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ABSTRACT
The eigenfrequencies of freely propagating barotropic, divergent, planetary waves and gravity waves in a
spherical polar cap are presented using an approximation in which full spherical geometry is retained in the
derivation of the wave amplitude equation. Subsequently, the colatitude angle in the coefficients of the wave
amplitude equation is fixed, thereby allowing the eigenvalue problem to be solved using analytical methods.
The planetary wave frequencies are compared with published results that adopt the polar-plane approximation to solve the equivalent free-wave problem. Low-order planetary wave frequencies calculated in this
study agree well with the polar-plane approximation results. The sensitivity of the wave frequencies to the
choice of the fixed colatitude in the coefficients of the wave amplitude equation is discussed.

1. Introduction
The analytical treatment of atmospheric or oceanic
dynamics in a polar basin centered at the pole is hindered by the nonuniform meridional gradient of the
Coriolis parameter. LeBlond (1964) illustrates this point
in developing the polar-plane approximation. The
Coriolis parameter f 5 2V cosu, where V is the angular
velocity of the rotation of Earth and u is the colatitude.
In terms of plane polar coordinates r, u in the plane of
projection, tangent to Earth at the pole, we observe that


u2
f 5 2V 1 2 1 . . . ,
2

 2

1 r
1 ... ,
(1.1)
5 2V 1 2
2 R
where R is the radius of Earth. For dynamics on the polar
plane with horizontal length scales satisfying the constraint
 2
r
,,1 ,
R
LeBlond (1964) introduces the approximation
f ’ 2V ,
df
2Vr
’2 2 ,
dr
R
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which follows immediately from (1.1). Therefore,
starting with one of the simplest analogs for a polar
ocean on a polar plane, namely, a homogeneous fluid,
we predict that the barotropic potential vorticity
equation will have nonconstant coefficients. Nevertheless, LeBlond (1964) obtains the dispersion relation
for divergent barotropic planetary waves in a flat bottom polar basin. In related meteorological studies,
Haurwitz (1975) and Bridger and Stevens (1980) use
cylindrical polar coordinates to study freely propagating waves in a high-latitude atmosphere. The concept
of the delta (d)-plane approximation for quasigeostrophic dynamics at high latitudes was developed by
Harlander (2005). Harlander (2005) demonstrates that
the high-latitude d-plane model can be consistently
derived from spherical geometry. On the d plane,
Harlander (2005) demonstrates that high-latitude
Rossby waves’ energy rays are curved, which is not
the case on the b plane.
In contrast with studies of free waves in a polar basin,
there is a considerable body of literature on free waves
in a thin layer of fluid on the entire rotating Earth. For
example, Paldor et al. (2013) and Paldor (2015) obtain
solutions for zonally propagating planetary and inertialgravity (i.e., Poincaré) waves on the entire rotating
Earth, extending the solutions in the seminal work of
Longuet-Higgins (1968).
In this paper, we present a new method for obtaining
the dispersion relation for freely propagating barotropic
gravity and planetary waves in a polar basin. The
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computationally efficient dispersion relation is derived
using a somewhat overlooked approximation first
proposed by Imawaki and Takano (1974) in their
analysis of source–sink-driven planetary geostrophic
dynamics in a polar basin. E. Gavilan Pascual-Ahuir
(2017, unpublished manuscript) uses the Imawaki and
Takano (1974) (IT) approximation to analytically derive solutions for planetary geostrophic steady circulation driven by prescribed inflow/outflow at the
boundary of a circular basin with simple shelf topography. We will hereinafter adopt the phrase ‘‘IT approximation,’’ in which the linearized spherical
shallow-water equations are used to derive the barotropic vorticity equation, and thereafter the colatitude
is fixed in the coefficients of this partial differential
equation, an approach first discussed by Imawaki and
Takano (1974) as far as the authors are aware. How
well does the IT approximation capture the dynamics
of freely propagating gravity and divergent planetary
waves in a polar basin? This question is addressed in
this paper, which is structured as follows: Section 2
derives the eigenvalue problem for gravity and planetary waves using the IT approximation. Subsequently,
planetary waves are discussed in section 3, and gravity
waves are discussed in section 4, followed by conclusions in section 5.

2. Formulation of the eigenvalue problem
We consider an ocean of uniform density on a polar
cap with a center located at the pole. A spherical
polar coordinates system is adopted where u and
u denote the colatitude and longitude angles, respectively. Let uB denote the colatitude of the
boundary of the polar basin. Then, u 2 [0, uB) and
^ u
^ ) form a rightu 2 [0, 2p). The unit vectors (k, u,
handed triad, where
^5u
^,
k^u
and k is a unit vector in the (outward) radial direction
(see Fig. 1). With respect to this coordinates system, the
linearized shallow-water equations for inviscid homogeneous dynamics in the polar cap take the form
g
h ,
ut 1 f y 5 2
R sinu u
g
y t 2 fu 5 2 hu , and
R
1
[(Hu)u 1 (Hy sinu)u ] 5 0,
ht 1
R sinu

(2.1a)
(2.1b)
(2.1c)

^ h is the free-surface elwhere the velocity u 5 u^
u 1 y u;
evation; H is the undisturbed depth of the ocean; and g is
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FIG. 1. Schematic of the spherical polar coordinate system showing
^ u,
^ and u
^ that form a right-handed triad.
the unit vectors k,

the gravitational acceleration. We seek azimuthally
propagating wave solutions of (2.1) of the form
9
u 5 U(u) exp[i(mu 2 vt)] =
y 5 V(u) exp[i(mu 2 vt)] ,
;
h 5 F(u) exp[i(mu 2 vt)]

(2.2)

where v . 0 is the angular wave frequency, m is theazimuthal integer wavenumber (i.e., m 5 61, 62,
63, . . .), and U, V, and F are amplitude functions.
Substituting (2.2) into (2.1), we obtain
img
F,
2ivU 1 f V 5 2
R sinu
g
2ivV 2 fU 5 2 F 0 , and
R
1
2ivF 1
[imHU 1 (HV sinu)u ] 5 0,
R sinu

(2.3a)
(2.3b)
(2.3c)

where F 0 [ dF/du. From (2.3a) and (2.3b), we find that

mv 
g fF 0 2
F
sinu , and
U5
RD


mf
0
ig vF 2
F
sinu
V5
,
RD

(2.4a)

(2.4b)

where D [ f 2 2 v2 . Upon substituting (2.4) into (2.3c),
and after some lengthy algebra, we obtain the wave
amplitude equation for freely propagating waves in the
polar cap:
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  2
sin2u
m cos u 1 s2
0
F 1
1cotu F 2
cos2 u 2 s2
s cos2 u 2 s2
#


2
m2
R
(cos2 u 2 s2 ) F 5 0,
1 2 1
re
sin u
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powers of u), which leads to the modification of the term
involving re in (2.5a).

00

(2.5a)

3. Planetary waves (s2  1)
For these low-frequency waves, (2.5a) can be approximated as

where
s5

v
,
2V

re2 5

gH
.
4V2

We note that s is the dimensionless wave frequency
and that re is the external Rossby radius of deformation. On the basin wall we demand that there is no
normal flow:
V 50

F 00 1 AF 0 2 BF 5 0,

(2.5b)
where

A [ 2 tanu0 1 cotu0 . 0
and

on u 5 uB ,

 2
m
m2
R
B[ 1
1
cos2 u0 .
s sinu0
re

which can be expressed as
F0 2

m
cotuF 5 0, on
s

u 5 uB ,

(2.6)

upon using (2.4b). At the pole (2.5a) reduces to
F(0) 5 0.

(2.7)

We now invoke the IT approximation and let u 5 u0,
where 0 , u0 , uB in the coefficients of (2.5a), thereby
obtaining a constant coefficient, second-order, ordinary
differential equation. Typically, we let u0 5 0.5uB, but
the sensitivity of the free-wave dispersion relations to
this angle will be discussed later. Equation (2.5a), together with boundary conditions (2.6) and (2.7), form a
Sturm–Liouville eigenvalue problem for s.
Before analyzing this eigenvalue problem in the
subsequent sections, it is instructive to consider how
the amplitude equation (2.5a) is modified when variations of f with colatitude are suppressed. An approximation of this type in a spherical polar basin would be
valid for small wavelength waves in the meridional
directions. When f 5 2V, the amplitude equation simplifies to
"
F 00 1 cotuF 0 2

#

 2
m2
R
1
(1 2 s2 ) F 5 0.
re
sin2 u

(2.8)

Comparing (2.8) with (2.5a), we observe that
sin2u
;
cos2 u 2 s2

(3.1)



m cos2 u 1 s2
s cos2 u 2 s2

arise from the variation of the Coriolis parameter with
colatitude. On the f sphere, we noted that f 5 2V (retaining the first term in the Maclaurin expansion in

We observe that if the meridional structure of these
wave modes is to be oscillatory then we require m , 0.
The general solution of (3.1) will then take the form


1
F 5 exp 2 Au [c1 cos(ku) 1 c2 sin(ku)],
2

(3.2)

where
k2 5 2B 2 (1/4)A2 ,
and c1 and c2 are arbitrary constants. Notice that since
m , 0, (2.2) reveals that the phase velocity of the waves
is westward (i.e., in the negative u sense), as expected
for planetary waves. Application of (2.6) and (2.7) to
(3.2) yields the dispersion relation for divergent barotropic planetary waves in spherical cap using the IT
approximation:

k5


m
1
cotuB 1 A tan(kuB ) .
s
2

(3.3)

For a given value of m (,0), the discrete set of roots
sm,n(n 5 1, 2, 3, . . .) can be determined numerically
from (3.3). However, approximate values of the
roots are readily obtained from (3.3) upon noting
that when s  1, the dispersion relation can be approximated by
m cotuB tan(kuB ) 5 0,
from which
kn ’

np
,
uB

n 5 1, 2, . . . .

(3.4)
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TABLE 1. Parameter values used by LeBlond (1964) and also
employed in this study.
Symbol

Variable (unit)

Value

V
R
g
H
uB

Angular velocity of Earth (s21)
Radius of Earth (m)
Gravitational acceleration (m s22)
Depth of the basin (m)
Colatitude at the boundary (8)

7.292 3 1025
6.370 3 1026
9.8
5753
12.92

Using the expression for k, (3.4) yields the approximate
values for sm,n:
 2
 2
jmj
np
m2
R
5
1
1
cos2 u0
2
sm,n
uB
re
sin u0
1 sec2 u0 1 (1/4) cot2 u0 .

TABLE 2. Eigenfrequencies sm,n determined from the full
dispersion relation [(3.3)].

n51
2
3
4
5

m 5 21

22

23

24

0.003 25
0.001 12
0.000 54
0.000 31
0.000 20

0.003 67
0.001 78
0.000 95
0.000 58
0.000 38

0.003 19
0.001 97
0.001 20
0.000 78
0.000 54

0.002 68
0.001 93
0.001 31
0.000 91
0.000 65

by Longuet-Higgins (1968). Note that the asymptotic
values of the eigenfrequencies s21,n, in the limit of large
H, are given by
"

(3.5)

Table 2 (below) presents the wave frequencies calculated from (3.3) using the ocean basin parameters in
LeBlond (1964), which are listed in Table 1. In this study
we do not explicitly use the radius rB of the basin as a
parameter in contrast with the polar-plane analysis of
LeBlond (1964). However, rB 5 R sinuB, and using the
parameters in Table 1 we find that rB 5 1424 km. We find
that the eigenfrequencies [(3.5)] are identical to those in
Table 2 with the exception of s21,1, which differs in the
last decimal place. We observe from Table 3 that the
low-order planetary wave modes are accurately represented using the IT approximation. More specially,
s21,n (n 5 1, . . . , 5) and s22,1 satisfying (3.3) are within
11% of the equivalent frequencies calculated by LeBlond
(1964). We also observe increasing discrepancies between the eigenfrequencies determined by LeBlond
(1964) and the IT approximation as the azimuthal and
meridional wavelengths decrease, corresponding to increasing jmj and n. This discrepancy reflects the fact that
as the wavelengths of the modes decrease, their structure becomes more sensitive to the choice of the colatitude u0 in the dispersion relation. In practice, forced
planetary waves generally have most of their energy in
the lowest modes for which (3.5) gives accurate predictions for the wave periods. The planetary wave
periods Tm,n 5 p(Vsm,n)21 and for the gravest mode
s21,1 5 153 days using s21,1 in Table 2. The structure
of the eigenfunctions is qualitatively identical to those
in LeBlond (1964) and is therefore not reproduced
here.
Figure 2 shows a plot of s21,n (n 5 1, . . . , 5) as a
function of «2 5 (re/R)2, when u0 5 0.5uB. Varying « is
equivalent to varying the depth H of the ocean. The
planetary wave frequencies in a polar basin are monotonic functions of «. Similar qualitative behavior for the
planetary wave eigenfrequencies on a sphere was noted
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s21,n /

np
uB

2

1
1
1 sec2 u0 1 (1/4) cot2 u0
sin2 u0

#21
.

How sensitive are the eigenfrequencies that are accurately approximated by the dispersion relation
[(3.3)] to the value of u0? It is clear from (3.5) that
for large jmj and n the sensitivity of the eigenfrequencies to the values of these modal numbers will
be small. To quantify this assertion, Table 4 shows
jsm,n (0:75uB ) 2 sm,n (0:5uB )j/sm,n (0:5uB ), expressed as a
percentage. Entries below the principal diagonal in
Table 4 show decreasing sensitivity of the eigenvalues
to the value of u0. In practice, we are interested in
the sensitivity of s21,n (n 5 1, . . . , 5) and s22,1 to
u0 because they are a good approximation to the exact
values. Clearly, the gravest mode eigenfrequency
given by (3.5) provides an accurate approximation
to the exact value when u0 5 0.5uB. Other values of
u0 2 (0, uB] reduce the accuracy of this frequency. On
the other hand, s21,4 and s21,5 are relatively insensitive
to u0 and provide acceptable approximations to their
exact values. A final remark about the choice of u0 is
that an alternative measure of frequency sensitivity to
this angle is jsm,n (0:25uB ) 2 sm,n (0:5uB )j/sm,n (0:5uB ).
However, (3.5) shows that as u0 / 0 the dispersion
relation will become singular. The simple message is
to therefore stay away from the pole using the IT
approximation.
TABLE 3. Percentage error of the wave frequencies calculated
using the dispersion relation [(3.3)] and the polar-plane approximation in LeBlond (1964).

n51
2
3
4
5

m 5 21

22

23

24

0.40
11.03
10.82
9.75
8.76

0.45
21.34
22.79
21.36
19.56

13.39
20.77
26.78
27.07
25.87

27.99
15.77
26.57
29.23
29.24
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TABLE 4. Sensitivity of the planetary wave eigenfrequencies
to the choice of the colatitude u0, as measured by js(0:75uB ) 2
s(0:5uB )j/s(0:5uB ), expressed as a percentage.

n51
2
3
4
5

FIG. 2. Plot of the planetary waves frequencies s21,n (n 5 1, . . . , 5)
as a function of «2 5 (re/R)2 when u0 5 0.5uB.

4. Gravity waves (s . 1)
For the high-frequency gravity modes, we rewrite the
amplitude equation [(2.5a)] as
F 00 1 PF 0 1 QF 5 0,

(4.1)

23

24

21.85
6.59
3.04
1.73
1.12

51.95
19.8
9.74
5.69
3.71

75.58
36.24
19.39
11.74
7.79

90.77
52.09
30.44
19.25
13.06

when m2 . 0 (i.e., 1 , s # scm ). When s . scm , the dispersion relation becomes


1
m
P 1 cotuB tan(jmjuB ) .
jmj 5
(4.2b)
2
s
In the limit when s  1, P ; cotu0, Q ; (R/re)2s2, and
m2 ;

sin2u0
1 cotu0 ,
cos2 u0 2 s2

 
 2
 2
1
R
R
cot2 u0 2
s2 ; 2
s2 .
4
re
re

The dispersion relation [(4.2b)] can then be approximated, in this high-frequency limit, by

and
Q[

22

when 1 , s # scm . When s . scm , the sign of m2 becomes
negative. Following the method of solution in section 3,
we obtain the gravity wave dispersion relation in a rotating polar cap:


1
m
P 1 cotuB tanh(muB ) ,
(4.2a)
m5
2
s

where
P[

m 5 21



 2
R
m2
m cos2 u0 1 s2
.
(s2 2 cos2 u0 ) 2
2
re
sin2 u0 s cos2 u0 2 s2

1
X 5 cotuB tan(XuB ) ,
2

The meridional structure of the gravity modes is determined by the sign of [(1/4)P2 2 Q]. For given m, there
exists smc such that
m2 [ (1/4)P2 2 Q

2  2
sin2u0
1
R
1
cotu
2
(s2 2 cos2 u0 )
5
0
2
2
4 cos u0 2 s
re


m2
m cos2 u0 1 s2
1
1
. 0,
sin2 u0 s cos2 u0 2 s2

(4.3)

where X [ s(R/re). This high-frequency gravity wave
limit is, of course, captured by the f-sphere amplitude
equation [(2.8)]. We observe from (4.3) that the gravity
wave frequencies become independent of m in this
limit. Table 5 presents the gravity wave mode frequencies using the basin parameters listed in Table 1.
Table 5 indeed reveals that as jmj increases the eigenfrequencies converge, namely, sm,n ; s2m,n, as predicted by (4.3). The sensitivity of the gravity wave
frequencies to u0 is again found to decrease with the
increasing meridional modal number n. Figures 3 and 4

TABLE 5. Gravity wave frequencies calculated from (4.2) using the basin parameters in Table 1.

n51
2
3
4
5

m 5 24

23

22

21

1

2

3

4

9.2928
10.571
12.74
15.435
18.427

7.0865
8.6917
11.228
14.212
17.416

4.9357
7.0417
10.004
13.268
16.654

2.9444
5.815
9.1854
12.663
16.178

2.3844
5.7373
9.1546
12.647
16.168

4.5927
6.9357
9.9523
13.238
16.636

6.8469
8.5877
11.166
14.173
17.39

9.1101
10.478
12.676
15.391
18.396
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FIG. 3. Eigenfunctions associated with gravity wave modes. The dashed (solid) line represents negative (positive) values of sea surface elevation; (a) s21,1, (b) s1,1, (c) s21,2, and (d) s1,2.
The patterns rotate counterclockwise (clockwise) for m $ 1(m # 21).

show the normalized eigenfunctions proportional to
the surface displacement for low-order gravity wave
modes, sm,n has n 2 1 nodal circles of amplitude, and
has m 1 1 distinct cells in the azimuthal direction (i.e.,
m nodal diameters). The displacement field associated
with the modes sm,1 (m 5 61, 62, . . .) resembles a
coastal-trapped wave, with amplitude monotonically
decreasing toward the center of the basin, although in
the contrast with these vorticity waves, their propagation is not right bounded in the Northern Hemisphere.
Interestingly, the asymptotic behavior of the gravity
wave frequencies when n is large can be deduced from
the amplitude equation [(2.5a)] without invoking the IT
approximation. First, observe that when s  1 (2.5a)
can be approximated by

F 00 1 cotuF 0 1

sR
re


(1 2 z2 )F 00 2 2zF 0 1

F 5 0:

(4.4)

The change of independent variable z 5 cosu transforms
(4.4) into the ordinary differential equation

2
F 5 0,

(4.5)

where F 0 [ dF/dz. Equation (4.5) is the Legendre
equation, and it is well known that it supports bounded
solutions on [21, 1] only when (see Abramowitz and
Stegun 1965, their chapter 22)


sn R
re

2
5 n(n 1 1).

(4.6)

In other words, the gravity wave eigenfrequencies become independent of m when s2  1, and (4.6) shows
that
sn ;

2

sR
re

re
n n  1.
R

(4.7)

Similar asymptotic behavior for sn follows immediately
from (4.3), where sn ; (re/R)(np/uB), where the difference in the constant of proportionality between this
expression and (4.7) is due to the IT approximation.
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FIG. 4. As in Fig. 3, but for (a) s22,1, (b) s2,1, (c) s22,2, and (d) s2,2.

5. Conclusions and discussion
We have derived the governing amplitude equation
for azimuthally propagating gravity and divergent
planetary wave modes in a spherical cap, retaining full
spherical geometry. Thereafter, we adopt the IT approximation first advanced by Imawaki and Takano
(1974) and fixed the colatitude in the coefficients of the
governing wave amplitude equation, thereby allowing
analytical techniques to be used to solve the eigenvalue
problem. The planetary wave frequencies calculated
from the computationally efficient dispersion relation
show acceptable agreement with their equivalent
counterparts in LeBlond (1964) for relatively long azimuthal and meridional wavelength eigenfunctions. As
these wavelengths decrease, the departure between the
eigenfrequencies in LeBlond (1964) and in this study
increases. This reflects the fact that short wavelength
modes are more sensitive to the fixed value of the colatitude in the IT approximation. We have found that
the gravest mode planetary wave eigenfrequency, which
is accurately predicted by the dispersion relation derived
using the IT approximation, is sensitive to the choice of

the colatitude u0. Values of u0 other that 0.5uB reduce
the accuracy of this mode. The sensitivity of sm,n to
u0 reduces for m 5 21 (n 5 2, . . . , 5), and for these
frequencies the IT approximation produces an acceptable estimate of their exact value.
The eigenfrequencies and eigenfunctions (corresponding to the surface displacement) for gravity waves
modes in a spherical polar cap are also calculated in this
study. For a fixed azimuthal wavenumber jmj, there is a
clockwise- and counterclockwise-propagating gravity
wave mode, in contrast with the planetary waves. For
fixed low values of m and n (the meridional wavenumber
index), s2m,n 6¼ sm,n. However, as jmj increases the
frequencies of the clockwise- and counterclockwisepropagating modes converge in value, as predicted
analytically in this study. Further, as n increases, sm,n
increases, and the dependence of sm,n on m becomes
weak. Asymptotically, we find that when s  1, sm,n } n,
with dependence on m becoming weak.
The high degree of accuracy of the IT approximation
in representing steady-state planetary flows in a spherical cap has been established by Kitauchi and Ikeda
(2009). However, we are unaware of any study that
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addresses how well the IT approximation captures
freely propagating gravity and vorticity wave dynamics
in a spherical cap, which is the purpose of this study. By
fixing u in the wave amplitude equation on a sphere, we
are effectively assigning a fixed representative value of
the meridional gradient of the Coriolis parameter.
The resulting free-wave dynamics are in qualitative
agreement with the planetary waves on a sphere, and
for low modes there is also good quantitative agreement. For gravity modes at high frequencies (i.e.,
s  1), we demonstrate that s is asymptotically in
agreement, as a function of the meridional wavenumber n, with the equivalent expression derived
using full spherical geometry. We anticipate that the
low-order (long wavelength) planetary wave modes
in a layered or a continuously stratified ocean in a polar
cap will also be accurately represented using the IT
approximation.
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