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ABSTRACT
The linear waves of the shallow water equations in a zonal channel in midlatitudes on the rotating spherical
earth are investigated analytically and numerically by solving several relevant eigenvalue problems. For
baroclinic deformation radii in the ocean, the phase speed of long Rossby waves in a sufficiently wide channel
on the sphere can be 5 times that of their harmonic b-plane counterparts. The difference between the two
phase speeds increases with the channel width and decreases with 1) the latitude of the equatorward wall, 2)
the radius of deformation, and 3) the mode number. For Poincaré (inertia–gravity) waves, the phase speed on
the sphere is slightly lower than that of harmonic waves on the b plane. The meridionally dependent amplitude of the meridional velocity is identical for both waves and is trapped near the equatorward wall—that
is, its amplitude is maximal within a few deformation radii from this wall. The phase speeds of the Kelvin and
anti-Kelvin waves on a sphere are determined by the latitudes of the equatorward and poleward walls, respectively, where they attain their maximal height amplitude. Accordingly, the phase speed of the anti-Kelvin
wave is larger than that of the westward-propagating Poincaré waves in a certain wavenumber range, whereas
the phase speed of eastward-propagating Poincaré waves does not approach that of the Kelvin wave even at
large wavenumbers. Analytical expressions for the phase speed of trapped Poincaré and Rossby waves are
obtained for small deformation radii in wide channels by approximating the meridional velocity’s eigenfunction by an Airy function that decays with distance from the equatorward wall. The exact latitude of the
poleward wall does not affect the solution, provided it is several deformation radii away from the equatorward
boundary and the exact channel width increases with the radius of deformation. For a sufficiently small radius
of deformation, such as that observed in the ocean, the solution is trapped, even for very narrow channels, and
the phase speed is only slightly larger than that of harmonic waves.

1. Introduction
The theory of linear waves in a rotating thin layer of
fluid is developed traditionally on a plane in which the
Coriolis parameter is either held constant ( f plane) or
assumed to vary linearly with the poleward coordinate
(b plane). While the dispersion relation for Poincaré
(inertia–gravity) and Kelvin waves is traditionally developed on the f plane, the dispersion relation for
Rossby (planetary) waves requires a nonvanishing
b term, so the dispersion relation for these waves is
developed on the b plane. Additional assumptions (e.g.,
quasi-geostrophy or near nondivergence) are traditionally imposed in the derivation of Rossby waves (Rossby
1939; Gill 1982; Pedlosky 1982).
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An application of this approach to a zonal channel
entails only the quantization of the meridional wavenumber to ensure that the meridional velocity vanishes at
the channel walls for Poincaré and Rossby waves. On the
b plane, the assumption of near-nondivergence is synonymous with the smallness of the b term for slow time
variations, which enables one to treat the Coriolis frequency as a constant everywhere in the governing equations (e.g., the conservation of absolute vorticity), whereas
its derivative (i.e., b) is considered a nonzero constant.
Recently, Paldor et al. (2007, hereafter PRM) have
demonstrated that in a trapped wave theory of the linearized shallow water equations (SWEs), where the linear
variation of f with y is not compromised, planetary waves
have a faster westward phase speed (while inertia–gravity
waves propagate more slowly) than in the classical theory, when the latter is applied at the channel center.
The work to follow aims at extending the results of
PRM’s theory from the b plane to a rotating sphere,
where the metric terms that originate from the spherical
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geometry are also taken into account. Because of the
latitude dependence of the metric terms associated with
the spherical geometry, and based on the difference between the dispersion relations in PRM’s theory and those
of the harmonic theory, one can expect the dispersion
relation on a sphere to differ from those of the classical
theory even more than in the b-plane model of PRM. In
this study, we confirm this expectation numerically and
develop an explicit expression for the dispersion relation
of the various waves that is based on formulating the
eigenvalue problem as a Schrödinger equation.
As in any wave dynamics problem, the dispersion relation of the various waves can only be determined when
boundary conditions are imposed on the general solutions of the (ordinary) differential equations. The imposed
boundary conditions are either regularity (or vanishing) of
the meridional velocity component at infinity, or its vanishing at two walls that are assumed to exist at some given
latitudes. While the infinite domain is hard to justify on the
b plane [where only first terms of f(y) are retained], the
assumption that two walls exist in the ocean is also problematic, since the walls do not exist. In planar theories,
which require the specification of both the ‘‘central’’ latitude, f0, and the existence of two walls, two parameters
are needed to close the problem. In contrast, the present
spherical theory only requires the specification of an
equatorward wall at which the meridional velocity component of the midlatitudes theory vanishes.
This paper provides both numerical solutions and analytical estimates of the phase speeds and associated
eigenfunctions of linear waves in midlatitudes on a sphere
that vanish at some equatorward latitude.The more general problem of waves that extend from one pole to the
other (i.e., occupy the entire sphere) was studied numerically by expanding the variables in spherical harmonic
basis functions and solving the algebraic equations for
the coefficients of the wave like perturbations (LonguetHiggins 1968; Moura 1976). The procedure used in these
studies yields results for a zonal wavenumber less than 6,
whereas no such limit exists in the present study where we
investigate both short and long waves in a zonal channel
contained wholly in one hemisphere, as is the case in the
b-plane theories.
This work begins in section 2 with the formulation of
the various eigenvalue equations that yield the phase
speed (and eigenfunctions) of linear waves in a zonal
channel on the sphere. All equations are formulated
using the nondimensional scheme, so the results obtained from one equation can be compared to that obtained from another problem straightforwardly. The
numerical methods used for solving the various eigenvalue equations are described in section 3, and in section 4
we present the numerically calculated eigensolutions of

these equations in a midlatitude channel. Approximate
analytical solutions of the eigenvalue problem are derived in section 5, and the paper concludes in section 6
with a discussion of its findings.

2. Formulation of the eigenvalue problems of linear
waves on a sphere
The vectorial form of the linearized SWE in the
presence of rotation (frequency V) is
›V
1 f k 3 V 5 g9$h
›t
›h
5 H9 $  V,
›t

(2.1)

where V is the horizontal velocity vector, f is the latitude-dependent Coriolis frequency (52V sinf, where f
is the latitude), H9 is the mean thickness of the layer of
fluid (air in the atmosphere and water in the ocean), h is
the deviation of total height h from H9 (so h 5 H9 1 h),
g9 is the gravitational constant (or reduced gravity in
cases of two-layer fluid), and k is a unit vector in the
vertical (radial) direction perpendicular to V.
In spherical coordinates, where l is longitude and (u,
y) are the velocity components in the (l, f) directions,
respectively, and a is earth’s radius, the scalar form of
these equations is
›u
g9 ›h
 2Vy sinf 5 
›t
a cosf ›l
›y
g9 ›h
1 2Vu sinf 5 
›t
a ›f


›h
H9
›u
›(y cosf)
1
1
5 0.
›t
a cosf ›l
›f

(2.2)

Scaling (as in PRM) these equations using a for the
(horizontal) length scale, (2V)21 for the time scale (so
2Va is the velocity scale), and H9 for the height scale
yields the nondimensional form of these equations
(note: in order to avoid the addition of superfluous
variables, the nondimensional variables are designated
with same symbols as their dimensional counterparts),
›u
a ›h
 y sinf 5 
›t
cosf ›l
›y
›h
1 u sinf 5 a
(2.3)
›t
›f


›h
1
›u
›(y cosf)
1
1
5 0,
›t
cosf ›l
›f
where a 5 g9H9/(2Va)2 is the only nondimensional parameter of the differential system that incorporates the
four dimensional parameters: g9, V, a, and H9.
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We now let the solution of Eq. (2.3) vary in (l, t) as
a propagating wave with latitude-dependent amplitude:
[u(f), y(f), h(f)]eik(l2Ct) , where k is the zonal wavenumber, C is the zonal phase speed, so v 5 Ck is the
frequency. Notice that in spherical coordinates the spatial
variables l and f, are dimensionless angles so the zonal
wavenumber, k (5 2p/Dl, where Dl is the wavelength in
longitude angle) is dimensionless even in the dimensional
set and the unit of the (dimensional) phase speed C is
frequency (not speed).
For such propagating wave solutions where ›/›l 5 ik;
›/›t 5 2ikC, and in terms of V 5 iy/k, system (2.3) can
be written in matrix form as

2

0

sinf
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a 32 3
2 3
u
u
cosf 7
6
7
6
7
7
6 7
a › 7
76
6
7
6
7
V
5
C
V
7
7
6 7,
k2 ›f 76
4 5
54 5
0
h
h

6
6 sinf
6
0
(2.4)
6 2
6 k
4 1
›
tanf 
cosf
›f
in which the phase speed C is the eigenvalue of the
differential operator on the left-hand side.
Expressing u(f) as a linear (algebraic) combination of
V(f) and h(f), which results from the absence of f
derivatives in the first line of system (2.4), substituting
the resulting expression in the other equations and rearranging we get the second-order set:

3
sinf ! (a  C2 cos2 f) 

› V cosf
1 6
7 V cosf
2
2
v

sin
f
.
5
4
5
h
h
sinf
›f
C cosf
a




2

As a second-order differential system (made up of two
first-order equations) Eq. (2.5), as well as Eq. (2.4),
has two linearly independent solutions for any value
of its parameters: C, k, and a. Requiring the general
V(f) (or V cosf) solution to vanish at the two walls of
an assumed zonal channel, an equatorward (southern
in the Northern Hemisphere) wall, fS, and a poleward
one, fN, determines the values of C(k) (for given k)
for given values of a, fS, fN. Alternatively, as is the
case on the b plane, one can express fS, fN by specifying the central latitude of the channel 2f0 and the
(latitudinal) distance between this latitude and the
latitude of either of the two walls 2df.
The spherical system (2.5) is the counterpart of the
planar system developed in PRM on the midlatitude b
plane and can be obtained from PRM’s Eq. (2.5) by
transforming: Cb / Csphere cosf and kb / ksphere/cosf
(both of which reflect the relationship dx 5 adlcosf);
V( y) / V(f) cosf and sinf0 1 ycosf0 / sinf (Coriolis
frequency in the respective model).
Differentiating the first equation of system (2.5) with
respect to f and eliminating h and its f derivative from
the two equations yields a single, second-order equation
for V(f) cosf. The resulting equation, which is rather
complex, can be further simplified by defining
s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
a
 C cosf ,
V(f) cosf 5 c(f)
C cosf
which yields (after some tedious algebraic manipulations) the following second-order equation for c(f), that
has no first derivative term [as in PRM’s Eq. (2.7)]:

a

d2 c
1 [E  U 1 (f)  aU 2 (f)]c 5 0,
df2

(2.5)

(2.6)

with boundary conditions of c(fS ) 5 0 5 c(fN ),
a
a
where: E 5 k2 C2  5 v2 
C
C
ak2
,
cos2 f

2
3
a 1 C2 cos2 f
U 2 (f) 5 tan2 f
4
a  C2 cos2 f




1 a 1 C2 cos2 f
a 1 2C cos2 f
2
 tan f
.

2 a  C2 cos2 f
a  C2 cos2 f
U 1 (f) 5 sin2 f 1

The E term (which incorporates all the constant coefficients with respect to f) in Eq. (2.6) is the energy
level (5 eigenvalue) and the f-dependent term, U1(f)
1 aU2(f), (including the ak2 term) is the potential of
the Schrödinger Eq. (2.6).
The terms E and U1(f) in Eq. (2.6) have counterparts
in the b-plane theory, with the above noted rules of
transforming the wavenumber, k, and phase speed, C,
between Cartesian and spherical coordinates. The term
aU2(f) is unique to the spherical geometry and is singular
at the point(s) where the transformation from V to c
yields a singular c(f), even for regular V(f). This term is
absent from the b-plane equations since C cos(f) (5 Cb)
is constant there.
While Eq. (2.6) is in Schrödinger-like form, C cannot
be determined from its eigenvalue (E), analytically or
numerically, since it appears in both the energy, E, and
in the potential, U1(f) 1 aU2(f). However, C can be
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determined from Eq. (2.6) if aU2(f) is neglected compared to U1(f), as follows: For a  1, solutions of
Eq. (2.6) have a typical boundary layer structure whose
width is proportional to a1/2 (see Bender and Orszag
1978). Accordingly, there exists only a thin layer (e.g.,
near one of the boundaries) where the solutions are not
approximated by 0 (the boundary value), so the second
derivative can be neglected in most of the domain outside this boundary layer. Also, for such small a values
the potential can be accurately approximated by U1(f)
[i.e., aU2(f) can be neglected]. Actually if k  1, the
neglect of aU2(f) compared to U1(f) is valid even when
a is not much smaller than 1, since in such cases U1(f)
dominates via its second term, ak2/cos2f. It should be
noted, however, that neglecting aU2(f) is justified only
when a 2 C2 cos2f does not vanish anywhere in the
channel (i.e., either a . C2 cos2fS or a , C2 cos2fN). For
values of a and k, such that aU2(f) can be neglected and
under the above restriction for a 2 C2 cos2f, Eq. (2.6)
can be simplified to a Schrödinger equation for which C
only appears in the energy:
a

d2 c
1 [E  U 1 (f)]c 5 0.
df2

(2.7)

As a Schrödinger equation, (2.7) has infinitely many energy levels En, all of which are positive [since the potential, U1(f) 5 sin2f 1 ak2/cos2f, is positive].
These eigenvalues En(a, k, fS, fN) yield the phase
speeds, Cn, of both Poincaré and Rossby waves by the
roots of cubic equation k2C3n 2 EnCn 2 a 5 0 (approximated by v2 5 k2C2n 5 En for Poincaré waves and Cn 5
2a/En for Rossby waves).
It should be noted that Kelvin waves are the special
case of Eq. (2.6), where the spherical terms are singular
(i.e., a 2 C2 cos2f 5 0 somewhere in the channel) so these
terms dominate the coefficient of the c term near such
points. Thus, unlike the b plane where C2 5 a and V [ 0,
everywhere (see PRM) on a sphere Kelvin waves are not
characterized by V [ 0 everywhere inside the channel.
We now have four eigenvalue problems that can be
solved to yield the dispersion relations and eigenfunctions
of waves in a channel on a sphere, Eqs. (2.4)–(2.7), where
the latter is an approximation to Eq. (2.6) for small a or
large k and provided a 6¼ C2 cos2f. Solutions of the first
three equations include Kelvin waves, which are filtered
out from solutions of Eq. (2.7) because they correspond
to singular points of the coefficients of Eq. (2.6).

3. Methods of solution
Two independent numerical schemes were employed
for solving the various eigenvalue problems outlined in

section 2 and the close agreement between the various
solutions bolsters our confidence in the numerical results. The numerical methods used are as follows:
1) A shooting integration method [similar to that used
in PRM and in Paldor and Dvorkin (2006) in the case
of shear flow instabilities] for solving the (V cosf, h)
differential set (2.5) and Eq. (2.6). This numerical
procedure worked well up to a cutoff k value that
increased with a (for a 5 1025 it worked well for k #
150 only and for a 5 1026 for k , 1 only).
2) A Chebyshev spectral collocation method on a grid
as explained in Trefethen (2000) and Poulin and
Flierl (2003) for solving the (u, V, h) matrix-like
system (2.4) and the approximate second-order c
equation (2.7). This method, which solves the problem numerically without any restriction on the value
of a, is based on writing the differential operator of
the eigenvalue equation, (2.4) or (2.7), in matrix form
and solving the resulting algebraic eigenvalue problem: AX 5 EX (where the matrix A contains both the
differential operator and the f-dependent ‘‘potential’’) for the eigenvector X [5 the [u(f), V(f), h(f)]
vector in Eq. (2.4) and the c vector in Eq. (2.7)] and
eigenvalue E that denotes C in Eq. (2.4) and v2 2
a/C in Eq. (2.7). The transformation of the differential operator into a matrix is done at the N collocation points xj 5 cos( jp/N) ( j 5 0, . . . , N), which are
the extrema of TN(x), the Nth Chebyshev polynomial
on the [21, 1] interval, which requires that the independent variable, f, is transformed to z 5 [2f 
(fS 1 fN )]/(fN  fS ), which varies between 21 and
1. The boundary conditions are V 5 0 (or c 5 0) at fS,
fN, which are transformed to z 5 21 and z 5 1. We
used N 5 120 and confirmed the accuracy of our calculations by comparing the eigensolutions with those
obtained with N 5 200.

4. Numerical solutions
The numerical results presented in this section focus on
the dispersion relations and the eigenfunctions’ meridional structure of the three types of waves known previously
from planar theories: 1) low-frequency Rossby (planetary)
waves; 2) high-frequency Poincaré(Inertia-gravity) waves;
and 3) the nondispersive Kelvin waves (where on the
b-plane the meridional velocity vanishes identically).
The numerical results reported here, were mostly obtained by solving system (2.4) with the Chebyshev collocation method. In some cases, we compared the results
with those obtained from the alternate systems and/or
by the shooting method described above. The agreement between the various calculations was excellent and
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FIG. 1. The dispersion relations for Rossby waves (zeroth mode)
in a ‘‘North Pacific’’ channel with fS 5 0.2; fN 5 0.9 for various
values of a.

the differences could not be detected within the shown
thickness of the relevant curves. Often, the characteristics of the waves in the present spherical theory differ
from those of their b-plane counterparts, and the presentation to follow mainly highlights these differences.

a. Dispersion relations
In Fig. 1 the dispersion relation for the first (i.e., n 5 0)
Rossby wave is shown for a ‘‘North Pacific’’ channel,
spanning the latitudinal range of 11.58–51.58 (0.2–0.9
rad), and for values of a relevant to baroclinic ocean
(1025–1026) and baroclinic atmosphere (1023).
The calculated dispersion relation on a sphere has the
same general form as in the planar theory—it is nondispersive (linear variation with k) for long waves (k 
a21/2) and it slowly (hyperbolic; i.e., v ’ k21) approaches
zero for short waves (k  a21/2). The turning wavenumber between these regimes (the wavenumber of the
minima of these curves) is k/a21/2 ’ 3–5, so it decreases
when a is increased (but this turning wavenumber varies
also with the latitudes of the channel walls) and this decrease in the turning wavenumber is accompanied by an
increase in the phase speed (curves become steeper) in
the longwave (k / 0) limit.
The dependence of the dispersion curves on fN (the
poleward wall’s latitude) is shown in the upper panel of
Fig. 2 for a 5 1023 and fS 5 0.3. It is clear from these
results that for these values of a and fS the exact location
of the poleward wall does not affect the dispersion curves
when fN 2 fS $ 0.4 (for this particular case, where the
radius of deformation, a1/2/sinfS, equals 0.11), but for
smaller fN 2 fS, when the poleward wall affects the results, C increases with it. When a is decreased to values
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FIG. 2. (top) The dependence of the dispersion relations of
Rossby waves (zeroth mode) on fN for a 5 1023 and fS 5 0.3.
Clearly, for sufficiently wide channels (i.e., fN 2 fS . 0.4) the
dispersion curve becomes independent of fN. (bottom) The dependence of the dispersion relations of Rossby waves on fS for a 5
5 3 1026 and fN 2 fS 5 0.7. The dispersion relation varies with fS
even when the poleward wall is near the pole.

smaller than 1023, so does the critical value of fN 2 fS
above which the solution becomes independent of fN.
In contrast to this independence of the dispersion relations on the value of fN above some critical value, the
value of fS (the latitude of the equatorward boundary)
always affects the dispersion relation even when the
channel width (fN 2 fS) remains unchanged. The dispersion curves shown in the lower panel of Fig. 2 (a 5
5 3 1026, fN 2 fS 5 0.7 and for several values of fS)
vary with fS even at fS 5 0.6, when the poleward wall is
located only 0.27 rad (;158) away from the pole. As fS is
decreased, the phase speed increases so C is maximal for
fS 5 0. The results presented in Fig. 2 are consistent
with the qualitative arguments regarding the transformation of Eq. (2.6) to Eq. (2.7), but those arguments
do not explain why the boundary layer is located close to
the equatorward wall and not close to the poleward wall.
For Poincaré and Kelvin waves, our numerical solutions yield the dispersion curves shown in the upper two
panels of Fig. 3. The main features of these curves are
well known from the planar theory, but the following
characteristics should be noted: 1) The phase speed of
the anti-Kelvin wave is larger (in absolute value) than
the phase speed of the Kelvin wave, which can be easily
verified by comparing the frequencies at k 5 1000. This
can be attributed to the fact that the maximal amplitude
of the Kelvin wave occurs at the equatorward wall,
whereas that of the anti-Kelvin wave occurs at the
poleward wall, with their amplitudes decaying faster
than exponential with distance from the respective wall.
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FIG. 3. The dispersion relation of the various waves in a zonal channel on a sphere for a 5 1026, fS 5 0.2, and fN 5
0.9. (a) The dispersion relation of inertia–gravity (Poincaré), Kelvin, and Rossby waves (the latter can hardly be
distinguished from the abscissa). (b) The three first modes of Poincaré waves. Notice that the phase speed of the antiKelvin mode becomes larger than that of the negative Poincaré modes at k ’ 200 for all modes whereas the phase
speed of the Kelvin wave remains smaller than that of the positive Poincaré modes even at k 5 1000. The phase speed
of the anti-Kelvin wave is about 60% larger than that of the Kelvin wave (the frequencies at k 5 1000 are 21.6 and
1.0, respectively), which is explained by (see text): cosfS/cosfN 5 0.980/0.622 5 1.6. (c) A zoom in on the long wave
limit where the frequency of the negative Poincaré wave decreases with k. (d) A zoom in on the first three Rossby
wave modes.

On a sphere, the relation C 5 6a1/2/cosf mandates that
the phase speed of the anti-Kelvin wave at the poleward
wall be larger than that of the Kelvin wave at the
equatorward wall by a factor of cosfS/cosfN (’1.6 for
the parameters of this figure). 2) The frequency of the
anti-Kelvin wave, v 5 2ka1/2/cosfN, exceeds that of the
negative Poincaré modes at a sufficiently large wavenumber (k . 200 for the parameters used in this figure)
while the Kelvin wave’s frequency, v 5 1ka1/2/cosfS,
remains smaller than that of the positive Poincaré
modes even at k 5 1000. Higher (negative Poincaré)
modes intersect the anti-Kelvin waves speed at higher k
values. 3) Figure 3c shows that for sufficiently small k,
the frequency of the negative Poincaré wave decreases
with k on a sphere in midlatitudes much the same way it
does in planar equatorial wave theory. It is clear from
these results that on a sphere the two Poincaré waves
are not exactly symmetric, as they are in the harmonic

b-plane theory in midlatitudes. Figure 3d shows the first
three Rossby wave modes.
A comparison between the dependence of the phase
speed of the Poincaré and Rossby waves on the model
parameters shows that for fixed channel walls, fS and
fN, the phase speeds of both waves increase with a. In
contrast, for fixed values of a and fN 2 fS the Poincaré
waves’ phase speed increases with fS, whereas the phase
speed of Rossby waves decreases with fS. In the parameter range where fN affects the results, an increase
of its value decreases the phase speed of Poincaré waves
and increases the phase speed of Rossby waves.
In closing the subsection on the dispersion relation,
and before turning to the numerical solutions of the
eigenfunctions, it is important to examine the accuracy
of solutions of the approximate Eq. (2.7) compared to
solutions of the exact set (2.4) (both of which are calculated with the Chebyshev collocation method). In Fig. 4,
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FIG. 4. A comparison between exact and approximate solutions
of Rossby waves showing their dispersion relation for Eqs. (2.4)
and (2.7). The agreement is similar for Poincaré waves, other
values of fN, fS, and smaller a values. At a 5 0.1 some differences
between the two solutions could be noticed.

we show the two dispersion curves of the first Rossby
mode calculated for a 5 1024 in the exact set and the
approximate equation. Similar results were also obtained for other values of fN and fS and for Poincaré
waves. In an attempt to bolster the validity of the approximation leading to Eq. (2.7), we calculated numerically the phase speed of the two Poincaré waves and the
Rossby wave from system (2.4) for five values of a
ranging from 1023 to 1026 and for k values that range
from 1 to several hundred (the exact number decreased
with the increase in a; for a 5 1024 the phase speed of
Poincaré waves could be calculated for k , 150 only
while at larger k, the eigenfunctions were not smooth
enough). For each of the several thousand values of
C(k, a) calculated from Eq. (2.4), we have generated the
combination k2C2 2 a/C. At the same time, the eigenvalue E(k, a) in Eq. (2.7) was calculated for the same
values of a and k. As is clearly evident from the results
shown in Fig. 5, the several thousand values of k2C2 2
a/C calculated for the three waves of Eq. (2.4) align very
tightly along the k2C2 2 a/C 5 E(k, a) curve.

b. The eigenfunctions’ meridional structure
In the preceding subsection we have shown that all
eigenvalue problems and all methods of solution yield
the same dispersion curves for values of parameters
where they are expected to do so. In this subsection, we
show that for some values of the model parameters, the
V(f) [and h(f)] eigenfunction is nonharmonic, with
amplitudes reaching their maxima near the equatorward
boundary. This finding (which is similar to the findings of
PRM on the b plane) was used in Paldor and Sigalov
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FIG. 5. A comparison between several thousand values of k2C2 2
a/C calculated from Eq. (2.4) for the three waves (two Poincaré
and one Rossby) and the corresponding values of E(k, a) calculated from Eq. (2.7). Despite the heuristic argument for the validity
of Eq. (2.7), the resulting approximate eigenvalues are in perfect
agreement with the exact ones. The channel parameters are fS 5
0.3 and fN 5 1.

(2008) to derive analytical estimates for the eigensolutions that we apply to the sphere in the next section.
The results shown in Fig. 6 for the zeroth mode (no
inner zero crossings) clearly demonstrate that the V(f)
eigenfunctions calculated for the (two) Poincaré and
(one) Rossby waves are nonharmonic and that their
maximal amplitude is shifted (significantly) from the
channel center to near the equatorward boundary. The
three V(f) vectors (each vector scaled such that
max[V(f)] 5 1) are plots of the middle segments of the
eigenvectors that correspond to the different C eigenvalues (see section 3). Similarly, the eigenfunctions of
higher Poincaré and Rossby modes for the same parameter values as in Fig. 6 are also nonharmonic, and
for n 5 10 the amplitude vanishes throughout the
poleward half of the channel (results not shown).
The perfect match between the three V(f) eigenfunctions bolsters the validity of the approximate
differential eigenvalue Eq. (2.7), where all three waves
are associated with the same eigenfunctions/eigenvalue
but with a different C(E) root. Since both u(f) and h(f)
of Rossby and Poincaré waves are determined by different combinations of the associated eigenvalue C and
V(f) eigenfunction (including V9), we only show the
V(f) eigenfunction.
Despite the above noted similarity in the structure
of the eigenfunctions on the sphere and in the nonharmonic b-plane theory (i.e., PRM), the approximate
eigenvalue equation on a sphere, Eq. (2.7), differs from
its b-plane counterpart in its dependence on k. Whereas
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FIG. 6. The V(f) eigenfunction for the two Poincaré waves and
the Rossby wave with the values of C obtained from the solution of
Eq. (2.4). The three eigenfunctions are identical when the normalization max[V(f)] 5 1 is applied.

FIG. 7. The transition from harmonic to trapped structure of the
V(f) eigenfunction for the same value of a 5 0.1 when k is increased from 50 to 500.

on the b-plane k appears only in the C(E) relationship
(which includes a k2 term) and does not affect the potential at all [see Eqs. (2.9) and (2.10) in PRM], on the
sphere, k determines the potential via the ak2/cos2f
term and affects the C(E) relationship only via the trivial
relation v 5 Ck .This difference in the role played by k
in the eigenvalue equation affects the structure of the
eigenfunctions. Whereas on the b plane, the transition
from harmonic to trapped structure takes place for small
a only, regardless of the value of k [so for a 5 0.1 V(f) is
harmonic for all k], on a sphere the transition from harmonic to trapped structure depends also on k. In Fig. 7,
we show that the transition from harmonic to trapped
waves on a sphere occurs at a 5 0.1 when k is increased
from 50 to 500. Comparing U1 in (2.7) with its planar
counterpart, sin2f, leads to the conclusion that the two
potentials differ significantly when ak2/cos2f . sin2f or
k . ½ sin2f/a1/2. The results of Fig. 7 show that at
½ sin2f/a1/2 ’ 1, the harmonic solution prevails on a
sphere even for k 5 50 and the trapped solution is encountered only at k . O(100).
Finally, on a sphere the V(f) eigenfunctions of Kelvin
waves do not vanish, as can be verified by setting V 5
0 in system (2.5). However, the structure of h(f) in these
waves is very close to that on the plane: a fast (perhaps
exponential) decay with f 2 fS (the Kelvin wave, C 5
1a1/2/cosfS) or fN 2 f (the anti-Kelvin wave, C 5 2a1/2/
cosfN). The explicit expressions for the eigenfunctions
are fairly complex compared to the planar case.

the exact equations, is the basis of the analytical expressions derived in this section. The procedure employed here is based on linearization of the monotonical
potential of the eigenvalue problem as in Paldor and
Sigalov (2008) for waves on the b plane (where the potential of the eigenvalue problem increases parabolically
with distance from the equatorward wall). When Eq.
(2.7) is divided by a, the potential becomes U(f) 5
sin2f/a 1 k2/cos2f, which is monotonically increasing
with f. The trapping of the amplitude near fS suggests
that the sin2f and cos22f terms in U(f) should be expanded near it, so the new energy E* [that incorporates
all the constant terms of this expansion with the other
constants of (2.7)] is

5. Approximate analytical (Airy like) solutions
The approximate Eq. (2.7), whose solutions were
shown to accurately approximate the eigensolutions of

E* 5

2
k2 C2 1 sin fS
k2
 

.
C
a
a
cos2 fS

(5.1)

The linearized potential of the eigenvalue equation,
U*(f), includes the linear terms in f 2 fS:
"
U* 5 2 tanfS

#
cos2 fS
k2
(f  fS ),
1
cos2 fS
a

5 2b(f  fS ),

(5.2)

where
b 5 tanfS

!
cos2 fS
k2
.
1
cos2 fS
a

(5.3)

The eigenvalue equation associated with the linearized
potential is
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d2 c
1 [E*  2b(f  fS )]c 5 0.
df2

To satisfy the boundary condition V(fS) 5 0 5 c (fS),
z(fS) has to be one of the isolated zeros of Ai(z). Denoting by Zn the nth zero of Ai(z)—that is, Z0 5
22.3381; Z1 5 24.0879; Z2 5 25.5206; Z3 5 26.7867,
etc. (see e.g., Abramowitz and Stegun 1972; section
10.4)—and evaluating the RHS of (5.5) at f 5 fS
(equatorward wall) while setting z(fS) 5 Zn 5 2zn on
its LHS, one obtains the following:

(5.4)

A transformation of the independent variable of this
equation from f to z(f), defined by
z(f) 5 (2b)2 2/3 [E*  2b(f  fS )]

(5.5)

(assuming that b 6¼ 0, i.e., fS 6¼ 0), transforms Eq. (5.4) to
Airy equation:
d2 c
 zc 5 0,
dz2

E*n 5 (2b)2/3 zn 1 2b(fS  fS ) 5 (2b)2/3 zn ,

2 tanfS

!
sin2 fS
k2 3
k2
Cn  1 5 0.
C 2 E*n 1
1
a n
a
cos2 fS

The two large roots of the cubic Eq. (5.8), v2n 5 aE*n 1
sin2fS 1 ak2/cos2fS , approximate the frequency of Poincaré waves.
Figure 8 shows the accuracy of the analytic expression
(5.10) by comparing it to exact numerical results for the
indicated values of the model parameters. At larger
values of either a, k21, fS, or n the accuracy of this analytical expression is generally decreased.

(5.8)

The small root of this cubic equation (obtained by
neglecting the C3n term) approximates the phase speed of
the Rossby wave:
Cn 5

5

1
sin fS
k2
1
E*n 1
a
cos2 fS
2

1
,
sin2 fS
k2
2/3
(2b) zn 1
1
a
cos2 fS

(5.9)

or, substituting the explicit expression for b:

1
.
!#2/3
cos fS
sin2 fS
k
k2
1
zn 1
1
cos2 fS
a
a
cos2 fS
2

(5.7)

which is the explicit expression for the eigenvalues of
Eq. (5.4) for all values of fS and b (i.e., a, k, fS). Denoting by zn(f) the value of z(f) when E*n is substituted
for E* in Eq. (5.5), one gets that cn(f) 5 Ai[zn(f)] is the
eigenfunction of Eq. (5.4), which satisfies the boundary
condition c (fS) 5 0. Substituting the expression for the
eigenvalue Eq. (5.7) into Eq. (5.1) yields the cubic
equation for Cn(E*)
n (the subscript n denotes the mode
number):

(5.6)

whose general solution is a linear combination of two
linearly independent functions Ai(z) and Bi(z)—that is,
c(z) 5 pAi(z) 1 qBi(z), where p and q are set by the
boundary conditions. Here, Ai(z) is the Airy function
that vanishes faster than exponentially [while Bi(z) increases faster than exponentially] for z / 1‘. Both
functions have isolated zeros in the negative half-axis.
The method developed in Paldor and Sigalov (2008)
for obtaining analytical solutions of the eigenvalue
equation is based on the realization that the amplitude
of the (trapped) waves reached its maximal value near
the equatorward wall, from which point it decays (fast)
toward the poleward wall. This is a similar behavior to
that of Ai(z), so for sufficiently wide channels (the
channel width, fN 2 fS, is much larger than the f range
over which the eigenfunctions do not vanish, when either
a 1/2 or k21 is sufficiently small) the contribution of Bi(z)
in the linear combination of c(z) is negligible (q  p)
and c is proportional to Ai[z(f)]. In this case, the solution does not depend on the exact location of the
poleward wall (5fN). The reader is referred to Paldor
and Sigalov (2008) for more details on the practical
application of this idea.

Cn 5 "
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(5.10)

2

The validity of the trapped wave solutions hinges
upon the poleward boundary fN being at sufficiently
large positive z so as to justify the neglect of the contribution of Bi(z). Selecting z(fN) 5 2 [since Ai(2)/Bi(2) 5
0.01  1] implies according to Eqs. (5.5) and (5.7) that
2 1 zn
, (2b)1/3 ,
fN  fS

(5.11)

Unauthenticated | Downloaded 01/09/23 08:49 AM UTC

DECEMBER 2009

DE LEON AND PALDOR

FIG. 8. The analytical estimate of the dispersion relation of
Rossby waves on a sphere Eq. (5.10), and the exact numerical results of Eq. (2.4), for the indicated model parameter values. The
accuracy of the estimate decreases with the increase in the values of
either a, k21, fS, or n.

so that trapped wave solutions prevail only for b(a, k,
fS) . (1/2)[(2 1 zn )/(fN  fS )]3 .

6. Discussion
An immediate issue that comes to mind following the
results presented above is the quantitative comparison
between the spherical theory and the two planar theories on the b plane; the harmonic (classical) theory, and
the trapped theory [PRM, where the linear variation of
f( y) is not compromised]. To compare the eigensolutions of the present theory (which depend on ksphere and
Csphere) with those in the other two theories (that depend on kb and Cb), a certain fixed latitude has to be
selected in the transformation [see the discussion following Eq. (2.5)], Cb / Csphere cosf and kb / ksphere/
cosf, to ensure that all parameters are constants (the
frequency, v, is identical in all three theories). A natural
choice for this latitude is f0, the latitude of the channel
center of our spherical model (recall that f0 is one of the
defining parameters of the governing equations on the
b-plane)—that is, kb 5 ksphere/cosf0—because this is
the defining parameter of the planar theories that permits the approximation of the sphere by a tangential
plane. As noted previously in the discussion of Fig. 3,
these considerations explain the difference in phase
speed between the Kelvin and anti-Kelvin modes.
The results shown in Fig. 9 clearly show that the phase
speed of the zeroth mode of Rossby waves on the sphere
can be 5 times that of harmonic waves on the b plane and
that most of this difference is recovered by the trapped
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FIG. 9. (top) Comparison between the dispersion curves for the
zeroth Rossby mode in the harmonic and trapped wave theories on
the b plane and in the spherical theory. (lower left) A close-up on the
long wave limit of the upper panel. (lower right) A close-up on the
long wave limit of the n 5 2 mode.

wave b-plane theory. For higher Rossby modes, the
difference in the phase speed becomes smaller but only
because the harmonic dispersion relation depends very
weakly on n at low a, whereas the dispersion relation of
the trapped theories is affected by n, even for small a.
This difference between the two phase speeds increases
with the channel width (in the parameter range where the
location of the poleward wall, fN, affects the results) and
decreases with the latitude of the equatorward wall (fS),
the radius of deformation (a), and the mode number (n).
The decrease in the gap between the spherical trapped
wave dispersion relation and that of the planar harmonic
also implies a decrease in the corresponding gap between
the trapped spherical dispersion relation and that of the
planar trapped wave theory.
In the large wavenumber range of Fig. 9, a significant
gap exists between the frequencies of the b-plane theories and that of the spherical theory, where the latter is
significantly larger than the former two. The obvious
reasons for this gap are the choice of f0 for transforming
kb to ksphere (while the eigenfunctions are concentrated
near fS) and the dominance of the k term in the v(k)
expression at large k. These realizations suggest that this
gap can be bridged by substituting fS for f0 in the dispersion relation of the planar theory. However, with this
formal substitution (which can be justifiable because the
perturbations’ amplitude is maximal near fS), under
which f0 becomes a spurious parameter of the problem,
the phase speed of the b-plane theories exceeds that of
the spherical theory in the long wave limit. For Poincaré
(inertia–gravity) waves the phase speed on the sphere is
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FIG. 10. The associated eigenfunctions of the three theories of
Fig. 9 for n 5 0, k 5 100. Notice how the harmonic eigenfunction
approximates the correct one very poorly in this wide channel.

somewhat lower than that of harmonic waves on the b
plane (not shown).
The comparison between the eigenfunctions of the
three theories at n 5 0, k 5 100 shown in Fig. 10 suggests
that the difference between the dispersion relations of
Fig. 9 typifies wide channels only, where the harmonic
eigenfunction spreads over the whole width of the
channel instead of being concentrated (trapped) near
the southern boundary. This realization suggests that in
sufficiently narrow channels (where the b-plane approximation is valid) the two theories should yield (nearly)
identical solutions. The solutions shown in Fig. 11 indicate
that this hypothesis is correct regarding the dispersion
relation (upper panel of Fig. 11), where the difference in
phase speeds is only about 10% up to k 5 200. In contrast,
the associated eigenfunctions differ significantly even in
a channel that is only 58 wide—that is, extending from
11.58 to 16.58—following the structure shown in Fig. 10
(lower panel of Fig. 11).
According to Eq. (5.10), on a sphere Airy-like solutions are obtained by specifying fS only. In contrast, on
the b plane the harmonic wave theory requires the specification of both f0 and df (channel width) to set fS 5
f0 2 df and fN 5 f0 1 df (where the V 5 0 boundary
conditions are applied), while in the trapped wave theory (Paldor and Sigalov 2008) f0 and fS (5f0 2 df)
have to be specified. Thus, at values of a relevant to
baroclinic ocean or atmosphere, only one more parameter (in addition to a) is required to close the problem on
a sphere (i.e., fS), as compared to two parameters (f0
and fS or f0 and df) on a plane.
For small a, the meridional structure of the eigenfunctions is significantly nonharmonic in both the

FIG. 11. (top) The dispersion relations and associated (bottom)
eigenfunction of the three theories in a narrow channel (11.58–
16.58) for the same radius of deformation (a 5 1026) as in Figs. 9
and 10. The trapping of the nonharmonic eigenfunction is not
captured by the harmonic theory, even at this narrow channel, although the dispersion relation differs by no more than 10%.

spherical theory and the trapped b-plane theory. However, an important difference between the trapped theory on the b plane and the present spherical theory
results from the different role played by the zonal
wavenumber, k, in the two theories. As was pointed out
in the discussion of Fig. 7, the potential of the eigenvalue
problem on the b-plane is independent of k, so that the
eigenfunctions are determined by a and the channel
boundaries only. In contrast, on a sphere the term
k2/cos2f appears in the potential, so the eigenfunctions
depend on k and nonharmonic behavior of the eigenfunctions occurs even for channels that are narrower
than the radius of deformation (i.e., fN 2 fS ’ a1/2) at
sufficiently large ksphere (see Fig. 7). On a sphere the
determination of the channel width, at which the solution
transforms from harmonic to trapped, is more complex
than on the b plane because it involves both a and k.
In the absence of an actual zonal wall in the real ocean
and atmosphere, and in view of the central role played by
fS in our spherical theory, the value of fS should be determined by arguments external to the present theory.
This indeterminacy of fS is the counterpart of the indeterminacy of f0 (which is arbitrarily set to the latitude
of observation) and df 5 f0 2 fS (which is usually set to
be infinitely large) on the b plane.
Given its limitations, this work does not attempt to
provide a quantitative explanation for specific observations, but our results imply that the harmonic theory is
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relevant to the atmosphere where the radius of deformation is several hundred kilometers (so a ; 1022–1023),
whereas the trapped wave theory is relevant to the ocean
where the radius of deformation is several tens of kilometers (so a ; 1025–1026). The trapping of the eigenfunction near the equatorward wall, fS, suggests that it is
the relevant latitude for calculating f and b, and not
f0 (the center of the channel).
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