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ABSTRACT
An inversion technique for estimating the terms of the oceanic near-surface heat transport is extended to
include the vertical heat flux at the bottom of the surface mixed layer. The mixed-layer heat balance equation
uses a conventional parameterization of the vertical heat flux via entrainment into the mixed layer of interior
fluid during the mixed layer deepening. A heat conservation equation defined here for the sea temperature
anomalies, deviations from the annual cycle, is driven by stochastic atmospheric forcing, thereby becoming
essentially a stochastic partial differential equation. This equation is reduced to the regression estimator aimed
on inversion of the sea temperature time series for the unknowns: vertical entrainment velocity, horizontal
velocity and diffusivity, feedback factor, and atmospheric forcing parameter. The inversion scheme also involves
the velocity divergence norm. The regression estimator is applied to the time series of vertical profiles of
temperature anomalies compiled from the Comprehensive Ocean–Atmosphere Data Sets and the World Ocean
Atlas 1994 on a 10-day mean basis over the spatial grid of 18 latitude 3 28 longitude in two regions of the
North Pacific: 1) near the ocean western boundary east of Japan and 2) between the Hawaiian islands and
California. The inversion is implemented for winter data (December–March) from 1965 to 1990. The entrainment
velocities are found to be of the order of 1025 m s21 . The entrainment effect is particularly significant in the
Kuroshio–Oyashio frontal zone. The model skill is also substantially enhanced in this region: the inversion
yields more realistic features of the Kuroshio transport as compared with the authors’ previous study, which
neglected the vertical heat flux.

1. Introduction
The aim of this manuscript is to suggest a method
for estimating the terms of the heat transport of the upper
ocean from sequential observations of temperature at
sea surface and vertical temperature profiles. These
terms are horizontal diffusivity, horizontal velocity, vertical entrainment velocity, the ocean–atmosphere feedback parameter, and the atmospheric forcing correlation
time. Our approach is applied to the midlatitude sea
surface temperature (SST) anomalies (deviations from
the long-term means), having timescales longer than few
weeks and shorter than two years. These anomalies can
be modeled as a response of the upper ocean to stochastic forcing by synoptic atmospheric events (Hasselmann 1976; Frankignoul and Hasselmann 1977;
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Reynolds 1978; Frankignoul and Reynolds 1983; Frankignoul 1985; Ostrovskii and Piterbarg 1985, 1995; Piterbarg 1989) since the oceanic upper layer tends to
integrate effects of short-term fluctuations in air–sea
heat flux, wind-driven mixing, and Ekman pumping and
transport (for review see Frankignoul 1985; Piterbarg
and Ostrovskii 1997) resulting in timescales of the oceanic thermal response being substantially longer than
the limited periods of strong weather forcing. Comparative analysis of the air–sea interactions in different seasons shows that the atmosphere generally drives the
midlatitude SST anomaly in the winter season (Cayan
1992).
Recently, Alexander and Deser (1995) drew attention
to the importance of vertical entrainment for the evolution of temperature anomalies in the upper ocean.
They examined a hypothesis originally proposed by Namias and Born (1970, 1974) and later supported by observation of White and Walker (1974) that sea temperature anomalies created by wintertime mixed layer deepening could be preserved in deeper thermocline waters
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and the surface in the following fall or winter. Alexander
and Deser examined variations in temperature associated with the seasonal cycle observed at ocean weather
stations in the North Atlantic and the North Pacific and
in the one-dimensional model simulations. Both the data
and the model indicated that the Namias–Born mechanism of anomaly reemergence may play an important
role in the evolution of the SST. Alexander and Deser
stressed the importance of further examining this entrainment in the presence of other processes such as
strong horizontal heat transport associated with mean
currents and eddies. Below we will estimate these effects in a model of the upper mixed layer heat anomaly
balance that includes entrainment, advection, diffusion,
feedback, and forcing.
Our model is an extension of the 2D models by Frankignoul and Reynolds (1983), Herterich and Hasselmann (1987), and Ostrovskii and Piterbarg (1985,
1995). Vertical heat flux at the bottom of the upper ocean
mixed layer during mixed layer deepening is now included in our model.
This model is fitted to winter temperature data in the
North Pacific Ocean in order to obtain vertical entrainment velocity, horizontal diffusivity and advection velocity, feedback factor, and atmospheric forcing parameter. Solving our model inversion consists of three steps:
1) rigorous derivation of a filter (estimator) from the
heat conservation equation, 2) data filtration (estimation), and 3) calculation of physical parameters from
estimates of the filter coefficients (weights of the estimator).
During the course of this study two problems of rather
broad interest are encountered. One problem is due to
a need to work with the temperature anomalies, which
are essentially the averages in time and space, for example, 10-day anomalies over 18 latitude 3 28 longitude
geographical boxes as in this study. We rigorously derive an equation for the average anomalies encompassing all heat transport processes. For example, we will
show that the heat advection is not merely a result of
the mean currents but, in fact, consists of the two main
parts: 1) all motions with scales exceeding the given
averaging scales and 2) motion due to the joint effect
of fluctuations in the feedback factor and the current
velocity. Likewise, we will describe the entrainment,
diffusion, feedback, and source terms. The second problem is due to our interest in data averaged over timescales shorter than 1 month. If we are concerned with
monthly anomalies, then a ‘‘white noise’’ approximation
of atmospheric forcing would be worthwhile (Hasselmann 1976). Here, however, we employ higher resolution in time to analyze finer details of the heat transport. We choose to analyze 10-day averaged data. Ten
days is close to the period at which the atmospheric
forcing spectrum becomes ‘‘color noise’’-like in the frequency domain. Thus, a priori, we do not consider the
atmospheric forcing as a white noise process and instead
assume that the forcing is correlated in time.
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This manuscript is organized as follows. In section 2
we propose the heat anomaly balance model and the
inversion technique. The derivation of the heat balance
equation for the temperature anomalies, averaged both
in time and space, and the upper ocean response to a
color noise forcing is discussed. The data is introduced
in section 3. Section 4 displays the results of the inversion by showing how the SST anomalies are transported in certain regions of the North Pacific Ocean in
winter. Section 5 summarizes our findings.
2. Model and inversion technique
Our approach to modeling the SST anomaly variability is based on a hypothesis of timescale separation
in the ocean–atmosphere system (Hasselmann 1976).
According to this hypothesis, a state of the climate system is defined by a set of fields that can be divided into
two parts: the rapidly changing variables basically attributed to weather forcing and the slowly changing variables partly associated with oceanic phenomena. Such
a separation leads to statistical closure and, consequently, to statistical reduction of a coupled ocean–atmosphere system. In the resulting model, the oceanic component involves stochastic excitation determined by the
second moments of atmospheric input and a feedback
from ocean to atmosphere. The corresponding one-dimensional model for the heat anomaly balance of the
upper ocean mixed layer accounts for at least 50% of
the observed monthly SST anomaly variability throughout the midlatitudes (Reynolds 1978).
The local model of Frankignoul and Hasselmann
(1977) and Reynolds (1978) had been extended by Frankignoul and Reynolds (1983), Ostrovskii and Piterbarg
(1985), and Herterich and Hasselmann (1987) by including effects of the horizontal advection and diffusion.
An autoregressive estimator for the horizontal advection
velocities, diffusion coefficients, and the feedback factors from time series of the monthly SST anomalies
(Ostrovskii and Piterbarg 1985) was derived. This estimator and the spectrum fitting technique (Herterich
and Hasselmann 1987) were independently applied to
the SST anomaly data in the North Pacific. Although
the spectrum fitting technique yielded a statistically significant velocity estimate, an uncertainty of its diffusivity estimate was found to be of the same order as the
estimate itself, so the authors regarded their result only
as an order of magnitude estimate. As for the autoregression estimate of the diffusivity, it was thought to
be accurate enough if the square root of the product of
the diffusion coefficient and the time step, (DDt)1/2 , is
twice as small as the grid step Dl and, in turn, the grid
step is at least four times smaller than the spatial scale
of the SST anomalies.
Recently, we showed that the autoregression filter can
be generalized to involve the case of correlated atmospheric forcing, which can be approximated by a Markov
process; that is, the atmospheric spectra are regarded as
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color noise–like in the frequency domain instead of being constrained by the white noise approximation as in
the original Hasselmann’s model. This allowed us to
apply the autoregression filter to the time series with
averaging interval shorter than 1 month and to improve
the time–space resolution of the velocity estimates (Ostrovskii and Piterbarg 1995). More recently this approach was used for inversion of the SST and air–sea
heat flux time series for the oceanic near-surface heat
anomaly transport, feedback factor, and atmospheric
forcing parameter throughout the midlatitude North Pacific (Piterbarg and Ostrovskii 1997).
The autoregression estimator has been intensively
tested against the maximum likelihood estimator (Ostrovskii and Piterbarg 1997). The later is a statistical
counterpart of the traditional Galerkin method of the
computational fluid dynamics. It can generate inversion
of high accuracy with relatively few terms in the approximation if the exact solution is sufficiently smooth.
The former estimator, which is a statistical analogue of
the finite difference model, has the merit of being rigorous since it is derived from the conservation equation
instead of substituting finite differences for the partial
derivatives. The important advantage of the autoregression filter is that it does not necessarily require the forcing data. For the comparison of these two estimators we
took the data simulated in the forward solution of the
tracer conservation equation by the Galerkin type method because the Galerkin approach permits approximate
solutions of high accuracy, hence providing a general
framework for comparing different approximate methods. The tests showed that both methods performed rather well at the time–space grids corresponding to the
typical scales of the heat anomaly variability as in the
present study though the maximum likelihood estimator
feasibility was slightly higher. It should be stressed,
however, that the maximum likelihood estimator cannot
be immediately applied for verifying the 3D heat balance of the upper ocean because this estimator requires
either statistic homogeneity of the transport or a priori
knowledge of the temperature spatial modes. The assumption of homogeneity is unsuitable for the vertical
processes in the stratified upper ocean and the vertical
modes of the temperature variability are hardly known.
Here, we further extend our technique (Ostrovskii and
Piterbarg 1995) by incorporating the vertical heat flux
into the regression model of the upper-ocean mixed layer heat balance. The mixed-layer heat conservation
equation involves conventional parameterization of the
vertical heat flux via entrainment during the upper
mixed layer deepening. Overall, unlike the previous inversions, which are concerned only with the air–sea heat
exchange and the horizontal heat transport, here we consider a closed heat balance of the upper ocean mixed
layer.
a. A statistical model for the anomalous heat balance
Let T9(t, r), r 5 (x, y) be a field of the SST anomalies;
that is, T9 5 T 2 T is the difference between the current

temperature and the annual cycle. For some prescribed
time and horizontal scales, t , L x , L y (say, 10 days, 28
longitude, and 18 latitude as in this study), let us denote
by ^T9(t, r)& the average of T9(t, r) in the rectangle
centered at r with sides of length L x and L y , and over
the time interval t centered at t. It is important to stress
that ^T9& is a fluctuation with respect to the annual cycle
and is a mean with respect to processes having scales
less than t , L x , L y . To justify our statistical model, a
closed equation for ^T9(t, r)& is derived from the heat
balance equation governing the original temperature
field T(t, r). The advection–diffusion equation for the
upper-ocean mixed layer heat balance averaged over
small time and space scales, say, 1 day and 1 km is
(see, e.g., Frankignoul 1985):
]T
w
1 u · =T 2 k¹ 2 T 5 2 e (T 2 Th ) 2 l a T 1 E,
]t
h

(1)

where T 5 T(t, r) is the temperature of the upper ocean
mixed layer of depth h at time t and location r, T h 5
T h (t, r) is the temperature below the upper ocean mixed
layer, w e is the vertical entrainment velocity w e 5 ]h/]t
when ]h/]t . 0 and w e 5 0 otherwise, u is the horizontal
velocity, k is the coefficient for small-scale horizontal
diffusion processes, and l a is the feedback factor. The
right-hand side of (1) represents the heat fluxes in and
out of the mixed layer from below (first term) and above,
Q/(r w C pw h) 5 E 2 l a T.

(2)

Equation (2) is a linearization of the air–sea heat flux
Q with respect to the sea temperature and h is the mixed
layer depth. Let us denote

le 5

we
.
h

(3)

Note that so far u 5 u(t, r), l a 5 l a (t, r), l e 5 l e (t, r)
and E 5 E(t, r) are stochastic fields with periods longer
than 1 day and space scales larger than 1 km.
The traditional closing problem for ^T9& is essentially
complicated in our case by two facts. First, we have to
assume that the random fields u, l a , l e , and E are correlated because their stochastic variability is mostly due
to the same factor: the wind fluctuations. Second, the
temperature field considered is a mean and a deviation
at the same time depending on the scale of interest.
The procedure given in appendix A results in the
following equation for the averaged sea temperature
anomalies,
]^T9&
1 u net · =^T9& 2 = · D=^T9&
]t
5 2l e,net^T9 2 T9&
2 l a,net^T9& 1 Snet ,
h

(4)

where the net advection velocity, feedback factors, diffusivity and net forcing are given by
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E

tE

u net 5 u net (t, r) 5 ^u& 2

^u0(0, r)l0(s, r)& ds,

(5)

2t E

l a,net 5 l a,net (t, r) 5 ^l a & 1 ^l e 2 l e &
2

1
2

[E

tE

(^=u0(0, r)l0(s, r)&

2t E

]

l e,net 5 we /h,
1
2

D 5 D(r) 5

1 ^l0(0, r)l0(s, r)&) ds ,

(6)

E

(7)

tE

^u0(0, r)u0(s, r)T & ds,

(8)

2t E

Snet 5 Snet (t, r) 5 ^S9&
2

1
2

1E

tE

(^l0(0, r)S0(s, r)&

2t E

2

1 ^u0(0, r) · =S0(s, r)&) ds ,
S9 5 2l9(T
2 T h ) 1 l9(T9
2 T9)
2 l9T
e
e
h
a
1 l9T9
1 E9 2 u9 · =T 1 u9 · =T9.
a

(9)

(10)

Here the overbar means a conventional Reynolds averaging applied to the annual cycle and anomalies (see
appendix A). The double primes denote the departure
from the mean defined by the angle brackets, l0 5 l0a
1 l0e , t E is a common (Eulerian) time correlation scale
for the double primed variables. It is assumed that t E
is small (scale separation). For details about this approximation see Piterbarg and Ostrovskii (1997, p. 228).
Notice the small-scale diffusion was neglected in the
expression for the effective diffusivity.
It is natural to introduce
w e,net 5 l e,net h.

(11)

Simple probabilistic reasonings given in appendix B
show that under wide conditions
w e,net . w e .

(12)

The value of the ratio w e,net / w e depends on the probabilistic distribution of h9, which is unfortunately unknown. However, we can find this ratio from the data.
Indeed, the left-hand side of (12) is estimated from our
inversion method, while the right-hand side can be directly computed from the series of h. It is interesting
that this ratio turns out to be really greater than 1 in
accordance with (12), thereby indirectly supporting the
model (4).
We underscore that the obtained relations (5)–(10) are
not intended for any accurate quantitative estimates.
Moreover, they cannot be used for this aim because of
the restrictive assumptions (Gaussianity, scale separa-
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tion) and the noncomputable correlations they include.
Instead we set up to estimate u net , D, l a,net , and w e,net
from the observations of ^T9&, ^T9h &, and climate fields
of h under the assumption that the right-hand side
(source) of (4) is a random field, while u net , D, l a,net ,
and w e,net are deterministic parameters changing slowly
in space while remaining constant during a season. Definitely, one can view (4) as a phenomenological model
for an anomalous heat balance in the upper ocean and
at once proceed to its inversion with respect to the unknown parameters. There is no doubt that even such a
straightforward approach would give a lot of information about the heat anomaly variability. However, we
prefer to derive, eventhough approximately, (4) from
(1) in order, first, to lay a physical ground for the statistical model and, second, to show that the net advection
and the net atmosphere–ocean feedback parameter are
distorted by subgrid processes. Yet, it is important to
note that the diffusivity and the entrainment keep the
original physical meaning. Notice, that the net source
includes the generation of SST anomalies due to the
forcing of the mean SST field by the fluctuating currents
and heat fluxes. This forcing can be primarily attributed
to the wind stress variations leading to anomalous Ekman currents and heat flux anomalies. The SST anomaly
generation by the second, fourth, and seventh terms in
the expression (10) for S9 varies with season. This seasonal effect can be basically addressed when we fit the
statistical model to the data for only one season, particularly the cool season.
b. Regression model for the upper ocean temperature
A regression model for discrete temperature observations based on the stochastic equation (4) is now derived. In fact, our model is a hybrid autoregression–
regression model since the resulting equations connect
the value of the SST anomaly at a fixed point r 0 of a
prescribed grid at moment n with 1) the SST anomalies
at moment n 2 1 at this and neighbor points (autoregression) and 2) with the temperature anomaly at the
bottom of the upper ocean mixed layer at the same point
r at moment n 2 1 (regression). Thus, the later temperature anomaly is included as a regressor. First, for
the sake of clarity, change notation in (4) by dropping
all subscripts and angle brackets; that is, set
T 5 ^T9&,

T h 5 ^T9h &.

Then assume an isotropic diffusivity and rewrite the
equation as follows:
]T
1 u · =T 2 D¹ 2 T 1 lT 5 l e Th 1 S(t, r),
]t

(13)

where

l 5 la 1 le.

(14)

Let Dt, Dx, Dy be prescribed time and space steps
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FIG. 1. The spatiotemporal links in the regression model. The SST anomaly at time nDt in grid box r 0
depends on the SST anomalies at two previous time steps in the surrounding boxes. It also depends locally
on the atmospheric forcing and the previous temperature anomalies below the mixed layer.

and r 0 5 (x 0 , y 0 ) be a fixed point of the grid {iDx, jDy,
i, j 5 0, 1, 2, · · · }. Denote
T n (r) 5 T(nDt, r),

T hn (r) 5 T h (nDt, r).

(15)

In appendix C we show that

OaT

O a [T
8

Tn (r0 ) 5

m

n21

(rm ) 2 bTn22 (rm )]

m50

h
h
1 a 9 [T n21
(r0 ) 2 bT n22
(r0 )] 1 bTn21 (r0 )

1 bn (r0 ).

(18)

8

Tn (r0 ) 5

m

n21

h
(rm ) 1 a 9 T n21
(r0 ) 1 «n (r0 ),

(16)

m50

where a m are coefficients. The neighboring grid points
are defined as follows: r1 5 (x 0 , y 0 1 Dy), r 2 5 (x 0 1
Dx, y 0 ), r 3 5 (x 0 , y 0 2 Dy), r 4 5 (x 0 2 Dx, y 0 ), r 5 5
(x 0 2 Dx, y 0 1 Dy), r 6 5 (x 0 1 Dx, y 0 1 Dy), r 7 5
(x 0 1 Dx, y 0 2 Dy), r 8 5 (x 0 2 Dx, y 0 2 Dy). The
noise is given by the first-order Markov process:
« n (r) 5 b« n21 (r) 1 b n (r),

(17)

where b is an autoregression coefficient, and b n (r) is a
white noise in time.
The regression coefficients a m are related to the unknowns u, y , w e , D, l, and b by formulas (C8) from
appendix C (u and y are the zonal and meridional components of the velocity).
Substituting (17) into (16) we obtain the following
form of the regression model for the random fields of
the sea surface temperature, the temperature at the bottom of the upper mixed layer, and the colored noise
forcing by the atmosphere over the discrete time–space
grid:

Thus, the model (18) sets up the spatiotemporal links
between the time series T n (r), T hn (r), and b n (r) as shown
in Fig. 1. The SST anomaly T n (r 0 ) at time step n in box
r 0 is related to the temperature anomalies of the previous
time steps n 2 1 and n 2 2 at the same box and eight
neighboring boxes: a link to the preceding SST anomaly
T n21 (r m ) is measured by the weight (coefficient) a m and
a link to the earlier anomaly T n22 (r m ) by the weight
a m b. The relations among the present SST anomaly,
T n (r 0 ), and two recent temperature anomalies at the bottom of the entrainment zone, T hn21 (r m ) and T hn22 (r m ), are
defined locally by the weights a g and a g b, respectively.
Noticeably, the local atmospheric forcing effect is split
into two parts: one part results in internal links with
duration of 2Dt in the temperature anomaly fields and
the other represents the contemporary contribution
b n (r 0 ). While the coefficients a m are basically responsible for short memory (10 days in this study), the products of the coefficients a m and b are responsible for
prolonged memory (20 days in this study). The coefficient b measures the difference between the color noise
and white noise approximations of the forcing term. The
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value b 5 0 indicates that the color noise approximation
yields no improvement over the white noise one.
The estimation of a 0 , a1 , . . . , a g , and b is based on
the least squares method. Namely, after multiplying (18)
by T n (r l ), l 5 0, 1, · · · , 8 and averaging through time,
we arrive at the following system of nine simultaneous
equations:

O a (g
9

g 10l 2

m

lm
0

2 bg 1lm ) 1 bg 00l 5 0,

(19)

m50

where

g sij 5 ^Tn (ri )Tn2s (rj )&

(20)

is the covariance between the time series T n (r i ) and
T n2s (r j ) with a time lag s 5 0, 1, 2 in 10-day intervals;
now T n (r 9 ) stands for T hn (r 0 ). Notice that the covariance
^T n2s (r i )b n (r j )& 5 0,

s$1

O O T (r )T (r )
1
2
O O T (r ) O O T
(M 2 1) N
1
(M 2 1)N

M

N

d136k

i

d2s136k

j

d52 k51

M

2

2

N

M

d136k

d52 k51

N

i

d136k

(23)

Such a constraint is common for treating uncertainties
in tracer inversions. For example, Kelly (1989) and Kelly and Strub (1992) applied it to get more realistic nearsurface ocean current velocity fields in the inversion of
satellite infrared images. Other constraints such as the
kinetic energy norm and the relative vorticity norm
could be introduced in the inversion, too (see Kelly
1989). Here, we do not use constraints other than (23)
because in the heat anomaly balance equation we have
the net advection velocity rather than the current velocity.
Thus, we do not solve the problem explicitly but obtain the vector Q 5 (w e , u, y , D, l a , b), which gives
a local minimum for the sum of squares

(21)

because {b n (r)} is white noise in time.
The regression model (18) can be fitted to seasonally
sampled data allowing us to retain the seasonal features
of the air–sea interactions. This is important because
the Hasselmann approach is most appropriate in winter
when the atmosphere drives the midlatitude SST variability (Cayan 1992). While the SST anomalies T n (r)
are departures from the 10-day norms varying with the
annual cycle, we can evaluate their covariances at
matched seasonal period; for example in winter as in
the present study, by the following formula

g sij 5

]h
](hu)
](hy )
1
1
5 0.
]t
]x
]y
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S(Q)5 F1 (Q) 2 1 · · · 1 F10 (Q) 2 ,

(24)

where F1 , . . . , F 9 are the functions on the left-hand
side of (19) and F10 is the function on the left-hand side
of (23).
The inversion employs the Levenberg–Marquardt–
Morrison method (Scientific Subroutine Library 1987).
The search for the solution starts from different initial
vectors Qinitial and the solution is chosen to be that vector
Qfinal , which provides the smallest value of S(Q). The
quantity S(Q) is minimized iteratively until a predetermined convergence criteria is satisfied. The convergence
criteria should be small enough to provide us with the
misfits less than several percent of the values of the
observed covariances g10l (e.g., Ostrovskii and Piterbarg
1997).

(rj ),

d52 k51

(22)
where M is the number of 10-day intervals in the
matched season and N is the total number of observational years. The value g sij represents the covariance of
the available overlapped portions of the time series.
To estimate the vertical entrainment velocity w e , the
horizontal advection velocities u and y , the diffusion
coefficient D, the feedback factor l a , and the atmospheric forcing parameter b we substitute expressions
(C8) for a m into (19) and solve the new nonlinear system
numerically. In our previous studies (Ostrovskii and Piterbarg 1995; Piterbarg and Ostrovskii 1997) we divided
the area into overlapped sets of grid boxes and searched
for the solutions of the inverse problems in the individual sets of the grid boxes. Here, instead, we solve a
single inversion problem for the entire observational
domain.
The resulting system (19) defined over the observational grid is overdetermined with respect to the unknowns w e , u, y , D, l a , b. One possibility to avoid
uncertainty in the solution is to constrain the problem
by the divergence norm

3. Data
We use the temperature data from the Comprehensive
Ocean–Atmosphere Data Set Compressed Marine Reports for the sea surface and the World Ocean Atlas
1994 Profile Data Set at standard depth levels. The
North Pacific row data are averaged over 18 latitude 3
28 longitude boxes from 108 to 608N for sequential 10day intervals during 1965–90. A grid size on the order
of 100 km basically exceeds the typical scale of ocean
synoptic process such as rings and eddies. Therefore,
with respect to parameterizing subgrid processes, our
estimates of the diffusion coefficients mainly represent
mesoscale diffusivity. The averaged data are compiled
only for the winter season, that is, from the last 10-day
period of November until the end of March, when the
SST anomaly field is forced by the air–sea heat flux
(Cayan 1992). To obtain the anomalies, the long-term
10-day norms were subtracted from the time series. The
upper-ocean mixed layer depths were derived by conventional criteria of the potential density gradient from
the 10-day vertical profiles, allowing us to retrieve the
time series of the temperature anomalies below the
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mixed layer. Then the long-term 10-day norms of the
average cycle of the mixed layer depths were computed.
We use only those time series that could provide at
least 30 samples for calculation of the covariances (20).
As a result, there is only enough data in two regions:
1) along the western boundary of the Pacific basin east
of the Honshu, Kyushu, and Okinawa Islands and 2)
between the California coast and the Hawaiian Islands.
The significance of the covariance estimates g ijs at each
i, j, and s was improved by a spatial smoothing with a
3 3 3 boxcar kernel. The sense of this smoothing is
similar to that of smoothing over an ensemble of estimates that is conventional for making the spectral estimates consistent (Bendat and Piersol 1971). The
smoothing of the covariance estimates results in growth
of spatial coherence in the SST anomaly propagation
that is in contrast to smoothing of the original data,
which could result in eliminating information on the
directional transport.
4. Estimates of the heat anomaly transport
A novelty of this study is primarily due to incorporating the entrainment effect into the heat anomaly transport model used for inversion of the upper ocean temperature data. As was shown in section 2, estimate for
the entrainment velocity w e is not an estimate of the
average, which might be inferred from the mean deepening of the mixed layer, but includes the contributions
associated with the daily scale processes, which we do
not measure very well. This inversion allows us to make
more complete assessment of the heat flux due to entrainment in terms of the rate of the mixed layer deepening.
Figure 2 demonstrates distribution of the net entrainment velocity in the two observational domains near the
ocean western boundary and in the region between the
California coast and the Hawaiian islands. The entrainment velocities are found to be of the order of 1025 m
s21 . This estimate is slightly higher than the average
deepening of the upper mixed layer. For example, at
Ocean Weather Station N (308N, 1408W) the mixed layer usually deepens from 75 m in November to 130 m
in March (e.g., Alexander and Deser 1995) while our
estimate of the net entrainment velocity is nearly 1 m
day21 for this location. This suggests that in terms of
the rate of the mixed layer deepening, the contribution
associated with events having the daily timescale could
be of the same order as that measured by the long-term
average increase in the mixed layer depth during winter.
It is noteworthy that the entrainment is enhanced in
the vicinity of strong currents. Such an intensification
occurs near North Equatorial Current and in the Kuroshio–Oyashio frontal zone. The entrainment is particularly significant east of Honshu and south of Kyushu
that is, along the Kuroshio where the estimates of w e
can reach a few meters per day. More intensive entrainment can be associated with the vertical shear velocity
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at the bottom of the mixed layer. The entrainment can
be partly maintained by transfer of kinetic energy from
the mean flow into turbulence as a result of friction at
the bottom of the mixed layer (Lofquist 1960; Csanady
1978).
Taking into account the entrainment effect allows us
to obtain more realistic departures of the Kuroshio and
Oyashio currents from the western boundary as compared with the previous study (Ostrovskii and Piterbarg
1995). Figure 3a shows the net advection velocities near
the western boundary of the North Pacific Ocean. The
Kuroshio transport is evident south of Kyushu where
its speed is about 0.15–0.4 m s21 . This transport separates from the coast at 338–348N and flows eastward.
The strong eastward flow and the correct latitude of
separation are major gains as compared with the previous inversions that neglected the entrainment effect.
However the grid resolution does not allow estimation
of the northward Kuroshio flow along the island of Okinawa.
The other features of the net advection field consistent
with observations of the ocean near-surface currents are
as follows. The first one is an indication of the Kuroshio
meandering southeast of Kyushu (see Imawaki et al.
1996). The second is a large quasi-stationary meander
at 1448E (Yasuda et al. 1992; Ichikawa and Imawaki
1994) and associated local recirculation. The third feature is an indication of the intensification of the eastward
flow near the Subarctic Front and relatively weak flow
between the Kuroshio Extension and the Subarctic Front
jet, which agrees well with recent findings from drifter
tracks (Maximenko et al. 1999). Finally, in the subtropical gyre, except at 158N, there is a broad westward
flow of up to 0.2 m s21 speed consistent with observations of the North Equatorial Current and the recirculation of the Kuroshio (e.g., Nitani 1972; Hasunuma
and Yoshida 1978, among others).
The overall advection velocity pattern in the northeast
Pacific (Fig. 3b) is in agreement with our previous results (Piterbarg and Ostrovskii 1997). Now, however,
the convergence of the advection field is definitely more
smooth. The advection is directed eastward from the
midlatitude ocean interior at 308–408N. This advection
with speed of 0.05–0.15 m s21 seems to be associated
with the broad North Pacific Current (Sverdrup et al.
1946). The eastward transport eventually vanishes near
the subtropical convergence zone.
East and south of the subtropical convergence zone,
the westward transport dominates. In the region where
the California Current departs from the coast and extends in a west-southwest direction (Batteen et al. 1995),
the westward advection velocity is as high as 0.2 m s21 .
Other processes such as offshore Ekman drift and Rossby waves (Killworth et al. 1997; Qiu et al. 1997) may
also result in the westward transport.
The existence of the heat anomaly convergence has
important implications. It explains why the rotated EOF
first mode for SST anomalies (Tourre and White 1995)
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FIG. 2. The distribution of the entrainment velocity w e (0.000 01 m s21 ) in (a) the northwest
Pacific and (b) the northeast Pacific.
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FIG. 3. The distribution of the net advection velocity u (m s21 ) in (a) the northwest Pacific (an arrow in the upper-left corner indicates
velocity of 0.1 m s21 ) and (b) the northeast Pacific (an arrow in the upper-right corner indicates velocity of 0.1 m s 21 ).

shows a distinct boundary between positive and negative loadings that is stretched from California to Hawaii.
As follows from Fig. 3b of this manuscript and Fig. 7
of Tourre and White (1995), the SST anomalies of opposite signs are often translated to a convergence where
they cancel each other out, thereby resulting in minimum SST anomaly variance.
It should be stressed that these velocity vector estimates do not imply that the anomalies always travel
with such an inferred speed in the estimated direction.
Rather, they indicate the most probable path and speed
while in a number of cases the anomalies may translate
in different directions as indicated by visual tracking of
their movements.
The smoothness of the advecting field is controlled
largely by the divergence norm in the interior of the
geographical domain. To obtain more smoothness inside
the domain, it is possible to attach weight (more than
1) to the divergence norm or to introduce other a priori
smoothness constraints to the net advection. The net
advection estimate should be treated with caution at the
boundary where smoothness constraints are less adequate.
The estimates of the heat diffusivity are less interesting, showing little variation of the diffusion coefficient over the observational domain: the values of D lie
in the range of 4–5 (31023 m 2 s21 ) (Fig. 4). Perhaps,
more would be learned from the inversion when both
latitudinal and zonal diffusivities are sought (e.g., Ostrovskii and Piterbarg 1997) instead of the isotropic horizontal diffusion coefficient as in this study.
The absolute values of the atmospheric forcing parameter estimates (not shown here) are less than 0.2,
indicating insignificantly weak relationship between the
atmospheric forcing events at time intervals of 10 days,

the result that seems to be reasonable for the regions
concerned in this study.
5. Conclusions
This study eliminates one shortcoming of the previous
inversion studies aimed at obtaining the ocean nearsurface heat transport from sequential fields of sea surface temperature. While earlier inversions were concerned only with the horizontal transport, the present
estimator also includes the vertical heat flux. Our model
is based on a mixed layer conservation equation featuring horizontal advection, Laplacian closure for diffusion processes, conventional parameterization of vertical heat flux due to entrainment during the mixed layer
deepening, and a stochastic atmospheric forcing. The
model can be viewed as 2D in horizontal and 12D in
vertical since it requires information on the temperature
at the bottom of the entrainment zone. The inversion is
treated as a statistical problem with a stochastic partial
differential equation for heat conservation in the upper
ocean mixed layer. This approach allows us to derive
the regression estimator that results in obtaining the unknowns—the vertical entrainment velocity, the horizontal velocity and diffusivity, the feedback factor, and the
atmospheric forcing parameter—from the time series of
the sea temperature profiles. In a wider sense, the regression estimator constitutes a solution of the familiar
inverse problem of deriving oceanic near-surface dynamics from time-dependent distributions of a tracer in
the case when forcing is stochastic. Perhaps, this approach can be applied to other boundary layers in fluids.
The assumption about the stochastic source is advantageous because it allows consideration of the conservation equation for fluctuations from the mean state,
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FIG. 4. The distribution of the heat diffusivity D (m 2 s21 ) in (a) the northwest Pacific and (b) the
northeast Pacific.

which can be easily obtained in most practical applications. Also, introduction of the stochastic term enables
more clear definition for the impact of observational
noise that otherwise is hard to treat in terms of the finite-

difference approximations. As was shown in Piterbarg
and Ostrovskii (1997), an increase (decrease) in the
source variance due to random observational errors results in enhancement (decline) of the diffusion coeffi-
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cients and the feedback factor inferred by the autoregression estimator. Therefore, the effects of the random
observational errors are also localized in the estimates
of the dissipation terms. In our earlier paper (Ostrovskii
and Piterbarg 1995), the entrainment was supposed to
be a part of the feedback. In such a formulation, both
the entrainment and the diffusivity work for the dissipation. The numerical experiments have suggested that
to preserve the dissipation, the diffusion coefficient
must be larger if the feedback is smaller (Piterbarg and
Ostrovskii 1997). Here, however, the entrainment is formulated explicitly and may lead to recurrence of the
SST anomalies due to the Namias–Born mechanism,
examined by Alexander and Deser (1995).
This study shows that the stochastic partial differential equation of the heat anomaly balance in the upper
ocean can be reduced to a regression estimator, which
has distinct physical meaning since its coefficients can
be linked to the physical parameters by a rather simple
formula. It is encouraging that the autoregression version of this filter has been successfully tested in numerical experiments with a tracer in a broad range of
conditions typical for the upper ocean variability (Ostrovskii and Piterbarg 1997). The regression estimator
is applicable to the rather general case when atmospheric
forcing is not a white noise but instead is a Markov
process in time.
The regression filtering of the North Pacific temperature anomaly data results in obtaining the horizontal
and vertical heat transport in two regions of the North
Pacific: near the Kuroshio and Oyashio and along the
subtropical convergence zone in the eastern part of the
ocean. The broad agreement of both vertical entrainment
velocity and horizontal advection velocity estimates
with the known features of the upper ocean dynamics
indicate that the proposed estimator captures the essential physics of the heat anomaly balance. By adding the
vertical heat flux into the inversion model we succeeded
to demonstrate more clearly a role that the Kuroshio
and the Subarctic Front jet play in the near-surface heat
anomaly transport. The divergence adjustment of the
upper mixed layer allows the estimator to assess an
indirect effect of the entrainment. It is important that
within the framework of our approach, it is possible to
define the physical meaning of the estimates derived
from the averaged data. For example, the vertical entrainment velocity estimate is not merely a mean rate
of the mixed layer deepening, but rather it is a net estimate that also includes the contribution due to short
period fluctuations of the mixed layer, which are difficult
to measure in situ. Overall, this study improves our
ability to extract information on the ocean near-surface
dynamics from sequential temperature fields.
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APPENDIX A
Averaging Equation for the SST Anomalies
The derivation (4) from (1) includes three successive
steps. The first two are just algebraic and do not require
any restrictions; the last one is based on the strong assumptions of Gaussianity and scale separation.
Let each property in (1) be decomposed into a seasonally varying mean (norm) and a departure from the
norm (anomaly), for example, T 5 T 1 T9. The first
step is a conventional Reynolds averaging applied to
the annual cycle and anomalies. It results in a nonclosed
equation for the mean temperature field
]T
1 u · =T 1 u9 · =T9
]t
5 k¹ 2 T 2 l e (T 2 T h ) 2 l9(T9
2 T9)
2 lT
e
h
2 l9T9 1 E.

(A1)

Subtract (A1) from (1) and keep all terms
]T9
1 u · =T9 5 k¹ 2 T9 2 l e (T9 2 T9)
2 l a T9
h
]t
1 S9,

(A2)

where the new source term
S9 5 2l9(T
2 T h ) 1 l9(T9
2 T9)
e
e
h 2 l9T 1 l9T9
1 E9 2 u9 · =T 1 u9 · =T9

(A3)

includes the generation of SST anomalies due to forcing
of the mean SST field. Perhaps, the most important feature of (A2) is that fields u, la , and le are original as
in (1). This becomes possible because we do not omit
the nonlinear terms during the derivation.
Finally, in the third step, we represent the temperature
anomaly and other anomalies as
T9 5 ^T9& 1 T0,

(A4)

where T0 is the departure from the time–space mean,
and make the following key assumptions:
R the averaging ^ · & is equivalent to the ensemble averaging;
R u0, l0, S0 are Gaussian;
R the Eulerian timescale of the subgrid (double primed)
processes is much less than other timescales.
Then we apply the averaging procedure given in (Piterbarg and Ostrovskii 1997, chapter 3) to (A2) and
arrive at (4).
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APPENDIX B
Relation between Net and Entrainment Velocities
Inequality (12) is equivalent to
we /h . w e /h.

(B1)

APPENDIX C
Derivation of the Regressor Estimator

(B2)

The latter readily follows from Jensen’s inequality [see,
e.g., Liptser and Shiryayev 1977, p. 18, formula (1.12)].
The ratio in (B2) can be easily found under specific
assumptions about the probabilistic distribution of h. For
example, assume that h is uniformly distributed in the
interval (hmin , hmax ). Set a 5 hmax /hmin . 1. Then

E
EE

T(t, r) 5 exp(2l (t 2 t 0 ))

(B3)

One can use this formula for an approximate computation of the ratio of the left- and right-hand sides in
(12).

Assume that fluctuation h9(t) is a stationary Gaussian
process in t. Then h9 and w9 5 ]h9/]t taken at the
same point are independent; hence, (B1) is equivalent
to
1/h . 1/h.

VOLUME 30

Assume in (13) that S(t, r) is a stationary in t random
field and u, D, l a , and l e are constant in time and vary
slowly in space in such a way that we can use the Green
function for the heat equation with constant coefficients
to write down the following approximate solution formula for (13) given an initial condition T 0 (r)

Fu,D (t 2 t 0 , r 2 r9)T0 (r9) dr9

t

1 exp(2lt)

exp(ls)Fu,D (t 2 s, r 2 r9)(l e Th (s, r9) 1 S(s, r9)) dr9 ds,

(C1)

t0

where the space integration is taken over the whole
plane. Here
Fu,D (t, r) 5

1

2

1
(r 2 tu) 2
exp 2
4pDt
4Dt

(C2)

where d(r) is the Dirac delta function.
By substituting t 0 5 (n 2 1)Dt, t 5 nDt, and T 0 (r)
5 T n21 (r) into (C1) and assuming T h constant through
the interval Dt, we get the following recursive equation
for any n 5 1, 2, · · ·

is the Gaussian kernel. The representation (C1) follows
from the fact that the Gaussian kernel satisfies the equation

Tn (r) 5 n

Fu,D (Dt, r 2 r9)Tn21 (r9) dr9

E

1

]Fu,D
1 u · =Fu,D 5 D¹ 2 Fu,D
]t

E

(C3)

we (1 2 n) h
T (r) 1 «n (r),
we 1 hl a n21

(C5)

where

n 5 exp(2lDt)

(C6)

exp(ls)Fu,D (nDt 2 s, r 2 r9)S(s, r9) dr9 ds

(C7)

with the initial condition
Fu,D (t 0 , r) 5 d(r),

(C4)

E E

and

nDt

«n (r) 5 exp(2lnDt)

(n21)Dt

E

is a stationary sequence of random fields.
The standard assumption that S(t, r) is a white noise
process in t is not valid for the 10-day timescale considered in this study. Instead we assume that the forcing

field « n (r) appearing in (C5) depends on the previous
values « n21 (r), «n22 (r), . . .. We parameterize this memory
in simplest way by assuming the sequence {«n (r)} to be
a first-order Markov process given by (17). By applying
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the procedure of space discretization and interpolation
given in (Piterbarg and Ostrovskii 1997, chapter 8) to

a0 5 n
a1 5 n
a2 5 n
a3 5 n
a4 5 n

[
[
[
[
[
[
[
[
[

(C5), we arrive at the regression model (16) with the
coefficients related to the unknown parameters by

]

1

2

5
1 u 2 Dt
y 2 Dt
2DDt
2DDt
2
1
1
1
,
2
9
3 Dx
Dy 2
Dx 2
Dy 2

]
]
]
]

2
y Dt
1
1
2
2
(u 2 Dt 2 1 2DDt) 1
(y 2 Dt 2 1 2DDt) ,
2
9
6Dy
3Dx
6Dy 2

2
uDt
1
1
2
2
(y 2 Dt 2 1 2DDt) 1
(u 2 Dt 2 1 2DDt) ,
9
6Dx
3Dy 2
6Dx 2
2
y Dt
1
1
1
2
(u 2 Dt 2 1 2DDt) 1
(y 2 Dt 2 1 2DDt) ,
9
6Dy
3Dx 2
6Dy 2

2
uDt
1
1
1
2
(y 2 Dt 2 1 2DDt) 1
(u 2 Dt 2 1 2DDt) ,
2
9
6Dx
3Dy
6Dx 2

1
1
uDt
y Dt
1 u Dt
5n2 2
2
1 1
9
6Dx
6Dy
6 Dx
1
uDt
y Dt
1 u Dt
5n2 2
2
1 1
9
6Dx
6Dy
6 Dx
1
uDt
y Dt
1 u Dt
5n2 1
1
1 1
9
6Dx
6Dy
6 Dx

]
]
]
]

2
2DDt
2DDt
uy Dt
1
1
1
,
2
Dx
Dy
4DxDy
2DDt
2DDt
uy Dt
1
1
2
,
Dx
Dy 2
4DxDy
2DDt
2DDt
uy Dt
1
1
1
,
Dx
Dy 2
4DxDy

1
uDt
y Dt
1 u 2 Dt 2
y 2 Dt 2
2DDt
2DDt
uy Dt 2
a5 5 n 2 1
2
1
1
1
1
2
,
2
2
2
2
9
6Dx
6Dy
6 Dx
Dy
Dx
Dy
4DxDy

a6
a7
a8

a9 5

2

2

2

2

2

2

2

2

we (1 2 n)
.
we 1 hl a
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