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ABSTRACT
The ensemble Kalman filter is typically implemented either by applying the localization on the
background error covariance matrix (B-localization) or by inflating the observation error variances (Rlocalization). A mathematical demonstration suggests that for the same effective localization function, the
background error covariance matrix from the B-localization method shows a higher rank than the
R-localization method. The B-localization method is realized in the ensemble transform Kalman filter
(ETKF) by extending the background ensemble perturbations through modulation (MP-localization).
Specifically, the modulation functions are constructed from the leading eigenvalues and eigenvectors of
the original B-localization matrix. Because of its higher rank than the classic R-localized ETKF, the
B-/MP-localized ETKF is termed as the high-rank ETKF (HETKF). The performances of the HETKF and
R-localized ETKF were compared through cycled data assimilation experiments using the Lorenz model
II. The results show that the HETKF outperforms the R-localized ETKF especially for a small ensemble.
The improved analysis in the HETKF is likely associated with the higher rank from the B-/MP-localization
method, since its higher rank is expected to contribute more positively to alleviating the rank deficiency
issue and thus improve the analysis for a small ensemble. The HETKF is less sensitive to the localization
length scales and inflation factors. Furthermore, the experiments suggest that the above conclusion comparing the HETKF and R-localized ETKF does not depend on how the analyzed ensemble perturbations
are subselected in the HETKF.

1. Introduction
The ensemble Kalman filter (EnKF; Evensen 1994)
has been widely used in the atmospheric applications,
since it was introduced as a Monte Carlo realization of
the traditional Kalman filter (Kalman and Bucy 1961).
In the EnKF, the background error covariances are
estimated and evolved by cycling an ensemble of shortrange forecasts and analyses. Compared to the threedimensional variational (3DVar) method generally
employing the static background error covariances, the
EnKF embraces the advantage of accounting for the
flow dependency of the forecast errors. The EnKF is
therefore able to estimate the spatial, temporal, and
multivariate error covariances in a more realistic fashion. Different variants of the EnKF have been developed for efficient implementation purposes (Houtekamer
Corresponding author: Xuguang Wang, xuguang.wang@ou.edu

and Mitchell 1998; Anderson 2001; Bishop et al. 2001,
2015, 2017; Whitaker and Hamill 2002; Wang and
Bishop 2003; Wang et al. 2004; Hunt et al. 2007).
In the EnKF, the ensemble background error covariances, along with the observation error covariances,
determine the pattern and magnitude of the corrections made on the model state variables by assimilating
observations. Because of the computational constraints,
the current operational EnKF systems generally run
an ensemble with a size much smaller than the dimension of the numerical models (Houtekamer and Zhang
2016, their Table 1). This limited ensemble size causes
sampling errors and rank deficiency in the estimated
background error covariance matrix. If not properly
treated, these issues will incur noisy analysis increments
and even filter divergence (Hamill 2006). Directly increasing the ensemble size is able to improve the estimate of the background error covariances and thus the
accuracy of the analyses and subsequent forecasts
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(Miyoshi et al. 2014; Lei and Whitaker 2017; Huang and
Wang 2018). But the cost is very expensive. On the other
hand, increasing the ensemble size in a cost-effective
fashion in the ensemble-based data assimilation system
is explored and demonstrated to improve the analyses
and forecasts for the storm and global scales (e.g., Xu
et al. 2008; Lorenc 2017; Huang and Wang 2018).
Alternatively, the covariance localization is commonly applied in the EnKF to deal with the aforementioned issues from running a small ensemble. Its general
idea is to reduce or remove the correlations between
two distant variables that are assumed to be physically
small or spurious. On this basis, the distance-dependent
localization is applied either on the background
error covariance matrix (hereafter referred to as the
B-localization method) or on the observation error covariance matrix (hereafter referred to as the R-localization
method). The notations of the B-localization and
R-localization methods are adapted from Greybush
et al. (2011) and Holland and Wang (2013). The
B-localization method is typically realized through a
Schur product between the raw background error covariance matrix and a predefined distance-dependent
localization matrix (Houtekamer and Mitchell 2001,
2005). The R-localization method is applied through inflating the observation error variances (Hunt et al. 2007).
As a result, the corrections made by the distant observations are reduced or even removed after applying
the localization. In general, the distance-dependent localization function is defined to be spatially homogeneous
and temporally constant. Advanced localization methods
were developed in the recent studies to account for the
scale, spatial, or temporal dependency (Anderson 2007;
Bishop and Hodyss 2007; Buehner and Charron 2007;
Anderson and Lei 2013; Gasperoni and Wang 2015).
Miyoshi and Yamane (2007) and Greybush et al.
(2011) found that in the assimilation of a single observation, the effective localization length scale in the
R-localized Kalman gain was wider than that in the
B-localized Kalman gain by applying the same localization function. It was also mentioned in these studies that the mathematical differences between the
B-localization and R-localization methods were not
straightforward to conclude in the assimilation of multiple observations. Sakov and Bertino (2011) compared
the structures of the B-localized and R-localized
Kalman gains at a single grid point, and suggested that
both localization methods were expected to yield similar
results in the practical applications.
While theoretical demonstrations of the mathematical
differences between these two localization methods are
limited, in the early studies, the performances of the
B-localization and R-localization methods were usually
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empirically evaluated and compared in terms of the
analysis accuracy by running cycled data assimilation
experiments. Janjić et al. (2011) and Nerger et al. (2012)
using the Lorenz-96 model (Lorenz 1996) found that the
B-localization method outperformed the R-localization
method especially when the observation errors were
much smaller compared to the background errors.
Cycled data assimilation experiments in a simplified
dynamical model in Greybush et al. (2011) showed that
the B-localization and R-localization methods performed
comparably, if both were optimally tuned. In these studies, the B-localization method was typically applied
for the variants of the serial square root filter, and the
R-localization method for the variants of the parallel
implementation of the local ensemble filter. An exception
was Janjić et al. (2011), which compared the B-localization
and R-localization methods by performing a local analysis update using the same singular evolutive interpolated Kalman (SEIK) filter. Holland and Wang (2013)
using a two-layer primitive equation model compared
the B-localization and R-localization methods in both
the same serial and same simultaneous square root filters.
They found that the B-localization and R-localization
methods resulted in different amounts of imbalance, which
in turn affected the analysis accuracy.
This study contributes to the theoretical understanding of the differences between the B-localization and
R-localization methods. A mathematical derivation is
first provided with a focus on demonstrating the effective ranks of the background error covariance matrices
by applying these two localization methods. The derivation does not rely on the assimilation of a single observation. Briefly, it is mathematically demonstrated
in section 3 that for the same effective localization
function, the B-localization method achieves a higher
rank than the R-localization method in the localized background error covariance matrix. Meanwhile,
the mathematical demonstration also shows that the
B-localization method can be realized through extending and modulating the raw background ensemble perturbations (hereafter referred to as the MP-localization
method). To reduce the computational cost, truncation
of the eigenvectors from the B-localization matrix is
applied to generate the modulation functions in the
MP-localization method following Bishop et al. (2017).
The MP-localized background error covariance matrix
is thus consistent with that applying the traditional
B-localization method.
The R-localization method is commonly applied in
the ensemble transform Kalman filter (ETKF; Bishop
et al. 2001; Wang and Bishop 2003; Wang et al. 2004)
by increasing the observation error variances with
an increasing distance from the model state variable
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(Hunt et al. 2007). In this study, the mathematical
demonstration also shows that the R-localization
method can be expressed in the form of the modulated
background ensemble perturbations as in the B-/MPlocalization method. This inspires the comparison of
these two localization methods within the same ETKF
algorithm through cycled data assimilation experiments. In contrast to most of the early studies that
compared these two localization methods using different filters, such a comparison of the B-localization
and R-localization methods within the same ETKF
algorithm makes it more straightforward to link the
resulting analysis performances with the localization
differences.
To emphasize the mathematically derived higherrank feature from the B-/MP-localization method, the
B-/MP-localized ETKF in this study is interchangeably
referred to as the high-rank ETKF (hereafter referred
to as the HETKF), to distinguish it from the classic
R-localized ETKF. In addition, two analysis ensemble
perturbation subselection methods in Bishop et al.
(2017) were implemented in the HETKF to investigate
if such perturbation subselection methods affect the
performances of the HETKF and R-localized ETKF.
The paper is organized as follows. Section 2 briefly
introduces the B-localization and R-localization methods
in the context of the generic EnKF update equations.
Section 3 provides a mathematical derivation to demonstrate the rank differences of the B-localized and
R-localized Kalman gains in the generic EnKF context.
The ETKF algorithm and its R-localized form are
briefly described in section 4. Section 5 describes the
implementation of the B-/MP-localization method in
the HETKF. The performances of the HETKF and
R-localized ETKF are evaluated and compared using
the Lorenz model II in section 6. The conclusions and
discussion are presented in section 7.

2. B-localization and R-localization methods in the
generic EnKF
In this section, the notations in Ide et al. (1997) are
used to illustrate the generic EnKF equations (Evensen
1994). The analysis xa 5 [xa1 , xa2 , . . . , xan ]T is obtained
T
by correcting the background xb 5 [xb1 , xb2 , . . . , xbn ] with
T
the observations yo 5 [yo1 , yo2 , . . . , yop ] weighted by the
Kalman gain K:
xa 5 xb 1 K[yo 2 H(xb )] ,

(1)

and
21

K 5 Pb HT (HPb HT 1 R) ,

(2)

where xa and xb are the analysis and background vectors
with a dimension of n 3 1, respectively; yo is the observation vector with a dimension of p 3 1; H and
H are the nonlinear and linearized observation operators, respectively; Pb denotes the background error
covariance matrix with a dimension of n 3 n; and
R 5 Ir2 is the diagonal observation error covariance
matrix with a dimension of p 3 p. For simplicity, all
the diagonal elements in R are set equal to r2. The
Kalman gain matrix K has a dimension of n 3 p. The
superscripts a, b, and o denote the analysis, background, and observations, respectively. In the EnKF,
Pb is estimated from a K-member ensemble of background forecasts:
Pb 5

1
T
T
X0b (X0b ) 5 Zb (Zb ) ,
K21

(3)

0b
0b
where K is the ensemble size; X0b 5 [x0b
1 , x2 , . . . , xK ] 5
b
b
b
b
b
b
[x1 2 x , x2 2 x , . . . , xK 2 x ] is the background ensemble perturbation matrix with a dimension of n 3 K
and each column represents the kth ensemble perturb
bation vector x0b
k with a dimension of n 3 1; x 5
K
b
k51 xk /K is the background ensemble pmean
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃvector
with a dimension of n 3 1; and Zb 5 X0b / K 2 1 is the
background ensemble
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ perturbation matrix normalized
by a factor of K 2 1.
As discussed in the introduction, the B-localization
method is generally realized through a Schur product
(denoted by ‘‘￮’’) between the raw background error
covariance matrix and a B-localization matrix L with the
same dimension of n 3 n:

PbBloc 5 Pb ￮ L.

(4)

In practice, L is commonly defined by the Gaussian
functions with its diagonal elements equal to 1.0 (see
details in the next section). The B-localized PbBloc is
only calculated once and used to update the variables
at all model grid points. For example, at the ith grid
point, the B-localized Kalman gain calculated from
PbBloc is given by
21

(KBloc )i 5 (PbBloc HT )i (HPbBloc HT 1 R) .

(5)

To be consistent, in the rest of the paper, the subscript i
outside the parentheses denotes the ith row of a matrix
or the ith element of a vector. In Eq. (5), it denotes the
ith row of the matrices.
In the R-localization method, to update the variables
at the ith grid point, the diagonal elements in the original
observation error covariance matrix R are inflated. A
larger inflation coefficient is applied with an increasing
distance away from the ith grid point:
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RiRloc 5 [diag(gi )]21 R[diag(gi )]21 .

(6)

In Eq. (6), the superscript i in RiRloc denotes that the variables to be updated are at the ith grid point. The vector gi
with a dimension of p 3 1 is a distance-dependent
monotonically decreasing function. It has the maximum
value of 1.0 at the location of the ith grid point. The vector
gi is commonly defined by a Gaussian function (see details
in the next section). Here ‘‘diag’’ is an operator that
converts a vector to a diagonal matrix by aligning the elements of the vector along the diagonal. The R-localized
Kalman gain at the ith grid point is given by
21

(KRloc )i 5 (Pb HT )i (HPb HT 1 RiRloc ) ,

FIG. 1. Distribution of the Gaussian functions defined at every
twenty grid points.

n  2 o
s(i)
exp 2
n d 2 o ,
uii 5 ns 2 n
s(i)
 exp 2
d
i51

(7)

where the subscript i outside the parentheses, as defined
earlier, denotes the ith row in the matrices.

3. Mathematical demonstration of the higher rank
of the B-localization method over the
R-localization method
In this section, the B-localized and R-localized Kalman
gains at the ith grid point shown in section 2 are reformulated to examine their differences. To make the
derivations in both localization methods straightforward and consistent, two assumptions are made: (i) all the
model grid points are observed (i.e., n 5 p), and (ii) the
periodic boundary condition is applied.
First, the Gaussian function gi at the ith grid point is
defined. It determines the correlations between the
ith grid point and the other grid points. The following
describes the formation of the B-localization matrix
L that is used to localize the full background error covariance matrix. Since the full background error covariance matrix is associated with all the model grid
points, a Gaussian matrix G 5 [g1, g2, g3, . . . , gn] with a
dimension of n 3 n is first formed, where the ith column
is defined by the vector gi with a dimension of n 3 1.
Further following Eqs. (23) and (27) in Bishop et al.
(2015), the Gaussian matrix G is explicitly calculated as
G 5 FFF ,
T
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where s(i) is the wavenumber of the ith sinusoidal eigenfunction corresponding to uii at the ith grid point,
and the parameter d determines the width of the distribution of the Gaussian vector gi. Specifically, a larger
d results in a tighter Gaussian distribution. In Eq. (9),
ns2 is equal to the sum of all the eigenvalues uii in the
diagonal matrix F or the sum of all the diagonal elements in the Gaussian matrix G. Following the cycled
DA experiments in section 6, n 5 240 is chosen for illustration purposes in this section. Here s2 5 1 is selected to ensure that the peak value in the Gaussian
vector gi is equal to 1.0 at the ith grid point as required
in Eq. (6). Figure 1 shows an example of the distribution
of the Gaussian function gi defined at every 20 grid
points by selecting d 5 3 in Eq. (9). The magnitude of
gi peaks at the ith grid point [e.g., (gi)i 5 1 where,
as defined earlier, the subscript i outside the parentheses denotes the ith element in gi] and asymptotically
decreases away from the ith grid point. Here, the assumption (ii) is applied to make the Gaussian functions
periodically distributed.
The B-localization matrix L is then formed by
W 5 GGT ,

(8)

where F is an orthonormal matrix with a dimension
of n 3 n (FTF 5 FFT 5 I, I is the identity matrix) with
each column representing an eigenvector of G, and
F is a positive semidefinite diagonal matrix with a dimension of n 3 n with the diagonal elements representing the eigenvalues of G. F is defined by a discrete
Fourier basis of sine and cosine functions following
Bishop et al. (2015). The ith element uii in the diagonal
matrix F is calculated by

(9)

(10)

and
L 5 [DIAG(W)]21/2 GGT [DIAG(W)]21/2
5 [DIAG(W)]21/2 [g1 , g2 , . . . , gn ][g1 , g2 , . . . , gn ]T
3 [DIAG(W)]21/2 ,

(11)

where the matrix W has a dimension of n 3 n and
the operator ‘‘DIAG’’ functions as only retaining the
diagonal elements in a square matrix and setting the
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off-diagonal elements equal to zero. The purpose of the
left and right multiplication of [DIAG(W)]21/2 in Eq. (11)
is to normalize the diagonal elements in the B-localization
matrix L equal to 1.0. It can be further simplified by the
periodic nature of the defined Gaussian functions:
(

n

DIAG(W) 5  [diag(gj )] 5
2

j51

n

o

where w 5 wii 5 sqrt j51 [(gj )i]2 . The term wii is independent of the index i because of the isotropic and
periodic nature of the Gaussian functions.
By introducing Eqs. (3) and (11), the B-localized PbBloc
in Eq. (4) is rewritten as
n

)

n

 [(gj )i]

2

I 5 w2 I ,

(12)

j51

T

PbBloc 5 fZb (Zb ) g ￮ f[DIAG(W)]21/2 [g1 , g2 , . . . , gn ][g1 , g2 , . . . , gn ]T [DIAG(W)]21/2 g
n

5

 f[DIAG(W)]21/2 [diag(gj )]Zb gf[DIAG(W)]21/2 [diag(gj )]Zb g

T

j51
n

5




 
T
1
1
I [diag(gj )]Zb
I [diag(gj )]Zb .
w
w



j51

To simplify Eq. (13), we further define
Vbj 5 [diag(gj )]Zb .

(14)

Equation (13) then becomes
PbBloc 5
5

1 n
T
(Vbj )(Vbj )

2
w j51
1 b b
T
[V , V , . . . , Vbn ][Vb1 , Vb2 , . . . , Vbn ] .
w2 1 2

(15)

In Eq. (14), the matrix Vbj with a dimension of n 3 K can
be interpreted as modulating the raw background ensemble perturbation matrix by the Gaussian function gj

(13)

defined at the jth grid point. In particular, each column
of the matrix Vbj corresponds to a Schur product between a
raw ensemble perturbation vector and the Gaussian
vector gj defined at the jth grid point. Equations (13)–
(15) suggest that the B-localization method can be realized by an outer product of the expanded modulated
ensemble perturbation matrix 1/(w)[Vb1 ; Vb2 , . . . , Vbn ]
with a dimension of n 3 (nK). Since the B-localization
method here is achieved through expanding and Modulating the raw ensemble Perturbation matrix, it is interchangeably termed as the MP-localization method.
Correspondingly, the Kalman gain at the ith grid point
with the B-localized PbBloc in Eq. (5) is reformulated by
introducing Eq. (15):

# )( "
#
)21
1 n
1 n
b
b T
T
b
b T
T
H 2  (Vj )(Vj ) H 1 R
(KBloc )i 5
 (V )(Vj ) H
w2 j51 j
w j51
i
)(
(
)21
1 n
1 n
b
b T
b
b T
5
 (V ) (HVj )
 (HVj )(HVj ) 1 R .
w2 j51 j i
w2 j51
("

For a more straightforward comparison with the
R-localized Kalman gain form as will be introduced
soon, Eq. (16) is further right multiplied by an identity

(16)

matrixqwith
a dimension
n 3 n that is expressed
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ qof
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
n
as I 5 j51 [diag(gj )]2 = j51 [(gj )i]2 by referring to
Eq. (12):

ﬃ
921 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
2
>
>
 [diag(gj )]
>
= j51
n
n
1
1
b
b T
b
b T
(KBloc )i 5 n
.
 (Vj )i (HVj ) >> n
 (HVj )(HVj ) 1 R> sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
>
> [(g ) ]2 j51
>
>
>
2 j51
2
>
>
>
:
;>
:  [(g ) ]
;
[(g ) ]
98
>
>
>
>
>
<
=>

8
>
>
>
<

j51

j i

j51

j i



j51

(17)

j i
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Eq. (6) to calculate the localized RiRloc . The R-localized
Kalman gain at the ith grid point is then obtained by
introducing Eqs. (3) and (6) to Eq. (7):

In the R-localization method, given the assumption (i)
that all the model grid points are observed (i.e., n 5 p),
the Gaussian function gi at the ith grid point is applied in

21

T

T

VOLUME 147

(KRloc )i 5 fZb fHZb g gi fHZb (HZb ) 1 [diag(gi )]21 R[diag(gi )]21 g
T

T

21

5 (Zb )i fH[diag(gi )Zb ]g (fH[diag(gi )Zb ]gfH[diag(gi )Zb ]g 1 R) diag(gi ) .

where (Zb )i 5 (Vbi )i , given (gi)i 5 1.
To facilitate the comparison with the B-localized
Kalman gain form in Eq. (17), Eq. (19) is further reformulated
byﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
introducing
[(gi)i]2 5 1, diag(gi ) 5
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ q
ﬃ
2
[diag(gi )] = [(gi )i]2 , and the Kronecker delta function
dij in Eq. (21) below:

By introducing the modulated background ensemble
perturbation matrix in Eq. (14), Eq. (18) is simplified as
T

T

(KRloc )i 5 (Vbi )i (HVbi ) [(HVbi )(HVbi ) 1 R]21 diag(gi ) ,
(19)

(KRloc )i 5

5

1
[(gi )i]2
8
>
>
>
<

(
T

(Vbi )i (HVbi )

)21 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2ﬃ
[diag(gi )]
1
T
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(HVbi )(HVbi ) 1 R
2
[(gi )i]
[(gi )i]2

n

1

 dij (Vbj )i (HVbj )

T

>
>
2 j51
>
:  dij [(gj )i]
n

j51

98
>
>
>
>
>>
<
=

n

1

 dij (HVbj )(HVbj )

>
>
> d [(g ) ]2 j51
>
>
:  ij j i
;>
n

j51

where,

dij 5

1,
0,

i5j
.
i 6¼ j

(21)

Equations (18)–(20) suggest that at the ith grid point,
the localization effect by inflating the observation error
variances in the R-localization method can be equivalently achieved by modulating the raw ensemble perturbation matrix with the Gaussian function gi defined
in Eq. (14). Such a reformulation assists in a direct
mathematical comparison between the B-localization
and R-localization methods.
By comparing Eqs. (17) and (20), it can be seen that
the R-localization method can be regarded as a
special case of the B-localization method when
expressed using the Kronecker delta function in
Eq. (21). The number of terms in the summations
over the modulated ensemble perturbation matrix
index j in the B-localization method in Eq. (17) is
reduced to one in the R-localization method in Eq. (20).
Specifically, in the B-localization method, a total of n
modulated background ensemble perturbation matrices are involved in the calculation of the B-localized

(18)

T

1R

921 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n
>
>
 fdij [diag(gj )]2 g
>
=
j51

>
>
>
;

n

 dij [(gj )i]

,

(20)

2

j51

Kalman gain at the ith grid point. However, the
R-localization method only includes the contribution
from a single modulated ensemble perturbation matrix
associated with the Gaussian function defined at the
ith grid point. As a result, the rank of the B-localized
Kalman gain is higher than that of the R-localization
method. The above conclusion can also be drawn from
a simple linear algebra analysis. Given n . p . K in
general, the rank of the original Kalman gain in Eq. (2)
is K 2 1. It is determined by the minimum of the ranks
of H, Pb, and R in Eq. (2) that are p, K 2 1, and p, respectively. Inflating the observation error variances of
the original R as in Eq. (6) will not change its rank. The
R-localized Kalman gain in Eq. (7) is thus of the same
rank as the original Kalman gain. However, after applying the B-localization method, the maximum rank of
PbBloc in Eq. (4) can reach n due to its resultant block
diagonal structure. The B-localized Kalman gain in
Eq. (5) thus has an increased rank of p. Therefore, the
linear algebra analysis also suggests a higher rank of the
B-localized Kalman gain in contrast to the original and
R-localized Kalman gains. This is consistent with the
mathematical demonstration in this section.
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The localization effects of the B-localization
and R-localization methods are further isolated
and compared by reformulating their localized
1
n

n

 (HVbj )(HVbj )

 [(gj )i]2j51

j51

T

5

observation-space background error covariance matrices in Eqs. (17) and (20). For the B-localization method
in Eq. (17):

1 n
T
 fH[diag(gj )Zb ]gfH[diag(gj )Zb ]g
w2 j51
"

(

#)
1 n
T
5 [HZ (HZ ) ] ￮ 2  (gj gj ) .
w j51
b

b T

(22)

For the R-localization method in Eq. (20):
1
n

n

 dij (HVbj )(HVbj )

 dij [(gj )i]2j51

T

T

5 fH[diag(gi )Zb ]gfH[diag(gi )Zb ]g

j51

T

5 f[HZb (HZb ) ] ￮ (gi gTi )g.

Equations (22) and (23) suggest that the effects of the
localization applied on the observation-space background error covariance matrices are determined by
n
the matrix 1/(w2 )j51 gj gTj for the B-localization method
and by the matrix gi gTi for the R-localization method,
respectively. Figure 2 shows an example of the structures of these two matrices calculated at the 120th grid
point (e.g., i 5 120). The Gaussian matrix G in Eq. (8) is
calculated by selecting d 5 3 and n 5 240 as in Fig. 1. The
n
matrix 1/(w2 )j51 gj gTj in Eq. (22) for the B-localization
method (Fig. 2a) shows a symmetric structure with the
magnitude equal to 1.0 on the diagonal and monotonically decreasing away from the diagonal. In contrast, the matrix gi gTi in Eq. (23) for the R-localization
method (Fig. 2b) shows a localized circular structure
centered at the element of (120, 120). For illustration purposes, the 120th row of these two matrices
(e.g., the solid black line and the dashed black line
in Figs. 2a and 2b) is used to determine the effective
localization distance for the B-localization and
R-localization methods in this study. Here the effective
localization distance is defined as half of the interval
where the localization coefficients taper to 0.01 (Bishop
et al. 2015). As can be seen in Fig. 2c, the same localization parameter d 5 3 in Eq. (9) results in a broader
effective localization distance in the B-localization
method than that in the R-localization method. This
result seems inconsistent with the expectation that the
tighter effective localization distance generally results
in a higher rank of the localized background error

(23)

covariance matrix. However, Eqs. (17) and (20) suggest
that the mathematically derived higher rank from the
B-localization method is independent of the effective
localization distance. Meanwhile, the effective localization distances in these two localization methods in
Fig. 2c are caused by and consistent with the constructions of their localization matrices. Therefore, caution
needs to be taken to relate the effective localization
distance with the rank of the localized background
error covariance matrix especially when different forms
of localization are utilized.
To further verify the mathematical demonstration,
the effective ranks resulting from both localization
methods are calculated and compared in an example using H 5 I. In Fig. 2f, the raw observation-space
background error covariance matrix is estimated
from six members. Through a Schur product with
the B-localization matrix (Fig. 2a), the B-localized
observation-space background error covariance matrix
retains the covariances near the diagonal, and reduces
or even removes the covariances away from the diagonal (Fig. 2d). On the other hand, due to the ‘‘local’’
nature of the R-localization matrix (Fig. 2b), the
R-localized observation-space background error covariance matrix (Fig. 2e) has more zero values on the
diagonal in contrast to that applying the B-localization
method. The E dimension (Patil et al. 2001; Oczkowski
et al. 2005; Kuhl et al. 2007; Huang and Wang 2018)
is used to evaluate the effective rank of the background error covariance matrix. The E dimension was
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FIG. 2. Illustration of (a) the matrix 1/(w2 )j51 gj gTj for the B-localization method in Eq. (22), (b) the matrix gi gTi (i 5 120) for the
R-localization method in Eq. (23) calculated with d 5 3 and n 5 240 in Eqs. (8) and (9), and (c) the localization coefficients from the 120th
row of the localization matrix for the B-localization method (solid line) in (a) and the R-localization method (dashed line) in (b),
respectively. The effective localization distance is defined as half of the interval where the correlation coefficients taper to 0.01. Illustration
of the observation-space ensemble background error covariance matrix estimated from 6 members with (f) no localization, (d) the
B-localization method, and (e) the R-localization method, and the size of the black solid and dashed squares in (d) and (e), respectively,
doubles the effective localization distances as shown in (c). First five leading eigenvectors (colored solid lines) decomposed from (g) the
B-localized and (h) the R-localized observation-space ensemble background error covariance matrices in (d) and (e), respectively.
(i) Kalman gains of updating the 120th grid point from the B-localization method (solid line) and the R-localization method (dashed line).
n

calculated within a square as shown in Figs. 2d and 2e.
The size of the square is defined as twice the effective
localization distance. The B-localization method increases the E dimension from 4.21 to 10.33. This is
consistent with the expansion of the dimension of the
modulated ensemble perturbation matrix after applying the B-localization method in Eq. (15). In contrast,
the R-localization method results in a reduced E dimension of 2.81 from 3.72. This is likely due to the occurrence of more zero values on the diagonal of the
R-localized background error covariance matrix.
Therefore, the mathematically derived higher rank in

the B-localized observation-space background error covariance matrix is consistently demonstrated by comparing their resulting effective ranks.
The different structures of the B-localized and
R-localized observation-space background error covariance matrices further motivate an investigation
of how many observations would literally influence their
resulting analyses. The Kalman gains at the 120th grid
point are thus calculated for these two localization
methods. In general, the matrix inversion in Eq. (2) for
the Kalman gain calculation can be solved by using the
eigenvalues and eigenvectors decomposed from the

Unauthenticated | Downloaded 01/09/23 03:33 AM UTC

AUGUST 2019

3033

HUANG ET AL.

observation-space background error covariance matrix
(Bishop et al. 2017). Figures 2g and 2h show the first
five leading eigenvectors decomposed from the
B-localized and R-localized observation-space background error covariance matrices in Figs. 2d and 2e,
respectively. The eigenvectors from the B-localized
observation-space background error covariance matrix cover the whole domain (Fig. 2g). However, all
the five leading eigenvectors from the R-localized
observation-space background error covariance matrix are confined in a local area centered at the 120th
grid point. Their Kalman gains are then calculated using R 5 I as shown in Fig. 2i. The B-localized Kalman
gain at the 120th grid point extends over the whole domain with larger values at the grid points close to the
120th grid point. However, the R-localized Kalman
gain is confined in a local area between the 60th and
180th grid points. This local nature of the R-localized
Kalman gain is also shown in the curves representing
the R-localization method in Figs. 2c and 2h. As a
result, all the observations would contribute to updating a single grid point in the B-localization method,
although the distant observations make less contribution. This also suggests that the optimal effective
localization distance defined in this study does not
explicitly suggest the number of the observations that
influence the analysis in the B-localization method. In
contrast, the analysis at a particular grid point in the
R-localization method is influenced by limited observations that are close.

4. Implementation of the R-localization method in
the ETKF
The mathematical demonstration in section 3 suggests that the traditional B-localization method in
Eq. (4) can be realized by expanding and modulating
the background ensemble perturbations through
Eq. (15). This allows the implementation of the B-/MPlocalization method in the ETKF that generally employs the R-localization method. This section first
briefly describes the classic R-localized ETKF. The
HETKF applying the MP-localization method will be
discussed in section 5.
In the ensemble transform Kalman filter (ETKF;
Bishop et al. 2001; Wang and Bishop 2003; Wang
et al. 2004) and its local form (LETKF; Hunt et al.
2007), the background ensemble perturbations are
transformed to the analysis ensemble perturbations
on the ensemble perturbation subspace by a transform matrix T:
Za 5 Zb T ,

(24)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where Za 5 X0a / K 2 1 is the analysis ensemble pertura
with
bation matrix X0p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃa dimension of n 3 K normalized
by a factor of K 2 1. As discussed in Bishop et al.
(2001), Wang and Bishop (2003) and Wang et al. (2004),
the transform matrix T is calculated to make sure that
the analysis error covariances Pa 5 Za(Za)T are updated
by satisfying the optimal data assimilation theory Pa 5
(I 2 KH)Pb:
21/2

T 5 C(G 1 I)

CT ,

(25)

and
T

A 5 (HZb ) R21 (HZb ) 5 CGCT ,

(26)

where each column of the matrix C represents an eigenvector of the matrix A and the diagonal matrix G
contains the corresponding eigenvalues.
The background ensemble mean is updated by
21

T

xa 5 xb 1 Zb [C(G 1 I) CT ](HZb ) R21 [yo 2 H(xb )] ,
(27)
where the overbar denotes the ensemble mean.
The R-localization method in the ETKF is realized
by following its implementation in the LETKF of
Hunt et al. (2007). The update of the model state variables is performed independently at different model grid
points. At the ith grid point, instead of using the original
R, the localized observation error covariance matrix
RiRloc defined in Eq. (6) is applied in Eqs. (24)–(27).
Different from the LETKF that selects a subset of observations, the whole set of observations are selected
here to update the variables at the ith grid point in the
R-localized ETKF. This ‘‘global’’ analysis update is
designed to assure a homogeneous comparison with the
HETKF detailed in section 5.

5. Implementation of the high-rank ETKF
(HETKF) by applying the MP-localization
method
As shown in Eq. (15), the B-localized PbBloc can be
achieved by an outer-product of an expanded modulated background ensemble perturbation matrix
1/(w)[Vb1 , Vb2 , . . . , Vbn ] with a dimension of n 3 (nK).
This expression makes it possible to implement the
B-localization method in the ETKF. However, the
computational cost is very expensive, because it requires
an eigen-decomposition of a matrix with a dimension
of (nK) 3 (nK) in Eq. (26). To reduce the computational cost, following Bishop et al. (2017), the method
of selecting the leading eigenvalues and eigenvectors
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of the original B-localization matrix is implemented
to reduce the number of the modulation functions and
thus the size of the extended modulated background
ensemble.

a. Specific implementation of the MP-localization
method in the HETKF
Instead of directly using the columns of the Gaussian
matrix G that forms the B-localization matrix L as
the modulation functions in Eq. (14), the modulation functions in Bishop et al. (2017) are calculated
from the leading eigenvalues and eigenvectors of
the B-localization matrix L. As a result, the size of
the modulated background ensemble perturbation
matrix is significantly reduced compared to the
matrix 1/(w)[Vb1 , Vb2 , . . . , Vbn ] in Eq. (15). The procedures are detailed as follows:
(i) Calculate the eigenvalues and eigenvectors
of the original B-localization matrix L and
order them correspondingly from the largest
to the smallest eigenvalue. In Eq. (28), the
diagonal matrix L contains the eigenvalues of
the B-localization matrix L that are sorted in a
descending order and the columns of the matrix
E represent the corresponding eigenvectors:
L 5 ELET 5 (EL1/2 )(EL1/2 )T .

(28)

^ by selecting
(ii) Calculate the modulation matrix G
and normalizing the first M leading eigenvalues
and eigenvectors to form the localization matrix
LMP . In this paper, the first M leading eigenvalues and eigenvectors are selected to account for more than 99% of the sum of all
the eigenvalues following Bishop et al. (2017).
Mathematically,
T

L12M 5 (EL1/2 )12M (EL1/2 )12M ,

(29)

^ 5 f[diag(L
)]21/2 [(EL1/2 )]12M g
G
12M
g2 , . . . , ^
gM ],
5 [^g1 , ^

(30)

and
^G
^T.
LMP 5 G

(31)

(iii) Generate an expanded modulated background
^ 0b with a dimenensemble perturbation matrix X
sion of n 3 (MK) by a Schur product between
each raw ensemble perturbation vector and
^
each column of the modulation matrix G.
Mathematically,

^ 0b 5
X
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rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MK 2 1
[diag(^
g1 )X0b , diag(^
g2 )X0b , . . . , diag(^
gM )X0b ],
K21
(32)

and
^ 0b
X
^ b 5 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ.
Z
MK 2 1

(33)

The expanded modulated background ensemble can be
obtained by adding the modulated ensemble perturbations
in Eq. (32) to the original background ensemble mean. As
such, the modulated background ensemble shares the
same background
ensemble
mean as the original ensempﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ble. The factor MK 2 1/ K 2 1 in Eq. (32) is to ensure
that the localized ensemble background error covariance
matrices with and without the modulated perturbation
form are equivalent:
T
^ 0b (X
^ 0b )T X0b (X0b )T
X
X0b (X0b )
￮ LMP ﬃ
￮ L.
5
MK 2 1
K21
K21

(34)

For the computational concern, only M modulation
functions are selected and used in the implementation
of the MP-localization method, in contrast to using n
modulation functions as in Eq. (15). In general, M is
expected to be much smaller than n. But the M modulation functions are constructed to account for more
than 99% of the variances of the original B-localization
matrix. As suggested in Bishop et al. (2017), it is
expected to cause minimum effects on the resulting
effective rank of the localized background error covariance matrix and the cycled data assimilation experiment results in section 6. More importantly, the use
of fewer modulation functions in the MP-localization
method can significantly improve the computational
efficiency.
Figure 3 shows an example of the modulation func^ and the associated localization
tions in the matrix G
matrix LMP calculated from the original B-localization
matrix L in Fig. 2a. In this example, the first eight
leading eigenvalues and corresponding eigenvectors
are selected to account for more than 99% of the sum
of all the eigenvalues of the original B-localization
matrix L. The resulting localization matrix LMP
(Fig. 3b) almost recovers the original B-localization
matrix L (Fig. 2a). In particular, the size of the modulated background ensemble perturbation matrix is
only increased by a factor of 8 using Eq. (32) instead
of a factor of 240 using Eq. (15) in this example. This
significantly improves the computational efficiency in
the HETKF. For an isotropic B-localization matrix as
in Fig. 2a, the associated modulation function used in
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^ and (b) the
FIG. 3. Illustration of (a) the eight modulation functions (colored solid lines) in G
associated localization matrix LMP calculated from the B-localization matrix in Fig. 2a.

the MP-localization method has a larger wavenumber
with an increasing eigenvalue (Fig. 3a).

b. Ensemble mean and perturbation update in
the HETKF
Following section 4, Eqs. (24)–(27) are used for the
HETKF ensemble mean and perturbation update. In^ b with a
stead of using Zb with a dimension of n 3 K, Z
dimension of n 3 (MK) is applied in these equations.
During the ensemble perturbation update, directly
^ b with a dimension of n 3 (MK) in Eq. (24)
applying Z
would produce MK analysis perturbations in the
HETKF. In the practical applications, the K analysis perturbations need to be selected to initialize a
K-member ensemble of background forecasts before
advancing to the next DA cycle. To have a robust comparison of the B-/MP-localization and R-localization
methods, following Bishop et al. (2017), two methods
were implemented and examined to subselect the

analysis perturbations during the ensemble perturbation
update in the HETKF.
The first perturbation subselection method is
defined as deterministic to distinguish it from the
second, stochastic method. In the deterministic perturbation subselection method, the first K columns of
^ a are selected. To remove the modulation effect,
Z
a demodulation procedure in Eq. (35) is applied by
left-multiplying each column with a diagonal matrix [diag(^
g1 )]21 associated with the first modulation
function:
^a
g1 )]21 ^za1 , [diag(^
g1 )]21 ^za2 , . . . , [diag(^
g1 )]21^zaK g,
Z
MP2D 5 f[diag(^
(35)

where the letter ‘‘D’’ in the subscript ‘‘MP-D’’ stands
for ‘‘deterministic’’. Finally, the K-member analysis
ensemble perturbation matrix X0a
MP-D is recovered by
^ b in Eqs. (32)
^ 0b and Z
referring to the relation between X
and (33):
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ a
^
X0a
MP2D 5 K 2 1ZMP2D .

(36)

In Bishop et al. (2017), this deterministic perturbation
subselection method was compared with a more robustly
derived selection approach termed as the gain-form
ETKF. It was found that when the B-localization matrix
was anisotropic, the gain-form ETKF method showed
more advantages in generating the analysis perturbations.
However, our further examination using the Lorenz
model II (see the next section for details) showed that for
an isotropic B-localization matrix L, the performances of
these two perturbation selection methods were statistically indistinguishable (not shown here). So in this
study we use this deterministic perturbation subselection
method described in Eq. (35) for the cycled data assimilation experiments. A similar subselection procedure
was adopted in Kretschmer et al. (2015) to select the K
analysis ensemble perturbations updated from a
background ensemble formed by a mixture of the
flow-dependent and climatological perturbations. This
HETKF implementation and the classic R-localized
ETKF described in section 4 are hereafter referred
to as ‘‘MP-D’’ and ‘‘R-D’’.
The second perturbation subselection method, defined as stochastic, is based on the idea of updating
each member with different sets of perturbed observations (Houtekamer and Mitchell 1998). Specifically,
the K sets of perturbed observations are generated
and assimilated to update the raw ensemble members
in the HETKF. This HETKF implementation is denoted as ‘‘MP-S’’ in this study, where the letter ‘‘S’’
stands for stochastic. To have a homogeneous comparison of the B-/MP-localization and R-localization
methods, the same perturbed observation approach
is also applied for the R-localized ETKF, which is
denoted as ‘‘R-S’’ hereafter. This stochastic approach
avoids the analysis perturbation subselection issue
in the HETKF. It deviates from the idea of updating
the perturbations through the transform. Nevertheless, it provides an additional avenue to further
reveal if the differences between the B-localization
and R-localization methods for the analysis update
will be dependent upon the perturbation subselection
methods.

6. Experiments with the Lorenz model II
a. Lorenz model II
In this section, the Lorenz model II (Lorenz 2005;
Rainwater and Hunt 2013; Fairbairn et al. 2014; Bishop
et al. 2015) was used for the cycled data assimilation experiments to compare the performances of
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the HETKF and R-localized ETKF. Compared to the
Lorenz Model I (also known as the Lorenz-96 model;
Lorenz 1996), the Lorenz Model II produces spatially
smoothed model trajectory. The equation for the
Lorenz Model II is given by
dXn
5 [X, X]K,n 2 Xn 1 F ,
dt

(37)

where
J

[X, X]K,n 5

J

 0

j52J i52J

0(2X
X
n22K2i n2K2j

1 Xn2K1j2i Xn1K1j )=K 2 .

(38)

To be noted first, the usage of the symbols and letters
defined in Eqs. (37) and (38) is restricted within this
subsection for illustration purposes. They are not associated with the previous sections. A total of N variables are evenly distributed on a latitude cycle. Each
variable X is indexed by n (n 5 0, 1, 2, . . . , N 2 1). The
periodic boundary condition is applied. F is the forcing
term. The smoothing parameter K, chosen much smaller
than N, is used to define J 5 (K 2 1)/2 if K is odd and
J 5 K/2 if K is even. The modified summation sign S0
functions similarly as the regular summation sign S except that the first and last terms are multiplied by a
factor of 0.5. In Eq. (38), S0 is used if K is even, otherwise, S0 is replaced by S if K is odd. Following the suggestions in Lorenz (2005), the parameters of the Lorenz
Model II are set as N 5 240, F 5 15 and K 5 8 in our
experiments. The model is integrated using the fourthorder Runge–Kutta scheme. A nondimensional time
step is chosen to be 0.025 (which is equivalent to about
18 min in the real atmosphere).

b. Experiment design
First, the Lorenz model II was continuously integrated for a total of 80 000 time steps by selecting 240
random numbers as the initial condition. The model
trajectories between the time steps of 15 001 and 30 000
serve as the simulated model climatology. The model
trajectories over the last 50 000 steps are treated as the
‘‘truth’’ for verification. The initial ensemble is randomly drawn from the simulated model climatology.
The observations are assimilated every five time steps.
There are 10 000 data assimilation cycles in total. At
each analysis time, the integral observations mimicking
the satellite radiances are generated by first averaging
the ‘‘true’’ state variables xt 5 [xt1 , xt2 , . . . , xtn ]T over its
adjacent 21 grid points and then adding a random noise
« drawn from a Gaussian distribution N(0, r2 5 1.32).
The observation standard deviation r is 20% that of
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FIG. 4. An example of the 6-member background ensemble (black), the background ensemble mean (blue), the simulated nonperturbed observations (red), and the ‘‘true’’ state
(green) in the first data assimilation cycle.

the simulated model climatology (Wang et al. 2007).
For example, the simulated integral observation yoi at
the ith grid point is calculated by
j5i110

yoi 5

1
 xt 1 «.
21 j5i210 j

(39)

In the experiments with the stochastic perturbation
subselection method (‘‘MP-S’’ and ‘‘R-S’’), the K sets
of perturbed observations are further generated by
adding random noises drawn from the same Gaussian
distribution N(0, r2 5 1.32) to the simulated observations. Figure 4 shows an example of the ‘‘true’’ state,
nonperturbed observations and background ensemble
in the first data assimilation cycle.
Furthermore, two sets of experiments were designed
to more thoroughly evaluate their performances. The
first set, termed as K6PX (X 5 30, 60, 120, and 240),
runs a 6-member ensemble (K 5 6) but assimilates
an increasing number of observations (p 5 30, 60, 120,
and 240 correspondingly). The other set, termed as
KYP240 (Y 5 3, 6, and 9), assimilates a total of 240
observations ( p 5 240) but runs ensembles with an increasing size (K 5 3, 6, and 9). In both sets of experiments, a range of localization and inflation factors
are tuned for the cycled DA experiments. Specifically, the degree of localization is determined by the
parameter d in Eq. (9). A larger d results in stronger
localization. The inflation is realized by multiplying
the analysis perturbations with a factor larger than
1.0 before continuing to the next DA cycle. The rootmean-square error (RMSE) between the analysis and
the ‘‘truth’’ is calculated and averaged from the last
8000 cycles to quantify the analysis accuracy. The
percentage of the RMSE reduction (PRR) of the
MP-localization method over the R-localization method
is further defined as

PRR5

RMSE(R-loc)2RMSE(MP-loc)
3100%.
RMSE(R-loc)

(40)

To eliminate the random seed effects, all the experiments were repeated with eight trials by selecting different sets of random seeds (Bishop et al. 2015; Janjić
et al. 2011).

c. Experiment results
1) SENSITIVITY OF THE FOUR FILTERS TO
LOCALIZATION AND INFLATION FACTORS

To obtain the minimum analysis error, extensive
tuning tests were performed for each of the eight trials
in each filter by combining different sets of localization
and inflation factors. Figure 5 shows the analysis
RMSE of ‘‘R-D,’’ ‘‘MP-D,’’ ‘‘R-S,’’ and ‘‘MP-S’’ in
K6P240 as a function of the localization and inflation
factors. RMSE in each filter in Fig. 5 is averaged from
all the eight trials. With the optimal localization and
inflation factors (denoted by the red asterisk), the
MP-localization method outperforms the R-localization
method in both the deterministic and stochastic perturbation subselection methods. In addition, compared
to the R-localization method, the MP-localization
method shows less sensitivity to the localization and
inflation factors. This feature is characterized by the
broader blue areas in the MP-localization method in
Figs. 5b and 5d. For a given localization method, compared to the stochastic perturbation subselection
method, the deterministic perturbation subselection
method achieves smaller minimum analysis error with
less localization and inflation. The less accurate analysis in the stochastic perturbation subselection method
could owe to the additional sampling errors from perturbed observations (Whitaker and Hamill 2002). Overall, the MP-localization method using the deterministic
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FIG. 5. Analysis RMSE averaged over all the eight trials in the experiment of K6P240 as a function of the
localization factors on the vertical axis and the inflation factors on the horizontal axis for (a) ‘‘R-D,’’ (b) ‘‘MP-D,’’
(c) ‘‘R-S,’’ and (d) ‘‘MP-S.’’ Note different color scales are applied in (a),(b) and (c),(d). Red asterisk indicates the
optimal combination of the localization and inflation factors that gives the minimum analysis RMSE in each filter.

perturbation subselection method (‘‘MP-D’’) shows the
most accurate analysis in K6P240.

2) FILTER PERFORMANCE AS A FUNCTION OF THE
OBSERVATION NUMBER

In this subsection, the K6PX (X 5 30, 60, 120, and 240)
experiments are examined. The top panel in Fig. 6 shows
the minimum analysis RMSE calculated from the optimal combination of the localization and inflation factors for each of the eight trials of ‘‘R-D,’’ ‘‘MP-D,’’
‘‘R-S,’’ and ‘‘MP-S.’’ For both the deterministic and
stochastic perturbation subselection methods, the
MP-localization method significantly outperforms the
R-localization method in all the four experiments. In
general, the percentage of the RMSE reduction of the
MP-localization method over the R-localization method
tends to be slightly reduced with an increasing number
of the observations (Fig. 8a). This is likely due to the
overall improved analysis through the cycled assimilation of a larger number of observations. In the noncycled
experiments, the percentage of the RMSE reduction of

the MP-localization method over the R-localization
method increases with an increasing number of the
observations (not shown). The latter result is more
consistent with the expectation that the superiority associated with the higher rank in the estimated background error covariances becomes more pronounced
in the assimilation of a larger number of the observations. For a given localization method, the deterministic
perturbation subselection method shows smaller minimum analysis error compared to the stochastic perturbation subselection method.
n
Following section 3, the matrix 1/(w2 ) j51 gj gTj in
Eq. (22) for ‘‘MP-D’’ and ‘‘MP-S’’, and the matrix gi gTi
in Eq. (23) for ‘‘R-D’’ and ‘‘R-S’’ are calculated at the
120th grid point to reveal their effective localization distances (shown in the bottom panel of Fig. 6). Here, these
two matrices are calculated by applying the optimal localization factors. In both the deterministic and stochastic perturbation subselection methods, the optimal
effective localization distance in the MP-localization
method is tighter than that in the R-localization method.
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FIG. 6. (a)–(d) Minimum analysis RMSE with the optimal combination of localization and inflation factors for ‘‘R-D’’ (blue dashed),
‘‘MP-D’’ (blue solid), ‘‘R-S’’ (red dashed), and ‘‘MP-S’’ (red solid), over the eight trials labeled on the horizontal axis in the experiments of
(a) K6P30, (b) K6P60, (c) K6P120, and (d) K6P240. (e)–(h) Localization coefficients corresponding to the 120th row of the matrix
n
1/(w2 ) j51 gj gTj as shown in Eq. (22) for ‘‘MP-D’’ (blue solid) and ‘‘MP-S’’ (red solid) and of the matrix gi gTi for as shown in Eq. (23) for
‘‘R-D’’ (blue dashed) and ‘‘R-S’’ (red dashed) by applying the optimal tuned localization factor d defined in Eq. (9) and listed at the top
of the figures of (e) K6P30, (f) K6P60, (g) K6P120, and (h) K6P240.

But this does not mean fewer observations will influence
the analysis in the B-/MP-localization method than that in
the R-localization method as discussed in section 3. For a
given localization method, the stochastic perturbation
subselection method requires stronger localization than
the deterministic perturbation subselection method to
obtain the minimum analysis error. As discussed in the last
subsection, this could be caused by the additional sampling
errors from the perturbed observations in the stochastic
perturbation subselection method (Whitaker and Hamill
2002). The bottom panel of Fig. 6 shows that the optimal effective localization distance in each of ‘‘R-D,’’
‘‘MP-D,’’ ‘‘R-S,’’ and ‘‘MP-S’’ is not very sensitive to
an increasing number of the observations. This result
may be associated with the assimilation of the integral
observations in our cycled data assimilation experiments. As shown in Eq. (39), the integral observations
that are close could contain highly correlated information. Increasing the observation densities may
not efficiently add additional degrees of freedom of the
information provided by the integral observations. The
effective localization distance is therefore likely less
sensitive to an increasing number of the integral observations as designed in our cycled data assimilation
experiments.

3) FILTER PERFORMANCE AS A FUNCTION OF THE
ENSEMBLE SIZE

Figure 7 shows the results for the KYP240 (Y 5 3
and 9) experiments. When the ensemble size is reduced

from 6 to 3, the relative performance of the MPlocalization and R-localization methods (Fig. 7a) is
similar to that of K6P240. Specifically, in both the deterministic and stochastic perturbation subselection
methods, the MP-localization method significantly
outperforms the R-localization method. For a given localization method, the deterministic perturbation subselection method shows smaller minimum analysis
error than the stochastic perturbation subselection
method. In addition, in K3P240, the MP-localization
method using the stochastic perturbation subselection
method (‘‘MP-S’’) even shows more accurate analysis
than the R-localization method using the deterministic perturbation subselection method (‘‘R-D’’).
By increasing the ensemble size to 9 (K9P240), for
both perturbation subselection methods, the MPlocalization and R-localization methods perform comparably and their difference is statistically insignificant
in most of the eight trials. Consistently, the percentage
of the RMSE reduction of the MP-localization method
over the R-localization method is reduced with an
increasing ensemble size in both perturbation subselection methods (Fig. 8b). This is within the expectation that the higher rank from the B-/MP-localization
method would contribute more positively to alleviating the rank deficiency issue and thus improving the
analysis for a small ensemble. This may further suggest
that the improved analysis in the B-/MP-localization
method is likely associated with its higher rank as
demonstrated in section 3.
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FIG. 7. As in Fig. 6, but for the experiments of (a),(c) K3P240 and (b),(d) K9P240.

The effective localization distances calculated from
the optimal localization factors are shown for the
KYP240 experiments in the bottom panel of Fig. 7. For a
given perturbation subselection method, the optimal
effective localization distance in the MP-localization
method is tighter than that of the R-localization method.
For both localization methods, the optimal effective

localization distance from the stochastic perturbation
subselection method is tighter than the deterministic
perturbation subselection method except for the K3P240
experiment with the R-localization method. Figure 7
also demonstrates as expected that the effective localization distances in each of ‘‘R-D,’’ ‘‘MP-D,’’ ‘‘R-S,’’ and
‘‘MP-S’’ becomes wider with a larger ensemble size.

FIG. 8. Percentage of the RMSE reduction of the MP-localization method over the R-localization method in
the deterministic (blue) and stochastic (red) perturbation subselection methods in the experiments of (a) K6PX
and (b) KYP240.
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7. Conclusions and discussion
A mathematical demonstration is first provided to
compare the B-localization and R-localization methods.
It is shown that when the same effective localization
function is applied, the B-localization method achieves
a higher rank than the R-localization method in the
localized background error covariance matrix. The mathematical demonstration is further illustrated and validated using a simple example. Further examination
suggests that all the observations will contribute to
updating a single gird point in the B-localization method.
However, the analysis at a particular grid point in the
R-localization method is influenced by limited observations that are close. Meanwhile, the mathematical demonstration also shows that the B-localization method
can be realized through extending and modulating
the raw background ensemble perturbations or the MPlocalization method. Specifically, in the MP-localization
method, each raw ensemble perturbation vector is
modulated through an element-wise multiplication with
each of the modulation functions. To improve the computational efficiency, the modulation functions are calculated from the leading eigenvalues and eigenvectors
of the original B-localization matrix. The resulting
MP-localized background error covariance matrix
is thus consistent with that applying the traditional
B-localization method. In the mathematical demonstration, it proves that the R-localization method can
also be expressed in the form of the modulated ensemble perturbations as in the B-localization method. The
B-/MP-localization method is then implemented in the
ETKF and further compared with the R-localization
method using the same ETKF algorithm. Because of the
higher rank from the B-localization method as derived
in the mathematical demonstration, the B-/MP-localized
ETKF is termed as the high-rank ETKF (HETKF) to
distinguish it from the classic R-localized ETKF.
Extensive cycled data assimilation experiments were
conducted to compare the performances of the HETKF
and R-localized ETKF using the Lorenz model II. Using
the same ETKF algorithm warrants a homogeneous
comparison between these two localization methods,
so that it is more straightforward to relate their resulting
analysis performances with the localization differences.
The results show that the HETKF significantly and
consistently improves the analysis over the R-localized
ETKF especially for a small ensemble. Since the higher
rank from the HETKF is expected to contribute more
positively to mitigating the rank deficiency issue for a
small ensemble, the improved analysis of the HETKF
over the R-localized ETKF is likely associated with the
higher rank from the B-/MP-localization method.
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In addition, the advantage of the HETKF over the
R-localized ETKF tends to be slightly reduced with the
increasing number of the observations. This result could
be attributed to the improved accuracy of the system
through the cycled assimilation of a larger number of
observations. Furthermore, the HETKF is less sensitive
to the localization length scales and inflation factors
than the R-localized ETKF. In all the experiments, the
HETKF shows tighter optimal effective localization
distance than the R-localized ETKF. The above conclusion of comparing the HETKF and R-localized
ETKF does not rely on the perturbation subselection
methods in the HETKF.
It is also found that in both the HETKF and
R-localized ETKF, the stochastic perturbation subselection method shows larger analysis error than the deterministic perturbation subselection method. In addition,
in both filters, the stochastic perturbation subselection
method generally requires stronger localization and
larger inflation than the deterministic perturbation subselection method to obtain the minimum analysis error
except for the experiment with the R-localized ETKF
and a very small ensemble (e.g., K3P240). This can be
attributed to the sampling errors by perturbing the observations in the stochastic perturbation subselection
method (Whitaker and Hamill 2002).
In this study, the improved analysis from the B-/MPlocalization method over the R-localization method is
demonstrated using the same ETKF algorithm in the
Lorenz model II. This is consistent with the results in
Janjić et al. (2011) and Nerger et al. (2012) that adopted
different EnKF variants for comparison. To implement
the HETKF in the real modeling systems, additional
treatments are likely needed for the computational
concerns. For example, a parallel, patch-based implementation like the LETKF can be adopted to improve the computational scalability. Further diagnostics
(not shown) showing the analysis errors calculated from
the full 10 000 cycles (i.e., including those cycles before
the errors get stabilized) indicate that the HETKF requires less time to converge compared to the R-localized
ETKF. This feature and the less sensitivity of the
HETKF to the localization length scales and inflation
factors are attractive for the real model applications.
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