the equivalence, we examine analytical solutions obtained by minimizing (18) and (19). Let
›JL (dxL )/›xL 5 0 and ›JS (dxS )/›xS 5 0. We obtain minimization solutions in the following form:
xaL 5 xbL 1 BL HT [HBL HT 1 (R 1 HBS HT )]21 d ,

(20)

xaS 5 xbS 1 BS HT [HBS HT 1 (R 1 HBL HT )]21 d .

(21)

From (20) and (21), it can easily be shown that
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xa 5 xaL 1 xaS

(22)

is identical to the minimization solution of (1) given in
(12). It is worth noting that this two-scale partition can be
straightforwardly generalized to a multiscale partition.
In the partitioned cost functions in (18) and (19), the
background error covariances can then be characterized
by two distinct decorrelation length scales. Thus, a
multi-decorrelation length scale background error covariance is incorporated. In contrast, when a background error covariance is characterized by a single
length scale, which can be an average decorrelation
length scale that is estimated using observations
(Hollingsworth and Lonnberg 1986; Lonnberg and
Hollingsworth 1986) or model generated data (known as
the NMC method; Parrish and Derber 1992), we refer to
it as a single length scale error covariance.

b. Multiscale representativeness error and scale
aliasing
Comparing the cost function in (1) with the partitioned
cost functions in (18) and (19), we notice additional terms
appear that are added to the observational error covariance R. To illuminate the properties of these terms, we
here derive the observational error covariances in (18)
and (19). In (11), we noted that observational errors consist of measurement and representativeness errors, and
also rely on the definition of the data assimilation state
variable (and thus the observational operator H) since this
definition may even dictate representativeness errors.
Following Desroziers et al. (2001), the observational
error in (18) can be written as
eoL 5 d 2 HdxtL ,

(23)

where dxtL 5 xtL 2 xbL , and xtL is the large-scale component of xt . Substituting d 5 yo 2 H(xbL 1 xbS ) into (23), we
obtain
eoL 5 yo 2 H(xbL 1 xbS ) 2 H(xtL 2 xbL )
5 yo 2 yt 1 yt 2 HxbS 1 HxtS 2 HxtS 2 HxtL
5 (yo 2 yt ) 2 (Hxt 2 yt ) 2 H(xbS 2 xtS )
5 eom 1 eor 1 eor
S ,

(24)

where yt denotes the unknown true value of the observation y. In (24), eom is the measurement error, and eor is
the representativeness error (e.g., Lorenc 1986; Cohn
1997), and these two terms comprise the observational
error in (10) that determines the observational error covariance R. The term eor
S appears in (24) because the smallscale component is not represented in the state variable.
We thus refer to eor
S as the small-scale representativeness
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error. It is this small-scale representativeness error that
leads to the additional term in the observational error
covariance in (18).
By analogy, the observational error in (19) can be
written as
eoS 5 d 2 HdxtS ,

(25)

where dxtS 5 xtS 2 xbS , and xtS is the small-scale component of xt . We can obtain from (25)
eoS 5 (yo 2 yt ) 2 (Hxt 2 yt ) 2 H(xbL 2 xtL )
5 eom 1 eor 1 eor
L .

(26)

As in (24), eom and eor are the measurement and representativeness errors, and eor
L is the large-scale representativeness error that leads to the additional term in
the observational error covariance in (19). We refer to
or
eor
S and eL as multiscale representativeness errors.
We next examine the effect of the multiscale representativeness errors on data assimilation. To illustrate,
we consider again the case with complete observations. In
this case, we have H 5 I. The small-scale representativeness error in (20) and the large-scale background error
are not correlated, and the small-scale representativeness
error covariance has no effect on the large-scale analysis.
Similarly, the large-scale representativeness error in (21)
and the small-scale background error are not correlated,
and the large-scale representativeness error covariance
has no effect on the small-scale analysis. The multiscale
representativeness errors can be simply eliminated.
When the observations are incomplete, the large-scale
analysis depends on the small-scale representativeness errors. However, with the assumption of uncorrelated largeand small-scale background errors, the large-scale analysis
should be independent of the small-scale error covariance
and the component of the observations corresponding to
the small scale. Such dependency is scale contamination by
nature, and it is essentially scale aliasing (Ooyama 1987).
This scale aliasing should be eliminated or mitigated
whenever possible. We will show that the effect of scale
aliasing can be mitigated in the MS-DA scheme for the
high-resolution observations as detailed in the next section.
The large-scale representativeness error in (19), is
often large in magnitude, but generally imposes a limited effect on the small-scale analysis. This is true even
with incomplete observations, because the large-scale
representativeness errors have a decorrelation-scale
length much larger than the spatial scales of the smallscale component as discussed in the previous section.
This limited effect of the large-scale representativeness
error will be further illustrated using the experiment
results presented in section 5.

c. Effectiveness of assimilation of different
observations
Using this MS-DA, high-resolution observations can
be more effectively assimilated without being overly
smoothed through the small-scale component, while the
information from the sparse observations is spread out
more effectively through the large-scale component.
This is an advantage that is needed for current atmospheric and oceanic observing systems, and it will be
illustrated in the experiments presented later.
We discuss here an important merit of this MS-DA,
that is, that the effect of the scale aliasing and multiscale
representativeness errors can be mitigated for some
high-resolution observations. When observations have a
resolution that is close to or higher than the model resolution and consist of two-dimensional fields, they may
be partitioned in a way consistent with the partitioning
of the state variables using (15), that is,
d 5 dL 1 dS ,

(27)

where dL 5 yL 2 HxbL and dS 5 yS 2 HxbS .
With this partition, dL and dS are separately assimilated using (18) and (19), respectively. Consequently,
the observation errors in (18) and (19) become
eoL 5 dL 2 HdxtL ,

(28)

eoS 5 dS 2 HdxtS ,

(29)

respectively. Following the derivation given in (24) and
(25), we obtain
eoL 5 eom
L ,

(30)

eoS 5 eom
S ,

(31)

om
where eom
L and eS are the large- and small-scale components of the measurement error eom . Here we have
assumed that the observations have the same resolution
as the model. With (30) and (31), (18), and (19) reduce to

1
JL (dxL ) 5 dxTL B21
L dxL
2
1
1 (HdxL 2 dL )T R21
L (HdxL 2 dL ) ,
2
1
JS (dxS ) 5 dxTS B21
S dxS
2
1
1 (HdxS 2 dS )T R21
S (HdxS 2 dS ) ,
2
T

(32)

(33)

T

om
om om
where RL 5 heom
L eL i and RS 5 heS eS i. In (32) and
(33), the large and small scales are separated, and thus
scale aliasing is eliminated. The experiments presented
later will show that the elimination of the scale aliasing
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and multiscale representativeness errors can greatly
improve the effectiveness of the assimilation of patchy
high-resolution observations.
In reality, an observing network generally consists of
both high-resolution observations acquired from radar
and satellite remote sensing, and sparse observations acquired from conventional observing platforms. The sparse
observations are practically difficult to partition. Some
high-resolution measurements may also be practically
difficult to partition. For practical applications of MS-DA,
we here formulate cost functions for assimilating partitioned and nonpartitioned observations simultaneously.

VOLUME 143

The high-resolution (dense) observations that are
partitioned are denoted yd , and they can be partitioned
into yd 5 ydL 1 ydS . The observations that are not partitioned are denoted yc , and they consists of observations that are sparse (coarse) in space and other
observations that are not decomposed. Correspondingly, the observational errors for the partitioned observation have the forms given by (30) and (31), while
the observational errors for the nonpartitioned observations have the forms given by (24) and (26). The cost
functions for the large- and small-scale components
can be written as

1
JL (dxL ) 5 dxTL B21
L dxL
2
1
1 (Hd dxL 2 ddL )T (RdL )21 (Hd dxL 2 ddL )
2
T
1
1 (Hc dxL 2 dc )T (Rc 1 Hc BS Hc )21 (Hc dxL 2 dc ) ,
2
1
JS (dxS ) 5 dxTS B21
S dxS
2
1
1 (Hd dxS 2 ddS )T (RdS )21 (Hd dxS 2 ddS )
2
T
1
1 (Hc dxS 2 dc )T (Rc 1 Hc BL Hc )21 (Hc dxS 2 dc ) ,
2
where ddL 5 ydL 2 Hd xbL and ddS 5 ydS 2 Hd xbS are the largeand small-scale innovations, dc 5 yc 2 Hc xb is the total
innovation of the observation yc , and Rc are the observational error covariances associated with yc . The largeT
scale representativeness error Hc BL Hc is often negligible.
For convenience in the ensuing discussions, we will
specifically refer to the DA methodology defined by (32)
and (33) or by (34) and (35) as MS-DA, in which partitioned high-resolution observations are assimilated,
while that defined by (18) and (19) as the additive
background error covariance DA, denoted AB-DA.
The scheme that uses a single length scale error covariance is denoted as SS-DA.

a. Basic configuration
The experiments follow a typical identical-twin procedure. An identical-twin experiment is often used to

(35)

validate and verify data assimilation schemes. The procedure here can be described in five steps: 1) a model is
employed to generate true or control states; 2) background states, which are generally used as first guesses, are
generated by introducing errors to the true states; 3) observations are generated by adding different random errors to the true states; 4) the observations are assimilated
into the background states; and 5) the effectiveness of the
data assimilation scheme is assessed by examining errors
in the analyses. Steps 4–5 are the focus of section 5. This
subsection describes the generation of the true states,
background states, and observations required by steps 1–3.
To specify the true state, we use an expansion of cosine functions:

4. Configuration for experiments
In this section, we illustrate the properties of MS-DA
using an array of experiments. These experiments are
performed in a one-dimensional (1D) framework. Experiments with AB-DA and SS-DA are also presented
to show the differences among the three schemes.

(34)

xtn 5 S0



kpn
t
t
a
cos
1
f
å k
k ,
N
k51
K

(36)

where n 5 0, 2, . . . , N, and N 5 200. Here the superscript t stands for a true state as before. The true state
has been given as a discrete function of the number
of grid points N. The total function number K is given as
N/5. The quantity S0 is a scaling parameter, which is used
to scale background errors as discussed later. We construct different spatial structures of xtn using particular

Unauthenticated | Downloaded 01/09/23 05:07 AM UTC

SEPTEMBER 2015

specifications of the expansion coefficients ak and phase
differences fk .
The expansion coefficients atk are specified in the following form:
atk 5 k2g .

(37)

The larger the spectral power parameter g is, the more
dominant the large-scale components become. In the
ensuing experiments, we will examine the dependence
of SS-DA, AB-DA, and MS-DA on g, as it ranges from
0 to 2. This range of g covers a typical range of spatial
structures in atmospheric and oceanic flows. To avoid a
dominance in the true state of a small number of large
spatial scale components, we let at1 5 32g and at2 5 32g .
The phase difference ftk alters the overall spatial
structures of the true state xt . To maximize variations in
the structure of the true state xt , we randomize ftk by
ftk 5 ak p ,

(38)

where ak is a random number with a uniform distribution over the interval (21, 1).
The first guess or background state is specified by
randomly perturbing each expansion coefficient. We
have a background state of the following form:
xbn 5 S0

K

å

k51



kpn
t
1 fk ,
N

abk cos

where the perturbed expansion coefficients abk
abk 5 p0 bk atk ,

(39)

abe,k 5 (1 2 p0 bk )atk ,
abe,k

are given as
(40)

(41)

b2e 5 S20
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1
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å
0
3 0 k
k51 2
K

(43)

Observations have errors and are incomplete, and as
such, can be written as
yom 5 xtm 1 aoe eom ,

(44)

where m 5 1, 2, . . . , M. The term aoe eom represents the
observational errors, where eom is white noise with a
normal Gaussian distribution. We note that such uncorrelated Gaussian observational errors are often
used in operational data assimilation. Since the observations are incomplete, the total number of observations, M, is smaller than N, that is, only a subset of the
grid is used for sampling observations. By using different
spatial distributions for these subsets, a variety of sampling schemes will be examined representing various
observing platforms or networks in the experiments
described later.

To implement AB-DA and MS-DA, the background
state must be partitioned into two different spatial scales
following (15). The background state is defined using an
expansion of cosine functions, which have distinct wave
lengths. It can be decomposed simply by truncating at a
given frequency kL . From (39), its large- and small-scale
components may be expressed as


kpn
1 ftk ,
N
k51


K
kpn
xbS,n 5 S0 å abk cos
1 ftk .
N
k5k 11

xbL,n 5 S0

kL

å abk cos

(45)
(46)

L

is



1
habe,k i 5 1 2 p0 atk ,
2

assumption that the large- and small-scale background
errors are uncorrelated. Also, (42) shows that the
background error has the same spectral distribution as
the true state given by (36).
The background error is homogeneous and isotropic
as can be inferred from (39). Further, the background
error variance can be derived using (42) and is written as

b. Spatial-scale decomposition

where p0 is a scaling parameter in the interval (0, 1), and
bk is a random number with a uniform distribution over
the interval (0, 1).
Using the perturbed expansion coefficients given in
(40), the background error in each expansion coefficient
can be written as

and the mean of
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(42)

where hi denotes the mean (expectation) as defined
before. Since the mean error is nonzero and positive for
all the expansion coefficients, the background bias at
different spatial scales is correlated. This bias is introduced to examine whether the multiscale scheme can
help constrain biases and whether it is sensitive to the

With the partitioning defined by (45) and (46), the corresponding background error variances for the large and
small components may be written as
 
 
1
1 2 t 2
1
2
p
p
a
1
,
å
0
3 0 k
k51 2
 
 2
K
1
1
1 2 p0 1 p20 atk .
b2e,S 5 S20 å
3
k5k 11 2

b2e,L 5 S20

kL

(47)
(48)

L
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When MS-DA is implemented using (32)–(33) or
(34)–(35), the observations also need to be partitioned.
Using the method for partitioning xb and (44), the observations can be partitioned as



kpm0
t
1 fk 1 aoe eom0 ,
5 S0 å
N
k51


K
kpm0
o
t
t
1 fk 1 aoe eom0 ,
yS,m0 5 S0 å ak cos
N
k5k 11

yoL,m0

kL

atk cos

(49)
(50)

L

where m0 5 1, 2, . . . , M0 # M. When (32)–(33) are used,
M0 5 M, that is, all the observations are partitioned; when
(34)–(35) are used, M0 , M, that is, only a fraction of
observations are partitioned. The last term in both (49)
and (50) is the observational error. Since the observational
errors are white, we have the observational error variance
(aoe,L )2 5 (kL /M)(aoe )2 for the large-scale component and
(aoe,S )2 5 (aoe )2 2 (aoe,L )2 for the small-scale component.
We note that it is often difficult to decompose observations using a spectral expansion in practical applications. An alternative is to use a smoothing method for
scale decomposition. The use of a Gaussian smoothing
will be examined in section 5c, and the corresponding
MS-DA scheme is denoted as MS-DA GAU.
A question arising here is how to determine an optimal kL , that is, one that leads to minimum errors in the
analysis. This is an important question for practical applications of the proposed MS-DA scheme. However, it
will be shown that the performance of the schemes is, in
general, quite insensitive to the selection of kL . A
complete answer to this question depends on the spatial
distribution of the observations to be assimilated. We
will discuss this question further in connection with
specific observational scenarios.

c. Background error correlation matrices
One essential difference between SS-DA, AB-DA,
and MS-DA is in the background error correlations.
Here we discuss the construction of those correlations
using Gaussian functions.

1) CORRELATION MATRICES WITH A SINGLE
DECORRELATION SCALE

We use Gaussian functions to construct the background error correlations. Following (3), we can write
the background error covariance as
#
"
(i 2 j)2
2
,
(51)
Bij 5 be exp 2
2D2
where i 5 1, 2, . . . , N, and j 5 1, 2, . . . , N. The error variance b2e has been given in (43). Here Cij 5 exp[(i 2 j)2/2D2 ]
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represents the spatial correlation between grid points
i and j, and D is a decorrelation length scale. Since one
single decorrelation length scale is used in representing
the error covariance in (51), it is a single-scale error
covariance.
The decorrelation length scale D is central to the
performance of SS-DA. In the ensuing experiments, we
will see that the decorrelation length scale D determines
the filtering properties of SS-DA. The dependence of
the performance of SS-DA on D will also be illustrated
using the results from the experiments.

2) CORRELATION MATRICES FOR MULTISCALE
DATA ASSIMILATION

In both AB-DA and MS-DA, we need to construct
both the large- and small-scale background error covariances. Following (51), the large- and small-scale
background error covariances can be written as
#
(i 2 j)2
,
2
2D2L
#
"
(i 2 j)2
2
BS,ij 5 be,S exp 2
,
2D2S
"

BL,ij 5 b2e,L exp

(52)

(53)

where DL and DS are the decorrelation length scales for
the large- and small-scale background error correlations.
These two decorrelation length scales DL and DS are
determined by considering the minimum wavelengths
that are resolved in the large- and small-scale components. We then use half the minimum wavelength as the
decorrelation length scale. For the large-scale component, this is N/kL and DL 5 N/kL . For the small-scale
component, DS 5 N/K. Since K 5 40, DS 5 5. As a basic
experiment, we use kL 5 10, and thus DL 5 20.
The background error correlations are not consistent
with the background error specified in (43). The given
correlations lead to an underestimation of the background error on the small scales. We have argued in the
introduction that such an underestimation is unavoidable within the framework of the basic data assimilation.
Here we aim to illustrate how the MS-DA scheme improves the effectiveness in assimilating high-resolution
observations by reducing the small-scale errors.

d. Implementation and statistical analyses of
experiments
To quantify the differences between SS-DA and MSDA, we have randomized a set of parameters in the expressions of the true states in (36), the background states
in (39), and the observations in (44) to represent their
different characteristics, as well as different background and observational errors. With these randomized
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FIG. 1. Analyses from SS-DA, AB-DA, and MS-DA with complete high-resolution observations. (a) The true state
(black), background and first-guess state (blue), and observations (red dots) used in the experiments presented in
(b)–(d). (b) The analyses from AB-DA (blue) and MS-DA (red). (c),(d) The analyses from SS-DA with decorrelation length scales of D 5 5 (blue) and 35 (red), and D 5 10 (blue) and 20 (red), respectively. The observational,
background, and analysis RMSEs are also shown.

parameters, we can then perform a large number of experiments, resulting in robust statistics.
We perform each experiment as many as 215 times.
With this number of realizations of each experiment, the
statistics, that is the root-mean-square error (RMSE),
tend to converge, and further realizations lead to differences of no more than 2%.
In the expressions given previously in this section,
some more parameters need to be prescribed. The observational errors are homogeneous and specified as
aoe 5 0:15, and the total background error, be 5 0:30. We
note that the scaling parameter S0 is used to guarantee
that be does not vary with g. Here we intentionally
specify a background error that is twice as large as the
observational error in order to highlight the impact of
the observations, and note that the relative magnitudes
of the background and observational errors do not affect
the results presented.

5. Experiments and results
Following the procedure outlined and using the
configuration described in the previous section, we
perform experiments for three observational scenarios: 1) complete high-resolution observations, 2) patchy high-resolution observations, and 3) sparse and
patchy high-resolution observations. We describe here
the results with these three observational scenarios
in order.

a. Complete high-resolution observations
This is the simplest observational scenario. The associated experiments serve to illuminate the filtering
properties of SS-DA and MS-DA. Figure 1b presents
analyses from AB-DA and MS-DA. In the MS-DA experiments, the cost functions in (32) and (33) are used,
and thus partitioned observations are assimilated. The
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FIG. 2. Analysis increments from SS-DA, AB-DA, and MS-DA for the experiments with complete high-resolution
observations. (a),(b) The analysis increments obtained from SS-DA with decorrelation length scales of D 5 4 and
D 5 35, and D 5 10 and D 5 20, respectively. (c) The large- (LS) and small- (SS) scale components of the AB-DA
analysis increment. (d) The large- (LS) and small- (SS) scale components of the MS-DA analysis increment obtained
by minimizing (32) and (33), respectively. Along with the analysis increments, the background/first-guess errors
(black) are also shown.

partitioning of the observations follows (49) and (50).
For SS-DA, four experiments are presented using decorrelation length scales of D 5 5, 10, 20, and 35 in
Figs. 1c and 1d, where D 5 5 is equal to the small-scale
decorrelation length scale DS and D 5 20 is equal to the
large-scale decorrelation length scale DL . These four
SS-DA experiments are used to examine the dependence of the SS-DA analyses on decorrelation
length scale. In all these experiments, g 5 1.
The results shown in Fig. 1 illustrate three things that
are of particular interest. First, both AB-DA and MSDA generate an accurate analysis, and the analyses are
very similar. This similarity confirms that the representativeness errors that are present in (32) and (33) have
no effect as shown in section 2b. Additional experiments
show that both AB-DA and MS-DA are not sensitive
to the specified background errors be,L and be,S . For

example, an increase or decrease in the magnitude of
be,L and be,S by 50% leads to little change in the analyses.
This suggests that the high-resolution observations
override the background error. Second, among the four
SS-DA experiments, the analysis with the decorrelation
length scale of D 5 5 has the smallest errors, and the SSDA analysis error increases monotonically with increases in the decorrelation length scale. This suggests
that the optimal decorrelation length scale is determined
by the smallest wavelength. Third, both AB-DA and
MS-DA perform as well as SS-DA with a decorrelation
length scale of D 5 5.
To further elucidate the performance of SS-DA, ABDA, and MS-DA, we examine their analysis increments,
which are presented in Fig. 2. For MS-DA, the largescale analysis increment obtained by minimizing (32)
corrects the large-scale background error, while the
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FIG. 3. Root-mean-square errors of the SS-DA (for D 5 5, 10, 20,
and 35), AB-DA, MS-DA, and MS-DA GAU analyses with complete high-resolution observations. The root-mean-square errors
are obtained as the mean over ensembles, each of which consists
of 215 experiments for a given spectral power parameter g of
the background error as defined in (42) and (37). The larger the
spectral power parameter g is, the more dominant large-scale
components become. In all the experiments, the background error
is 0.30 and the observational error is 0.15.

small-scale analysis increment obtained by minimizing
(33) corrects the small-scale background error, as expected. A comparison of the AB-DA and MS-DA increments shows that the large- and small-scale analysis
increments from the AB-DA are similar to those of MSDA (Figs. 2c and 2d).
The SS-DA increments (Figs. 2a and 2b) are revealing
of its filtering nature. With a small decorrelation length
scale of D 5 5, the increment corrects the background
error on all scales. As the decorrelation length scale
increases, the increment becomes smoother. With a
large decorrelation length scale, the small-scale components in the observations are smoothed out, and the
SS-DA is unable to correct the small scale components
of the background errors. This performance is simply a
manifestation of its filtering properties as indicated
in (14).
The above comparisons and analyses are associated
with a particular experiment. We next analyze a large
number of experiments to make statistical comparisons.
Figure 3 presents the mean RMSEs calculated over
ensembles, each of which consist of up to 215 experiments as described in section 4d. Figure 3 is also used to
examine the dependence of the analysis RMSEs on the
spectral power distribution of the background errors,
that is, the spatial scale characteristics of the background errors.

Figure 3 presents results essentially consistent with
those derived from the single experiment discussed
above. Both AB-DA and MS-DA generate accurate
analyses, and their analysis errors are about two-thirds
of the observational error when small-scale components
dominate in the background errors and less than half the
observational error when large-scale components dominate. The AB-DA and MS-DA analyses RMSEs show
little difference. Among the SS-DA experiments, the
analysis RMSEs with a decorrelation length scale of
D 5 5 tend to be the smallest, and the RMSE increases
monotonically with increases in the decorrelation length
scale. When the small-scale components are dominant,
the analysis RMSEs are notably smaller when a decorrelation length scale of D 5 5 is used. Both AB-DA and
MS-DA perform essentially as well as the SS-DA with a
decorrelation length scale of D 5 5.
We next examine the sensitivity of the AB-DA and
MS-DA to the selection of kL . Additional experiments
are performed for different kL s and corresponding DL s.
The results show that the analysis RMSEs of AB-DA
and MS-DA tend to increase slightly with an increase or
decrease in kL but remain smaller than those from SSDA, and the RMSEs obtained for kL in a range from 8 to
15 shows no measurable difference from those shown in
Fig. 3.

b. Incomplete observations
For complete observations, we have shown the effectiveness of the AB-DA and MS-DA in assimilation of
high-resolution observations. We illustrate here how
MS-DA improves the effectiveness of the assimilation of
incomplete observations.

1) PATCHY HIGH-RESOLUTION OBSERVATIONS
High-resolution observations often have spatial distributions that consist of patches or swaths as are often
seen in radar or satellite datasets. Here we examine the
assimilation of patchy high-resolution observations. The
patchy observations are taken over three isolated intervals. In the intervals with observations, observations
are sampled at every grid point, thus representing highresolution observations. There is a gap consisting of 40
grid points between two patches of observations. We
note that the size of the gaps has a profound effect on the
behavior of a data assimilation scheme, a point that will
be carefully addressed later.
Following the experiments with complete highresolution observations, we first present results from
single experiments. The analyses from AB-DA and MSDA are presented in Fig. 4b, and the analyses from SSDA in Figs. 4c and 4d. In the MS-DA experiments, the
observations are partitioned as in (49) and (50), and the
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FIG. 4. As in Fig. 1, but for analyses with patchy high-resolution observations.

partitioned observations are assimilated using the cost
function in (32) and (33). For SS-DA, four experiments
are presented again, using decorrelation length scales of
D 5 5, 10, 20, and 35. In all these experiments, g 5 1.
These figures indicate that the MS-DA analysis stands
out among all the analyses, as evidenced by a RMSE
that is smaller than the others. The MS-DA analysis
RMSE (0.085) is about 40% smaller than the observational error (0.15), while the analysis RMSEs from all
the other experiments are close to or larger than the
observational error.
To better illustrate the performance of MS-DA, we
compare the analysis errors in the intervals with observations to the errors in the gaps without observations
separately. In the intervals with observations, the analysis errors of SS-DA, AB-DA, and MS-DA are similar
to those in the case with complete observations. ABDA, MS-DA, and SS-DA with a decorrelation length
scale of D 5 5 realistically reproduce the true solution
and thus have very small errors, while SS-DA with larger
decorrelation length scales imposes a smoothing effect

on the small-scale components in the observations and
thus has larger errors.
In the gaps without observations, there are notable
differences among the SS-DA, AB-DA, and MS-DA
analyses. The MS-DA analysis more realistically reproduces the true solution, while the other analyses
show substantial errors there. Excepting the MS-DA,
the errors in the gaps without observations account for
most of the total analysis RMSEs. Note that the smallscale background errors in the gaps cannot be corrected
by data assimilation, but the errors with spatial scales
larger than the size of the gaps can be corrected. The
reason why the MS-DA analysis shows particularly
small RMSEs is that it faithfully reproduces the largescale components of the true state within the gaps. This
will become more evident when we examine the analysis
increments.
Figure 5 presents the analysis increments corresponding to the analyses shown in Fig. 4. For SS-DA
with a decorrelation length scale of D 5 5 (Fig. 5a), the
increment drops to near zero within the gaps, reflecting
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FIG. 5. As in Fig. 2, but for analyses with patchy high-resolution observations.

its inability to correct the background errors there.
For SS-DA with larger decorrelation length scales
(Figs. 5a,b), the analysis increments are incorrectly
projected into the gaps. A comparison between the
AB-DA and MS-DA increments clearly illuminates the
advantages of MS-DA. Their small-scale components
are similar to each other, that is, they are near zero within
the gaps and have similar structures although slightly
different amplitudes in the intervals with observations.
The major difference occurs in their large-scale components in the gaps.
With the patchy observations assimilated here, we
note that the analysis RMSEs are sensitive to the spatial
distribution of background errors. It is crucial to perform statistical analyses over ensembles of a large
numbers of experiments when estimating the background errors. As in Fig. 3 for the case with complete
observations, Fig. 6 presents the mean RMSEs calculated over ensembles of 215 members.
The main conclusion that can be drawn from Fig. 6 is
that the MS-DA analysis stands out among all the

analyses: its analysis RMSE is much smaller than those
of AB-DA and SS-DA. In fact, the analysis RMSEs of
MS-DA tend to be as small as those with the complete
observations. Also, it can be seen that the AB-DA
outperforms SS-DA for all four decorrelation length
scales, except that with a decorrelation length scale of
D 5 5 SS-DA that has slightly smaller RMSEs when the
small-scale components of background errors dominate.
Last, the relative performance of SS-DA depends on the
spectral power parameter g in a complicated way.
We here again examine the question of whether the
results are sensitive to the selection of kL as we did in the
experiments with complete observations. Similarly, we
find very limited sensitivity to the specification of kL .
Additional experiments show that the results display
little difference from those obtained above for kL in a
range of 5–10. When kL is larger than 10, the RMSEs
increase, but remain smaller than the SS-DA analysis
RMSEs. This RMSE increase is primarily due to increases in the errors in the larger-scale components in
the gaps.
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FIG 6. As in Fig. 3, but for analyses with patchy high-resolution
observations.

2) SPARSE AND HIGH-RESOLUTION
OBSERVATIONS

In this set of experiments, both nonpartitioned
sparse observations yc and partitioned high-resolution
observations yd are assimilated. The setup of the observations here aims to demonstrate the effectiveness
of MS-DA using the cost functions given by (34) and
(35). The high-resolution observations are taken at
every grid point, that is, the observations are complete,
in the first half of the domain. They are partitioned
following (49) and (50), and are thus partitioned observations. The sparse observations are taken at 1 out
of every 20 grid points and thus nonpartitioned
observations.
We here again first analyze single experiments to illustrate the differences between MS-DA, AB-DA, and
SS-DA. Figure 7 presents the analyses, along with the
true state, background state and observations. As in the
case with patchy observations, we examine the analyses
within the half domain with sparse observations and the
half domain with complete observations separately. For
the half domain with the complete observations, the
differences among the analyses are essentially the same
as those in the experiments using complete observations
described in section 5a.
For the half domain with sparse observations, the
major difference occurs in the areas adjacent to the
area with the complete observations. The MS-DA
analysis better reproduces the large-scale component
there, and the overall MS-DA analysis error is
smaller than that obtained using either AB-DA or
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SS-DA. This is particularly apparent in the analysis
increments shown in Fig. 8. Figure 8 shows that MSDA tends to more effectively reduce the large-scale
error in the domain with sparse observations, in
particular, within approximately one large-scale decorrelation length scale of the area with complete
observations. We note that the differences among the
analyses for this half domain are sensitive to the
background state and its associated errors, and also
the observational errors. Thus, the advantages of MSDA using (34) and (35) and assimilating the partitioned high-resolution observations must be verified
statistically.
Figure 9 presents mean RMSEs calculated over ensembles, each of which consist of 215 experiments as
described in section 4d. Both the AB-DA and MS-DA
analysis produce smaller analysis errors than the four
SS-DA experiments in this case. In particular, MS-DA is
superior to either of the other schemes. This indicates
that the superior performance of MS-DA occurs
through more accurately reproducing the large-scale
component in the domain with sparse observations, in
particular, within a range of approximately one largescale decorrelation length scale away from the area with
complete observations.

c. Practical considerations on decomposing
observations
The previous discussion focused on results obtained for the scale decompositions based on a spectral expansion. Spatial scales can be well defined in
spectral space, as the basis functions are usually
trigonometric functions or other eigenfunctions that
are distinct in space. In most practical applications,
spectral decompositions of observations may be difficult or impossible. In this case, a horizontal spatial
smoothing operator may be used instead. Using
such a smoothing, the orthogonality between the
large- and small-scale components may be lost,
resulting in a spatial correlation in the observational
errors and thus a potential negative impact on the
MS-DA performance.
Here we examine the impact of a Gaussian smoothing
on the MS-DA performance. In Gaussian smoothing,
2
2
the weights are given by w 5 e2r /2D , where r is the
distance between two given grid points, and D is a length
scale. This length scale is taken to be 0.5 times the
truncation wavelength. The smoothed fields are assumed to be the large-scale component, and the residual
is the small-scale component.
For the case of complete observations, the use of the
Gaussian smoothing has only a small impact as measured by the RMSEs (Fig. 3). In the cases of incomplete
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FIG. 7. As in Fig. 1, but for analyses with both sparse and high-resolution observations. The cost functions given in
(34) and (35) are used in MS-DA.

observations, however, the use of the Gaussian
smoothing clearly results in deterioration in the MS-DA
performance (Figs. 6 and 9). The negative impact on the
performance is greatest in the observational scenario
with three patches of observations. These results are
understandable. Gaussian smoothing does not have
much, if any, effect on the small scales, and thus the
deterioration is primarily associated with scale aliasing.
In the case of complete observations, there is no scale
aliasing, and the use of Gaussian smoothing results in
little impact on the performance. With incomplete observations, the use of Gaussian smoothing reduces the
ability of MS-DA to mitigate scale aliasing. In particular, when g is small, that is, small scales dominate the
background fields and observations, the smoothing itself
gives rise to scale aliasing that negates the positive
benefits of MS-DA. The results here thus suggest that
while a Gaussian smoothing could be used, a smoothing
method that is able to retain more orthogonality would
be preferable.

6. Summary and discussion
We have formulated a multiscale variational data assimilation (MS-DA) scheme for fine-resolution models
that encompass a wide range of spatial scales. Because
small-scale components are generally underrepresented
in estimates of the background error covariance used in
most data assimilation schemes, the background error
decorrelation scale is often so large as to strongly filter
out fine structures in the observations. The basic data
assimilation scheme is thus inherently ineffective for
fine-resolution models. The MS-DA scheme is formulated and implemented to mitigate this ineffectiveness.
In this MS-DA scheme, the cost function is decomposed for a set of distinct spatial scales. The background
error covariance is then estimated for the distinct spatial
scales separately, and multi-decorrelation scales are
explicitly incorporated in the background error covariances. We used here a decomposition of the cost
function into separate components for the large and
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FIG. 8. As in Fig. 2, but for analyses with both sparse and high-resolution observations. In (d), the increment is
obtained by minimizing (34) and (35), respectively.

small scales. MS-DA then minimizes the partitioned
cost functions sequentially from large to small scales.
The large decorrelation length scale in the large-scale
background error covariance allows for the spreading of
sparse observations more effectively, while the small
decorrelation length scale in the small-scale background
error covariance allows for extracting the fine structure
information from high-resolution observations.
The decomposition of the cost function also reveals
some important limitations of the basic data assimilation
scheme, that is, the presence of scale aliasing and multiscale representativeness errors. The large-scale background errors are multiscale representativeness errors
for the small-scale data assimilation, since they act on
the small-scale analysis as representativeness errors.
The effect of small-scale representativeness errors turns
out to be associated with scale aliasing. The MS-DA
scheme provides an avenue to mitigate the effect of scale
aliasing and multiscale representativeness errors for
high-resolution observations. The mitigation is achieved
through assimilating their partitioned components.

An array of one-dimensional experiments was conducted to elucidate the properties of the MS-DA
scheme. In this one dimensional context, we addressed
issues arising from a wide variety of multiscale structures in the background states. Emphasis was placed on
the assimilation of patchy high-resolution observations,
which aim to represent radar or satellite swath data, as
well as the assimilation of such observations alongside
sparse observations representing those from conventional observing platforms. The major conclusions
can be summarized as follows: 1) a data assimilation
scheme with a single scale background error covariance
(SS-DA) is shown to suffer from inherent limitations
in assimilating high-resolution observations, and these
inherent limitations are especially apparent when the
high-resolution observations are localized and patchy;
2) a data assimilation scheme that uses an additive
multiscale background error covariance (AB-DA) is
shown to be useful in mitigating the limitations of SSDA related to the filtering effect; 3) MS-DA is demonstrated to further improve on the AB-DA scheme by
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types of observations, were detailed, and results from
OSSEs and its operational application were presented
to illustrate the advantages of MS-3DVar over the
3DVar. We also note the similarity to a dual-resolution
ensemble Kalman filter (e.g., Gao and Xue 2008;
Rainwater and Hunt 2013) and a dual-resolution hybrid
variational-ensemble data assimilation (Schwartz et al.
2015), since they use additive background error covariances estimated from ensembles that are produced
from models with two different spatial resolutions. The
integration of this MS-DA into the dual-resolution ensemble Kalman filter or hybrid variational-ensemble data
assimilation is a topic worthy of being explored.

FIG. 9. As in Fig. 3, but for analyses with both sparse and
high-resolution observations.

assimilating partitioned high-resolution observations,
which mitigates the effect of scale aliasing and multiscale representativeness error and thus improves
the effectiveness of the assimilation of patchy highresolution observations alongside sparse observations;
and 4) the performance of MS-DA is not particularly
sensitive to the definition of large and small scales in the
decomposition, which makes MS-DA robust and flexible to use.
In recent years, model resolutions have been rapidly
increasing, and a variety of radar and satellite sensors
increasingly provide high-resolution observations. The
results presented here suggest that this MS-DA scheme
holds promise as a data assimilation methodology
that can be used for the assimilation of high-resolution
radar or satellite swath measurements into very highresolution models. On the other hand, in such circumstances, a data assimilation scheme using a single-scale
background error covariance has been suggested to be
inadequate.
We note that the implementation of this MS-DA
in a three-dimensional variational data assimilation
(3DVar) system is straightforward. This is because the
decomposed cost function is algorithmically the same
as the original cost function for 3DVar. We have applied this MS-DA framework to an oceanic 3DVar
system (Li et al. 2008a,b), dubbed MS-3DVar, which
has operationally supported a coastal ocean observing
system for a number of years. In Li et al. (2015), the
practical issues involved in its implementation, including scale decomposition, estimates of the background error covariance, and assimilation of different
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