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ABSTRACT
Observations from the Southern Ocean Flux Station provide a wide range of wind, buoyancy, and wave
(Stokes) forcing for large-eddy simulation (LES) of deep Southern Ocean boundary layers. Almost everywhere there is a nonzero angle V between the shear and the stress vectors. Also, with unstable forcing
there is usually a depth where there is stable stratification, but zero buoyancy flux and often a number of
depths above where there is positive flux, but neutral stratification. These features allow nonlocal
transports of buoyancy and of momentum to be diagnosed, using either the Eulerian or Lagrangian shear.
The resulting profiles of nonlocal diffusivity and viscosity are quite similar when scaled according to
Monin–Obukhov similarity theory in the surface layer, provided the Eulerian shear is used. Therefore, a
composite shape function is constructed that may be generally applicable. In contrast, the deeper
boundary layer appears to be too decoupled from the Stokes component of the Lagrangian shear. The
nonlocal transports can be dominant. The diagnosed across-shear momentum flux is entirely nonlocal and
is highly negatively correlated with the across-shear component of the wind stress, just as nonlocal and
surface buoyancy fluxes are related. Furthermore, in the convective limit the scaling coefficients become
essentially identical, with some consistency with atmospheric experience. The nonlocal contribution to
the along-shear momentum flux is proportional to (1 2 cosV) and is always countergradient, but is unrelated to the aligned wind stress component.

1. Introduction
Ocean general circulation models (OGCMs) have
long struggled to represent the Southern Ocean faithfully. Nevertheless, they typically have substantial biases
in mixed layer depth (MLD) both when coupled to an
atmosphere model (Sallée et al. 2013), or when uncoupled and forced by observation based surface fluxes
(Downes et al. 2014). The magnitude of these shallow
biases in late winter is truly remarkable, exceeding
400 m in a nearly circumpolar deep mixing band (DMB)
between about 408 and 608S (DuVivier et al. 2018),
which includes key regions of water mass formation.
Deficiencies in the ocean component have been implicated (Danabasoglu et al. 2012; Weijer et al. 2012). This
view is consistent with DuVivier et al. (2018), who
find that both uncoupled and coupled configurations
of an OGCM have similarly shallow biases, despite
weaker than observed stratification, and much stronger
wind stress over the Southern Ocean when coupled.
Corresponding author: W. G. Large, wily@ucar.edu

Furthermore, DMB biases are evident at eddy-resolving
resolutions (Downes et al. 2014; DuVivier et al. 2018).
Therefore, a significant portion of the biases may be
attributable to inadequate representation ocean vertical
mixing physics (Belcher et al. 2012). This possibility
provides the overall motivation for this present work,
which broadens the surface layer focus of Large et al.
(2019, hereafter L19) to the boundary layer as a whole.
It is one aspect of a larger Southern Ocean project,
which includes DuVivier et al. (2018), to extend the attribution to surface forcing, the general circulation, the
subsurface salinity structure, model resolution, and
other factors.
Although OGCM resolution and numerics (e.g.,
vertical grid structure) can be the source of major differences between solutions, in a comprehensive review
of ocean turbulence and mixing Burchard et al. (2008)
assert that OGCM turbulent mixing terms are ‘‘the
only terms about which there is debate.’’ Furthermore,
they distinguish different strategies based on the resolved space scales and frequencies as direct numerical simulation (DNS) that solves the Navier–Stokes
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equations down to molecular scales, large-eddy simulation (LES) that solves the spatially filtered Navier–
Stokes equations by resolving the most energetic large
turbulence scales, statistical turbulence modeling
(STM) that solves the Reynolds-averaged Navier–
Stokes (RANS) equations with a large variety of closures, and empirical turbulence modeling (ETM) that
typically predicts integral properties such as mixed layer
depth. In principle, DNS and LES can be used to study
turbulence itself (Lesieur 1997), while STM and ETM
only represent the effects of turbulence.
As outlined by Burchard et al. (2008), the RANS
equations contain unknown second moments, and
equations for these moments contain even more unknown third moments, then continuing the process gives
the Friedmann–Keller series (Keller and Friedmann
1924) of higher and higher order closures. Convergence
of this series to more accurate solutions cannot be assured because of the growing number of unknowns. To
be practical for geophysical flows the series must be
truncated at an early stage (usually after the second) and
there are typically further simplifications such as the
neglect of horizontal mixing terms. Nonlocal transport
refers to turbulent vertical fluxes that are independent of local gradients. It is of particular interest because OGCMs are not consistent in its treatment. It is
represented in the Cheng et al. (2002) third-moment
closure, and in the model for the fourth-order moments
that is tested against LES and observations by Canuto
et al. (2007). There is nonlocal transport in the level-3
second-order closure of Mellor and Yamada (1982), but
not in the simpler lower levels, or in many other secondorder closures where fluxes are formulated to be downgradient, such as Kantha and Clayson (1994), Canuto
et al. (1994), Bretherton and Park (2009), Harcourt
(2013), and Harcourt (2015). However, nonlocal transport is fundamental to some low-order models, especially those that consider convective plumes, such as the
unified convection scheme of Park (2014), as well as the
combined eddy-diffusion, mass-flux model of Siebesma
et al. (2007) and its recent extension (Tan et al. 2018).
Familiar examples of ETM are ocean mixed layer
models of Kraus and Turner (1967) lineage and of Price
et al. (1986), as well as the K-profile atmospheric
boundary layer models of Troen and Mahrt (1986) and
Holtslag and Boville (1993), plus the related K-profile
parameterization (KPP) of the ocean boundary layer
(Large et al. 1994). According to Smyth et al. (2002),
ETM is more efficient than the STM, ‘‘forsaking theoretical development almost entirely in favor of simple empirical representations of specific processes.’’
For example, KPP does include nonlocal transport
of buoyancy, but not of momentum because neither
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theory nor observations provided a suitable foundation. The Noh et al. (2003) improvements to Troen
and Mahrt (1986) include both of these nonlocal
transports, as well as an entrainment similar to that
in KPP.
Since there are no direct measurements of turbulent
fluxes in the open ocean, several recent advances in the
understanding and hence modeling of upper-ocean
mixing physics have utilized LES; for example, Wang
et al. (1998), McWilliams et al. (1997), Grant and
Belcher (2009), Harcourt and D’Asaro (2008), van
Roekel et al. (2012), and Li and Fox-Kemper (2017).
The latter discusses the others in some detail and evaluates schemes for incorporating the effects of Langmuir
circulations driven by surface wave–induced Stokes
drift in OGCMs. Additional relevant examples here
include Brown and Grant (1997), Smyth et al. (2002),
and Noh et al. (2004), because they focus on nonlocal
transport, including momentum. In particular, Brown
and Grant (1997) use LES to evaluate the two-scale
mixing formulation of Frech and Mahrt (1995) for the
atmospheric boundary layer and propose an improved
scaling. Smyth et al. (2002) test the performance of
KPP in an oceanic regime and suggest appropriate
refinements based on LES comparisons. In addition to
adding a nonlocal momentum transport with a form
similar to those of buoyancy, they consider the effects
of Stokes drift on the turbulent velocity scale and on the
nonlocal momentum flux. Noh et al. (2004) go further
and include the effects of wave breaking and Langmuir
circulation. To be useful, LES need only mimic, but not
necessarily reproduce nature, so most simulations are
highly idealized.
The underlying physics of both local and nonlocal
transport is contained in the LES equations and the
relevant motions should be resolved by LES models.
The present study investigates these transports in four
particular LES of the Southern Ocean boundary layer
forced by realistic winds, waves, and buoyancy. Specifically, the nonlocal transports of buoyancy and
momentum are first diagnosed, then used to infer diffusivity and viscosity profiles through the boundary
layer and finally to determine some basic relationships
that provide a degree of order to the turbulent LES
solutions. These LES results are independent of any
STM or ETM assumptions, but in order to be more
directly relevant to such models, the analysis utilizes
some of their basic constructs, such as similarity theory
from L19 and eddy diffusivity. However, neither evaluation of various boundary layer schemes and models
against these results, nor examination of other familiar
constructs, such as turbulent kinetic energy, is within the
present scope.
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2. Large-eddy simulations of the Southern Ocean
boundary layer
This present study of the Southern Ocean boundary
layer extends past idealized LES studies by examining
ocean mixing in LES driven by highly variable winds,
waves, and cooling at the Southern Ocean Flux Site
(SOFS) near 478S, 1408E (Schultz et al. 2012). In particular, the three idealized wind decay cases of L19 are
not considered, because the weak buoyancy forcing
(5 W m22 cooling) may not be compatible with such
a deep (’100 m) imposed MLD, even though the surface layer turbulence down to 10 m is consistent with the
realistic cases. Utilized are the four realistic cases; two
from April 2010, AprN with no wave (calm) forcing and
AprS with Stokes (wavy) forcing, and two June cases
similarly denoted as JunN and JunS, and referred to as
calm and wavy. These cases are described in detail in
L19, so only the most relevant aspects are repeated,
with the germane results summarized in section 3. First,
the highly variable Southern Ocean forcing is shown
for April and June in Fig. 1. The surface wind stress t
and ocean density r define the kinematic wind stress
u*2 5 jtj/r, where the range of the friction velocity u*,
in Fig. 1a corresponds to a wind speed range from less
than 3 to more than 20 m s21.

a. The LES model with surface wave effects
The LES model used to study the turbulent ocean
boundary layer is conventional (Moeng 1984; Sullivan
et al. 1994; McWilliams et al. 1997) but is extensively
modified to account for surface wave effects. Its dynamics
integrate the wave-averaged, incompressible, and Boussinesq Craik–Leibovich equation set (Craik and Leibovich
1976; McWilliams et al. 1997). As such it solves the
Navier–Stokes equations, including processes responsible
for nonlocal momentum and buoyancy transport. It produces time evolving profiles of mean horizontal Eulerian
flow U and buoyancy Q, as well as the corresponding
turbulent vertical fluxes hwui, hwyi, and hwui, which are
given by the correlations of fluctuations about these means
in space and time plus subgrid-scale (SGS) contributions
that are small everywhere except very near the surface.
Similarly, the variance of velocity fluctuations plus SGS
contributions give the turbulent kinetic energy (TKE).
The additional terms arising from phase averaging over
the surface waves include Stokes–Coriolis, a vortex force,
and a Bernoulli pressure head in the momentum equations, as well as horizontal advection by Stokes drift in the
buoyancy equations, and additional production of both
resolved and SGS energy by vertical gradients of Stokes
drift (Sullivan et al. 2007). The model resolves neither the oscillatory, nor breaking wave motions, so wave

quantities are unaffected by the currents and there are no
explicit wave effects on pressure. The optional acceleration
and energy generation due to nonconservative wave
breaking (Sullivan et al. 2004) is not exercised, because effects are limited to the upper few meters (Noh et al. 2004).
Stokes advection and production of both SGS and resolved TKE are relatively well represented in the current
simulations by accounting for a full wave spectrum. Also,
in contrast to RANS models, the local SGS energy
transfer from Stokes production in the LES can be either
positive or negative since the Stokes shear is imposed in
the turbulent flow field with a specified orientation and
sign. In addition, the magnitude of the Stokes drift often
exceeds the horizontal current speed near the surface,
leading to substantially different advection of TKE.
The surface thermodynamic boundary condition in
the ocean LES is the surface buoyancy flux B0, which can
include both heat and freshwater forcing, and is negative
in the more common situation of surface buoyancy loss.
Therefore, it defines an equivalent surface heating
(Fig. 1f) as

Q5

r o Cp
ga


B0 ,

(1)

where gravitational acceleration is g 5 9.81 m s22, thermal
expansion is constant at a 5 1.9 3 1024 K21, Cp is ocean
heat capacity, and ro an ocean reference density, such that
(roCp) 5 4.1 MJ m23 K21. Also, all the solar radiation is
absorbed in the first model level, so these LES are more
representative of nature at night than during the day.
The computational domains are 1280 points over 1250 m
in each horizontal direction. By design, the vertical extents are about twice the deepest MLD, so there are 512
grid cells over depths of 300 m in the April cases and
500 m in the June. The vertical grid is stretched such that
the cell thickness is about 0.375 m at the surface, increasing to 1.13 m (April) or 2.02 m (June) at the bottom. The respective time steps are about 0.9 and 1.5 s,
and all the cases use the SOFS (478S) Coriolis parameter, f 5 21.064 3 1024 s21, so the inertial period is 16.4 h.
The grid choices are justified in L19, where the vertical
velocity at 18 m from JunS shows downwelling features
associated with Langmuir turbulence that are aligned
with the wind for up to 500 m and separated across wind
by hundreds of meters. The return upwelling is not
aligned with the wind and dominated by horizontal
scales up to about 200 m, associated with convection in a
roughly 200-m-deep boundary layer.

b. Meteorological and Stokes (wave) forcing
Time-varying wave effects are incorporated as an
imposed vertical profile of the Stokes drift US(z)
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FIG. 1. SOFS surface forcing for April (solid) and June (dashed): (a) friction velocity u*
(cm s21); (b) the direction to which the wind blows (8 from north); (c) the difference in the
direction of the near surface Stokes drift and the wind; (d) La22, the ratio of the speed of the
surface Stokes drift to u*, with a black line at the wind-wave equilibrium value of 11
(McWilliams et al. 1997); (e) minus the e-folding depth dS of the Stokes drift speed; and (f) the
surface buoyancy flux B0 as an equivalent surface heating Q (W m22) from (1). The time
periods of six April forcing regimes and four June regimes are shown above.

computed every 150 s from the directional wave height
spectrum, with 72 directions and 55 frequencies from 0.031
to 2.3 Hz, as detailed in L19. These spectra are generated
by forcing the wave prediction model WAVEWATCH III
v2.22 (Tolman 2002) with the SOFS-observed winds

of Fig. 1a and breaking, as described in Romero and
Melville (2010). To better capture the low wavenumber/
frequency components, the wave data at SOFS from
ECMWF ERA-Interim global reanalysis (Berrisford
et al. 2011) are used as initial and boundary conditions.
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A Langmuir number is a measure of the relative
strength of wind to wave effects. The turbulent Langmuir number (La) of McWilliams et al. (1997) is defined
such that La22 5 [jUS (0)j/u*] shown in Fig. 1d is zero in
calm conditions and increases as Stokes drift becomes
relatively more important. In the wavy cases the variable
wind speed and direction (Fig. 1b) produce significant
fluctuations about the wind-wave equilibrium value of
La22 5 11 (McWilliams et al. 1997), as well as misalignment between the surface Stokes drift US(0) and
the wind stress (Fig. 1c). Another wave parameter is the
e-folding depth dS of the Stokes drift speed (Fig. 1e). In
general this depth varies only between 1 and 6 m, but
deepens to 10 m during the weakest winds of April.
L19 identified six distinct April forcing regimes and
four more in June. The time periods of each are shown at
the top of Fig. 1. The first is denoted A1–11 for April
hours 1–11. It is characterized by very large surface
cooling (Fig. 1e; solid trace) due to strong winds from
the southwest (toward 458 to 708 clockwise from north;
Fig. 1b) that are aligned with the surface Stokes drift
(Fig. 1c). There is much less cooling and more moderate
winds over the next four daytime hours of regime
A12–15. During the third regime (A16–23) the wind speed
drops to about 6 m s21 with the waves remaining stronger
than wind-wave equilibrium. Over regime A23–31 the
light winds maximize dS and the highly variable direction
leads to significant misalignment with the surface Stokes
drift. Regime A32–40 is the only period of stable surface
buoyancy forcing, Q . 0. It is followed by A44–50
when the wind rises and blows increasingly toward the
south, while the buoyancy forcing remains near neutral
(0 . Q . 220 W m22).
In June (Fig. 1; dashed), the first regime, J1–4, is
characterized by weak and varying winds, so the major
forcing is the moderate surface cooling and a dominant
swell propagating from the west-southwest, as shown in
L19. As the wind increases to more than 15 m s21 over
the next 23 h (J5–27), a local wave field develops and
stays near equilibrium (La22 ’ 11), while the cooling is
modulated by daytime solar heating. The solar heating
reduces the net cooling to very near zero over the next
regime, J28–33. During the last June regime, J34–41,
the cooling increases while the wind weakens with
highly variable direction and misalignment with the
Stokes drift.

c. Boundary layer depths
A fundamental characteristic of a boundary layer is
its depth h, which is a measure of the depth over which
surface forced turbulence is dominant. This depth provides a useful nondimensional vertical coordinate,
namely, s 5 d/h, where d is the distance from the surface.

2635

FIG. 2. LES turbulent vertical buoyancy flux to just beyond the
boundary layer, normalized by (gu*) and scaled by 106: (a) AprN,
with no Stokes (calm) forcing and (b) AprS, with Stokes (wavy)
forcing. The boundary layer depth h (red traces), the entrainment
depth he (magenta traces), and depth dF of zero flux (blue traces)
are shown for each case. The contour interval is 0.2, over the range
from 21.1 to 0.9.

For present purposes, h is diagnosed from converged
hourly LES statistics. As detailed in L19, there are three
steps in finding h from profiles of buoyancy flux hwui,
such as those shown in Fig. 2 from both April cases, when
the depth hi of maximum ocean stratification reaches
180 m (Fig. 3). This depth is analogous to the inversion
height in the atmosphere. The first step is to find the entrainment depth he (magenta trace), where hwuie is a
minimum. In unstable forcing it is below the shallowest
depth dF (blue trace) of zero flux. Second, find the first
depth, hmax, below he, where hwuimax is a relative maximum. Finally, take h (red trace) as the first depth below
he where the buoyancy flux equals the weighted average
(1–0.95)hwuie 1 0.95hwuimax. As shown in Fig. 3, this depth
is sometimes shallower than hi, and sometimes deeper.
As noted in L19, a value for h is always found between
he and hmax, significant turbulent fluxes are not found
deeper, and there is little sensitivity to the somewhat
arbitrary weight of 0.95. Usually the algorithm could
be simplified by taking hwuimax to be zero, but not when
the boundary layer is also forced from the interior, for
example by breaking internal waves, or equatorial
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A12–15, though the deeper boundary layer weakens
the signal somewhat. For example, the rise and fall of
dF (blue trace) and the associated change in sign of the
buoyancy flux at deeper depths are common. There is
similar behavior during the daylight hours at the start of
regime J5–27, but it is muted because of the greater
cooling. Thus, this period of solar heating plus those of
regimes A12–15, J28–32, and A32–44 form a progression
of diurnal cycles where the maxima of surface heating
are 242, 219, 213, and 228 W m22, respectively, and in
the LES there is an increasing Stokes dependent response, modulated by h.

d. A qualitative evaluation of entrainment

FIG. 3. LES vertical buoyancy gradient within the boundary
layer, scaled by (ga) to give units of K km21: (a) AprN, with no
Stokes (calm) forcing and (b) AprS, with Stokes (wavy) forcing.
The boundary layer depth h (red traces) and depths of maximum
stratification hi (dashed light blue) and zero flux dF (dark blue
traces) are shown for each case. The contour interval is very small,
so only the 21, 0, 1, 2, and 3 K km21 contours are shown.

undercurrent shear. Another example from early in regime A32–43 is shown in L19. It is associated with the
rapid collapse of the boundary layer due to the onset of
stable forcing and hence, he 5 0. Such transitions and the
subsequent day–night evolution of regime A32–43 are
distinct and a challenge for the fixed LES vertical grid
set, because of the rapid changes in the number of grid
cells in the boundary layer.
In Fig. 2b, Stokes forcing reduces the time variability
of hwui, while enhancing the response of dF, associated
with the daytime solar heating of regime A12–15. It also
deepens the boundary layer during stable forcing and
throughout the following near-neutral regime A44–50.
In June the boundary layer depth and hi are about
40 m deeper than in April. Otherwise, because unstable
forcing persists throughout (Q , 0, Fig. 1e dashed),
characteristics of the boundary layer and impact of
Stokes forcing are very similar to the April cases prior to
regime A32–43. In particular, the behavior associated
with the diurnal cycle of heat flux approaching, but not
quite reaching zero in regime J28–33 is very similar to

In unstable forcing, the buoyancy flux (Fig. 2) is positive near the surface, vanishes at a depth dF (blue trace),
becomes most negative at he, then increases toward zero.
This increase with depth is indicative of a time tendency
for buoyancy to increase as heavier water from these
depths is mixed with lighter water from above. This
mixing is a buoyancy loss (cooling) to the column above
he, as is the surface buoyancy loss, B0 , 0. In L19,
the buoyancy gain below he over the first 9 h of AprS
are compared to profiles from ARGO1 and both show
buoyancy gain (entrainment) starting at about 168 m
and peaking near 180 m. Thus, this LES does reproduce at least the overall character of the upper ocean
at SOFS in April 2010. A quantitative assessment is
precluded by the mismatch between the model and
observations. In particular, the model is stationary with
no advection, whereas the combined advection from
float movement and ocean currents could be substantial. Also, even though the relatively frequent 7-h
ARGO sampling can resolve most inertial variability,
it is far from ideal because of an apparent semidiurnal
internal tide.

3. The LES surface layer
Monin–Obukhov similarity theory (Monin and
Obukhov 1954) provides a semiempirical foundation
for understanding turbulence and structure in the surface layer of the atmosphere to a fraction s 5 « of the
boundary layer depth. It is based on dimensional analysis (Wyngaard 2010), which is extended to the ocean
with surface wave (Stokes) effects in L19. The theory

1
ARGO data are collected and made freely available by the
International Argo Program and the national programs that contribute to it (http://www.argo.ucsd.edu, http://argo.jcommops.org).
The ARGO Program is part of the Global Ocean Observing
System.
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postulates that the important independent variables
governing the structure of the surface layer are the distance d from the surface and the forcing parameters u*
and B0. The ocean extension adds a Stokes forcing parameter. With four independent variables and only two
dimensions (length and time) the Buckingham–Pi theorem says that the nondimensional gradient of Q depends on the product of a buoyancy similarity function
fs of a parameter z times a Stokes similarity function xs
of another parameter j:
Cs 5

kdu*
› Q 5 fs (z)xs (j) ,
B0 z

(2)

where k 5 0.40 is the von Kármán constant. Similarly the
nondimensional shear becomes
Cm 5

kdu*
› jUj 5 fm (z)xm (j) ,
u*2 z

Km,s 5 wm,s d;

wm,s 5

ku*
,
fm,s (z)xm,s (j)

(4)

where for convenience and as a demonstration of the
parallels, the subscript m,s is used to refer to either
momentum or scalars.
To deal with misalignment of the wind and Stokes
drift, L19 computes the integrated surface layer production of TKE due to Eulerian shear, due to Stokes
shear, and by buoyancy:

2«h

ð0
2«h

[h2wui  ›z U] dz 5 PU u*3 ,

(5)

[h2wui  ›z US ] dz 5 PS u*2 jUS (0)j
5 PS La22 u*3 ,
ð0
2«h

In atmospheric boundary layers z 5 d/L is the stability parameter, where the Monin–Obukhov depth L is
associated with the depth where the magnitude of the
buoyant production, or suppression, of TKE equals the
rate of shear production (Wyngaard 2010). To keep
the same association, the Stokes production of TKE in
an oceanic boundary layer is included in L19 with a z
parameter defined by
z5


21
P
d
;
1 1 S La22
L
PU

and

hwui dz 5 PB B0 h 5 PB w*3 ,

(6)
(7)

respectively, where w* 5 (B0 h)1/3 is the convective velocity scale. Much of the variability in the associated
parameters, PU and PS, is due to misalignment of the
stress vector h2wui with the Eulerian and Stokes shear,
as captured by the dot products in (5) and (6).

L5

u*3 2hu*3
5
.
kB0
kw*3

(8)

In L19, many instances of Cm,s 5 fm,s from the AprN
and JunN cases were computed across the surface layer.
These calculations indicate that the surface layer extends to a fraction « 5 0.1 of the boundary layer and that
the functions

(3)

where from L19, the shear of the LES Eulerian velocity
U is preferred over the Lagrangian U 1 US.
Surface fluxes pass through the surface layer to the
boundary layer interior and similarity theory provides
the turbulent velocity scales wm,s associated with surface
layer viscosity Km and diffusivity Ks and hence the turbulent Prandtl number, Pr 5 (Km/Ks):

ð0
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fm,s (z) 5 (1 2 Am,s z)21/3 ;

z , 0,

(9)

with Am 5 14 and As 5 25, are consistent with k 5 0.40.
In the convective limit of neither wind (u* / 0), nor
waves (La22 5 0; xm,s 5 1; z 5 d/L), the formulation (9)
makes the velocity scales of (4) proportional to the
convective velocity scale:
wm,s / k(kAm,s s)1/3 w*.

(10)

Thus, the lower limit of Pr becomes (Am/As)1/3 5 0.86.
The instances of stable surface layer values of fm,s are
too limited. There are only 8 h of stable forcing during
AprN and many fewer grid cells in the surface layer of
the much thinner stable boundary layers of Fig. 2.
Therefore, the traditional buoyancy similarity functions
from Högström (1988) are retained:
fm,s (z) 5 1 1 5z;

z $ 0,

(11)

such that the upper limit of Pr is 1.
A positive impact of using (8) to define z is that the
depth dependencies of xm computed from (3) and xs
from (2) are greatly reduced, such that xm,s may possibly
be regarded as depth independent beyond breakpoints
sBm 5 0.10 and sBs 5 0.07. However, these functions are
best computed from the LES at shallower depths s,
where the gradients of (3) and (2) are strongest, and
where L19 finds that both functions increase at rate near
unity. Therefore, every hour (2) and (3) are used to
calculate a depth independent value:
xm,s 5

Cm,s (s)
fm,s [z(s)]

1 1(sBm,s 2 s);

0:02 , s , sBm,s ,
(12)
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where the factor 1 reflects the unity slopes and z
is evaluated at s. In practice, averaging over four
consecutive LES grid cells greatly reduces computational noise.
The extension of similarity theory to Stokes forcing
in L19 remains compatible with no-Stokes empiricism
from the atmosphere, as does z from (8). The choice for
the j parameter is the fraction of total surface layer
production of TKE that is due to Stokes shear (6), because it gives the best fit for the hourly values from (12).
It is given by
j5

PS La22
[PU 1 PB (w*/u*)3 1 PS La22 ]

.

(13)

The empirical Stokes similarity functions from L19 are
xm (j) 5 1:05 2 2:44j 1 1:69j2 ,

(14)

xs (j) 5 0:80 2 1:30j 1 0:77j2 ,

(15)

for j . 0.35. Consistency with the calm cases requires
x m,s(0) 5 1, so linear interpolations are taken for
j between 0.0 and 0.35, along with constant extrapolation at the minimum values of quadratics at j 5 0.85 in
(15) and j 5 0.72 in (14). Respectively, these constants
are about 0.25 and 0.17 and their ratio, 1.5, becomes the
upper limit of the turbulent Prandtl number.

4. The LES boundary layer
The LES data provide the information necessary to
diagnose both the local and nonlocal turbulent vertical
transports of both momentum and buoyancy throughout
much of boundary layer. These transports are found to
be connected to the surface layer through nondimensional shape functions of s, and the nonlocal fluxes can
exceed the local. However, the degree to which these
LES results are reproduced in STM boundary layer
models, or are incorporated in ETM, is beyond the
present scope.

a. Nonlocal diffusivity
In general, the LES turbulent vertical flux correlations
can be expressed as the sum of a local downgradient flux
proportional to the local vertical gradient plus a nonlocal term representing everything else. For buoyancy
this partition is expressed as
hwui 5 Ks (2›z u) 1 Gs 5 Ks (2›z u 1 gs ) .

(16)

The far right form is the theoretical expression from the
Deardorff (1972) closure of the turbulent heat flux
equation, where gs is referred to as a buoyancy gradient
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due to nonzero buoyancy variance. An alternative closure of this equation by Holtslag and Moeng (1991)
produces a similar form, but gs arises from the divergence of third moments, that are neglected by Deardorff
(1972). The LES model makes none of the assumptions
of either of these closures. Its SGS closure is fundamentally different and well established (section 2).
Therefore, the LES can be used to learn about the collective nonlocal buoyancy transport Gs, its depth dependencies, and about expressing it as a product (Ksgs).
The LES show clear evidence of nonlocal buoyancy
fluxes throughout periods of unstable forcing in two
ways. In Fig. 2 there are depths dF (blue trace), where
the small positive buoyancy gradients evident in Fig. 3,
give direct estimates of gs 5 ›zu(dF). Furthermore,
the ‘‘noisy’’ zero contour of Fig. 3 indicates that typically there are a number depths dG above the blue trace
where the gradient is zero, such that the fluxes from
Fig. 2 are direct measures of Gs 5 hwui(dG). These
depths all lie well within the boundary layer and are
usually beyond the surface layer, except during the nearneutral regime A41–50, and the diurnal cycle of A12–15
from AprS. An effect of Stokes forcing is a more extensive range of depths dG (Fig. 3b). There are zero
gradients and nonzero fluxes over the first few hours
of the stable regime A33–40, but mostly below the
boundary layer where the turbulence is likely a remnant of prior unstable forcing that takes a few hours to
dissipate. In this stable regime the Stokes forcing reduces the positive buoyancy gradient throughout the
boundary layer. Stokes effects also erode gradients during unstable regimes, as shown by the deeper 1 K km21
and shallower 21 K km21 contours from AprS compared
to AprN in Fig. 3. Again, the gradients from JunN and
JunS are not shown, because they behave in a similar
fashion to the first 32 h of April.
Molecular diffusivity is a fundamental property of
substances that relates the heat flux to the temperature
gradient. However, an analogous definition of eddy
diffusivity in unstable boundary layers is ill defined at
depths dG, where there is zero gradient and a nonzero
flux. Therefore, a potentially more useful nonlocal diffusivity is defined by
"
#
Gs (dG ) hwui(dG ) gs (dF )
5
g s (dG )
›z u(dF ) gs (dG )
"
#p
hwui(dG ) fs (dF )
,
5
›z u(dF ) fs (dG )

KsNL (dG ) 5

(17)

because whenever there are depths dG of zero gradient
there is usually nonzero gradient below at dF, even in
regime A44–50. The factors in square brackets of (17)
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FIG. 4. Schematic in the horizontal plane at depth in the LES boundary layer showing the
relationship between directions of the following vectors: the current above (U1); the current
below (U2); the shear (thick black) in the X direction; the momentum flux (thick red) in the
2X0 direction; the stress (thin red) in the X0 direction; and the surface wind stress (thick blue)
and its components, across-shear tY (dotted blue) and along-shear t X (thin blue). The angle
between the stress and shear vectors defines V, shown here as negative when both the acrossshear momentum flux hwyi (dotted red) and the shear orthogonal to the stress ›zV0 (dotted
black) are proportional to sin(2V), and hence positive.

allow gs to be a function of depth, with the assumption
that fs from (9) is an appropriate scaling. This assumption follows from the surface layer scaling of L19, but
remains to be tested deeper in the boundary layer in
section 4c. In particular, the LES solutions will be used
to determine the exponent p, as well as to make the
connection to surface layer diffusivity Ks of (4).

b. Nonlocal viscosity
Typically, neither the momentum flux, nor shear is
zero anywhere in the boundary layer, so nonlocal momentum transport in the LES is less obvious. However,
usually neither the Eulerian, nor Lagrangian velocity
vectors are aligned with the surface stress vector, especially at depth (Fig. 1e). The Eulerian velocity tends to
rotate in an inertial sense away from the surface stress.
The Stokes drift component can have a significant
contribution from low frequency swell and decays rapidly with depth. A possible situation relative to either
Eulerian, or Lagrangian shear is sketched in Fig. 4,
where the subsurface stress vector is opposite to the
momentum flux. The rotation of this stress is different,
so usually there is a nonzero angle V between the horizontal stress and shear vectors. In the coordinate system
of Fig. 4 with its abscissa (X) aligned with the shear, the
above partition between local and nonlocal momentum
flux in the shear direction, becomes
hwui 5 Ku (2›z U) 1 Gu 5 Ku (2›z U 1 gu ) ,

(18)

and the across-shear momentum flux is entirely nonlocal, because by construction ›zV 5 0:
hwyi 5 Gy .

(19)

Figure 4 also shows a coordinate rotation with X0 in
the stress direction and Y0 perpendicular, with velocity components U0 and V0 . Now a nonzero shear ›zV0
becomes a measure of g y0 , because hwy0 i is zero by
construction:
›z V 0 5 g y 0 .

(20)

Both Gy and g y0 are proportional to sin(2V) and,
therefore, positive in Fig. 4 for V , 0.
Whenever the angle V is nonzero, a nonlocal viscosity
is defined by
NL
5
Km

Gy hwyi
5
.
gy0 ›z V 0

(21)

This viscosity differs from the eddy viscosity in that a
particular component of the momentum flux is divided
by the shear in a different direction, but is better behaved because both its numerator and denominator
go to zero together as sin(2V). However, its usefulness remains to be demonstrated with the LES solutions. One particular issue is its relationship to the
local downgradient flux Ku(2›zU) and the nonlocal
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FIG. 5. LES angle (V) between the stress and shear vectors (Fig. 4) across the boundary
layer from (a) AprN, with no Stokes (calm) forcing; (b) AprS, with Stokes (wavy) forcing and
using Eulerian shear; and (c) AprS, using Lagrangian shear. The boundary layer depth h (red
traces) is shown for each case. The contours are irregular at 08, 6108, 6308, 6608, and 61208.

contribution Gu in (18). Another is the behavior at large
angles, especially jVj . 908. Yet another, is the connection to the surface layer viscosity Km in (4).
Figure 5 shows the distributions of V from AprN
and AprS. Again, the June distributions are qualitatively
similar to Fig. 5 prior to the transition regime A32–43
NL
can almost always be diand not shown. Clearly, Km
agnosed throughout most of the boundary layer. With
no Stokes drift the Eulerian and Lagrangian velocities
are equivalent and AprN (top panel) shows that over
regimes A1–11, A12–15, and A16–22, jVj is small in

the surface layer, but exceeds 108 below about 30 m
and peaks at about 90 m, where it can be more than 608.
Deeper, it decreases and sometimes V changes sign
about 25 m above h (red trace). The near-neutral regime
A44–50 shows a similar pattern, with 0 . V . 2408. In
contrast, there are rapid changes in sign during the weak
and variable winds of regime A23–31, as well as the
transition and stable forcing of A32–43.
The effect of Stokes drift is most evident in the upper
100 m. In the more orderly regimes, A1–11, A12–15, and
A16–22 when it is roughly aligned with a strong enough
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wind stress (Fig. 1c), the Stokes drift rotates the stress
vector to be more its direction, such that V of the
Eulerian shear (middle panel) becomes much more
negative than in AprN, and even by 20 m it is about 2608.
However, the stress does not rotate quite enough to align
with the Lagrangian shear, so above about 50 m the associated V (bottom panel) is about 108. In regime A44–
50 the angle of the wind (Vt in Fig. 4) is positive, and the
Stokes drift rotates the stress past the Eulerian shear vector such that V becomes positive for the Eulerian shear
(middle panel), but little changed for the Lagrangian.
The ratio of the across-shear to the along-shear momentum flux is tan(V). The along shear hwui dominates
in the upper boundary layer where jVj , 108. At depth,
the across shear hwyi is often comparable, 308 , jVj ,
608, and occasionally significantly greater.

c. Nondimensional shape functions
The surface layer viscosity and diffusivity given by (4)
can be extended throughout the boundary layer as
Km,s (s) 5 wm,s (sr )hGm,s (s) ,

(22)

ku*
,
fm,s [z(sr )]xm,s (j)

(23)

wm,s (sr ) 5

where wm,s are the associated turbulent velocity scales
and where z is calculated from (8) at a reference depth
sr. Equations (22) and (23) are general in that they define unknown nondimensional shape functions Gm,s(s)
that may or may not provide a useful connection between the surface layer and the whole of the boundary
layer. Particular issues for the LES to address are the
choice of reference depth, the behaviors of Gs and Gm
and their differences, as well as how they vary with
depth, with time and from case to case.
NL
in (21) and the more
The profiles of viscosity Km
NL
sparse Ks in (17) provide an opportunity to use (22)
and (23) to calculate the shape functions:
Gm,s (s) 5

NL
Km
,s x m,s (j)fm,s [z(sr )]

khu*

,

(24)

where xm,s(j) is calculated from surface forcing and
surface layer gradients according to (12). Two options
are explored: sr 5 « and sr 5 s.
NL
First consider Gm from the calm cases, with Km
computed every hour at depths from 0.75 to about 4 m
below the entrainment depth. Even though the ocean is
never waveless when the wind is blowing, these cases
are particularly well suited for choosing between the
sr options, because there are nearly continuous profiles
NL
, the Eulerian and Lagrangian velocities are
of Km
NL
are usually
equivalent, and xm 5 1. Calculations of Km
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restricted to j›zV0 j . 1024 s21 to avoid division by small
numbers. However, this limit is reduced to 1025 s21
over hours 10–18 of AprN in order to capture V transitions from negative to positive at depth, and over the
stable A33–40 regime, so that all forcing regimes are
represented. Excluded are AprN times near the stable/
unstable transitions at hours 33 and 41, and near hour
28 when the wind is weakest and very variable in direction, with jVj , 408 a further restriction that avoids
instances when there appears to be insufficient equilibrium
for present purposes. The latter is relaxed to jVj , 608 for
JunN. For both sr options, the more than 7000 remaining
values of Gm (calm) are fit to a quartic regression (not
shown) and are also averaged over s bins of width 0.1. The
bin averages are shown in Fig. 6, with vertical bars
extending 61 standard deviation. The bilinear reference curve is provided only to facilitate comparison of
these results to the wavy cases and Gs results to follow.
With the sr 5 s option the standard deviations of
Fig. 6b are smaller, though by less 0.01, and the overall
correlation coefficient of the quartic regression is higher;
0.35 compared to 0.28, so henceforth it is the marginally
preferred option over sr 5 « (Fig. 6a). With either option there are large standard deviations, but the scatter
is not random. Profiles from a specific time usually fall
entirely above or below all the bin averages. This behavior, suggests that the highly variable forcing may be
playing a role. Nevertheless, the bin averages of Fig. 6b
vary smoothly with depth. Thus they provide one realization of an average nondimensional momentum shape
function that relates momentum flux hwyi and shear ›zV0
across the entire boundary layer, to the depth h, to the
surface forcing u*, and to the surface layer shear used to
compute Cm from (3).
The wavy cases are more relevant to the ocean and
NL
to
the strong and persistent Stokes forcing allows Km
be calculated for all jVj . 18, and for both the Eulerian
and Lagrangian shear. The above restrictions on j›zV0 j
and on April times near hours 28, 33, and 41 are again
applied. Equilibrium issues are avoided by requiring
›zV0 . 1024 s21 during the low and variable winds of
regime A23–31. The bin averages of Gm (wavy), with
sr 5 s, are shown in Fig. 7. They reveal significant
differences between the two shears. The Eulerian
shear gives the most consistency with the calm results
of Fig. 6b, especially for s , 0.4, and the standard deviations overlap at all s. Thus, Fig. 7a can be regarded
as a second realization of Gm(s).
NL
from
Using the Lagrangian shear to calculate Km
(21) gives the triangles and standard deviations of
Fig. 7b. There is little effect below s 5 0.4, where the
Stokes shear is much smaller than the Eulerian. Above,
more of the Lagrangian shear is aligned with the
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FIG. 6. Nondimensional momentum shape function Gm(s) averaged over 10 bins in s of width 0.1, from both calm cases, AprN and
JunN, for (a) sr 5 « and (b) sr 5 s. The number of instances in each
bin centered from s 5 0.05–0.95 are 1972, 1651, 1201, 795, 559, 367,
243, 220, 267, and 174, for a total of 7449. Vertical bars extend 61
standard deviation about the bin means (diamonds), and the dotted
black lines just provide a reference to facilitate comparisons.

momentum flux and the smaller across-shear flux is
not fully compensated by smaller shear in (21) such that
Gm becomes systematically reduced, and hence even
smaller than the calm, and the peak shifts. The two major
issues are how this tendency diminishes as the calm limit
is approached, and the inconsistency with using Eulerian
shear to compute xm from (12). Using the Lagrangian
shear for this calculation too gives very large values of xm,
such that the resulting Gm averages need to be reduced
by a factor of 2 (asterisks) to fall within the limits of
Fig. 7b. The standard deviations are much greater than
those shown in Fig. 7. They are roughly equal to the
plotted scaled bin averages (asterisks).
There are fewer instances of KsNL , because of the
zero buoyancy gradient requirement. Therefore, both
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FIG. 7. As in Fig. 6b (sr 5 s), including the dotted reference
lines, but for both wavy cases AprS and JunS using (a) Eulerian
shear and (b) Lagrangian shear, first (triangles) only in the calcuNL
lation of Km
from (21), and second (asterisks) also in the calculation of Cm from (3) that is then used in (12), but first multiplied by
0.5 so that all the asterisks stay within the maximum of the ordinate. The number of instances in each bin are 3333, 2238, 946, 782,
784, 744, 575, 574, 507, and 328, for a total of 10 811.

wavy and calm calculations of Gs are shown in Fig. 8.
To keep adequate precision in the buoyancy flux,
[hwui(dG)/g] . 2 3 1028 cm s21 is always a requirement. The above April time restrictions are again
applied. Division by small numbers is avoided by requiring (ga)21›zu(dF) to be greater than 0.028C km21,
in the units of Fig. 3, for AprN and JunN, and about an
order of magnitude smaller for AprS and JunS, because
of the small gradients under Stokes forcing. The calm
cases with p 5 1 (Fig. 8b; blue diamonds) give the most
consistent results in terms of smallest standard deviations and best agreement with Gm, especially with the
wavy of Fig. 7a. The sensitivity to p diminishes as dG
approaches dF. At shallower s, the calm cases with p 5 0
(Fig. 8a; blue diamonds) increase more rapidly than Gm,
and even more so for p , 0. For p . 1, the agreement
with Gm progressively degrades.
Values of Gs from the wavy cases tend to be smaller
and much more variable, such that the combined bin
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FIG. 8. As in Fig. 6b (sr 5 s), including the dotted reference
lines, but for the nondimensional buoyancy shape functions Gs(s)
from both calm and wavy cases (black squares), and just for the
calm (blue diamonds): (a) gs independent of depth, p 5 0 in (17);
and (b) p 5 1, such that g s is proportional to fs evaluated at d 5 sh.
The eight averaging bins are 0.1 wide and displaced by 0.025 for
clarity. The number of instances in each black (blue) average are
166 (53), 602 (495), 1407 (748), 1887 (875), 1783 (599), 1113 (287),
322 (48), and 3 (0), for a total of 7310 (3087).

averages (black squares) are smaller than the calm for
s , 0.3 with bigger standard deviations everywhere.
These impacts are more evident for p 5 0 in Fig. 8a,
where the agreement with Gm improves for s , 0.4, but
the standard deviations are everywhere greater than for
p 5 1 (Fig. 8b). With Stokes forcing, the effect of PS . 0
in (8) is to make the stability parameter more negative
and hence, fs a weaker function of s, such that KsNL is
not as affected as in the calm cases. Thus, the combined
and calm buoyancy shape functions are more consistent
with p 5 1, which combined with the smaller scatter
supports this choice for the exponent in (17).

d. A composite shape function for buoyancy and
momentum
The degree of consistency achieved with the choices
of sr 5 s (Fig. 6b), Eulerian shear (Fig. 7a), and p 5 1
(Fig. 8b) suggests that a composite shape function GC(s)
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may be applicable for both momentum and buoyancy,
with or without Stokes forcing. For this particular purpose, Gs values from JunS are excluded, because they
scatter more than twice as much as AprS, even though
the bin averages are nearly the same. This excessive
JunS scatter is responsible for the bigger standard deviations about the black squares of (Fig. 8b). Its source
can be traced to a precision issue in the calculation of the
nonlocal buoyancy gradient gs(dF) in the denominator
of (17), when the gradient is near the precision of the
processed LES data. As evident in Fig. 3 near hour 15
for example, the depths dF (blue trace) can be at or just
below a zero gradient contour. These contours indicate that the vertical buoyancy difference dyQ between
neighboring grid cells is less than the precision of the
LES space–time averages. In such situations, changes in
dF and in the convergence of these averages can combine to change small values of dyQ by as much as a factor
of 10 from hour to hour, with associated variability in Gs
insufficiently compensated by hwui(dG) in the numerator of (17). There are a number of factors that contribute
to making this precision issue more prevalent in JunS.
Relative to April cases, there is overall weaker stratification, deeper boundary layers and coarser vertical resolution. Relative to JunN, the Stokes forcing reduces
gradients everywhere, as quantified in the surface layer
by xs , 1 from (15).
Figure 9 shows the bin averages of Gm (calm) from
AprN and JunN (red diamonds; Fig. 6b), of Gm (wavy)
from AprS and JunS (red triangles; Fig. 7a), of Gs (calm)
from AprN and JunN (blue diamonds; Fig. 8b), and of
Gs (wavy) from AprS (blue triangles). The combined
averages over narrower bins (black squares) are joined
by the solid black line, with black vertical bars extending
61 standard deviation. At all s all four subset averages
fall within these standard deviations, except for Gm
(calm) for 0.6 , s , 0.8. Thus, there a degree of order
across the boundary layer in the LES solutions of the
phase-averaged Navier–Stokes equations that justifies
regarding the black trace as a composite shape function
GC(s), at least for some purposes. However, the shape
functions do tend to be smaller with Stokes forcing than
without, and for buoyancy, especially for s . 0.3. These
distinctions may be important for some applications
should they prove to be robust.
The dotted curve of Fig. 9 is the cubic function s(1 2 s)2
proposed by O’Brien (1970), which is the basis of Troen
and Mahrt (1986), Holtslag and Boville (1993), and
KPP (Large et al. 1994). The fit from the surface to the
composite peak at about s 5 0.25 is quite good. Deeper
however, the cubic continues to rise to a peak at s 5
0.33. For 0.4 , s , 0.8 it lies systematically more than a
standard deviation above the composite, and it has much
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FIG. 9. As in Fig. 6b (sr 5 s), Fig. 7a (Eulerian shear), and
Fig. 8b (p 5 1), but for 20 narrower bins of 0.05 width, where the
bin averages (black squares) give a composite shape function
GC(s)(solid black trace) from a total of 21 742 instances. Also shown
are averages from wider (0.10) and offset bins of Gm from the calm
cases of Fig. 6b (red diamonds), Gm from the wavy cases of Fig. 7a
(red triangles), Gs from the calm cases of Fig. 8 (blue diamonds), and
Gs from AprS (blue triangles). The dashed curve is the cubic function
s(1 2 s)2 from O’Brien (1970).

greater curvature than the approximately linear decrease of Gc(s), such that the approaches to zero at s 5
1 are quite different.

5. Nonlocal transports
Hourly LES profiles are now used to determine functional dependencies of Gm,s from across the boundary
layer and relationships to gm,s. These are also compared
to experience from the atmospheric boundary layer,
where nonlocal fluxes of buoyancy are familiar.

a. Nonlocal buoyancy flux
A buoyancy profile typically has zero gradient at between 10 and 60 discrete depths dG (e.g., Fig. 3), where
Gs is given by the buoyancy flux (e.g., Fig. 2), though
some have more than 100 and others none. Figure 10a
shows these Gs normalized by the surface buoyancy flux
B0 but for clarity only from every tenth instance. Values
are constrained to be unity at the surface and zero at
(d/dF) 5 1, and overall a linear decrease between these
limits is a reasonable fit to the data, with a linear regression giving a slope of 21.04 and intercept at 1.02.
However, there is considerable spread. The blue trace
joins the 10 plotted values of the 100 calculated from
hour 30 of AprS, while the red joins the 10 from hour 3 of
JunS. Although both profiles are nearly linear for s .
0.3, the latter is steeper than 21, while the former is

FIG. 10. Nonlocal buoyancy flux Gs 5 hwui, at depths dG, where
the buoyancy gradient is zero normalized by the surface buoyancy
flux B0 from all the calm and wavy cases: (a) as a function of depth
d 5 dG, divided by the first depth of zero buoyancy flux dF shown
only every tenth instance for clarity, with examples from AprS and
JunS joined by the blue and red curves, respectively (see text); and
(b) scaled by (B0 GC)21, with averages over seven s bins of width
0.1 shown with bars extending 61 standard deviation. The overall
average of 8040 instances is 4.7 (dashed line), with a standard deviation of 2.3.

flatter. A linear decrease of buoyancy flux implies a
constant cooling rate such that a well-mixed boundary
layer would remain so, and the linearity of Gs in Fig. 10a
suggests that nonlocal transport would produce such a
tendency.
This linearity and that of GC for 0.22 , s , 0.80 in
Fig. 9 suggest the relationship
Gs 5 Rs B0 GC (s) ,

(25)

where Rs is determined from Fig. 10b. For this purpose
all Gs values from every unstable hour of all cases are
used, except for those greater than B0, because such
behavior may be due to past conditions and indicative of
insufficient equilibrium. The bin averages of Fig. 10b
show that Rs 5 4.7 6 2.3 is approximately constant over
the range 0.1 , s , 0.8 of available Gs. However, the
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FIG. 11. The across-shear momentum flux Gy 5 hwyi vs (a) the product of Km times ›zV0 , with
Km 5 wm h GC; (b) the square of the across-shear friction velocity (2tY/r); (c) GC(2tY/r); and
(d) GC (tY /r)w*(u*/fm )21 , where fm is evaluated at s 5 «. Units are always (cm s21)2. Blue
points are from calm cases and red from the wavy. Dashed lines are the linear regressions from
Table 1.

spread is considerable, with standard deviations typically about 50% of the mean, but perhaps it is less than
expected given the spreads in Figs. 9 and 10a.

b. Across-shear momentum flux
Both Gy from (19) and gy0 from (20) can be computed
at most depths. To sample more evenly and with more
independence, they are computed at most from 17
levels, separated by about 10 m across the boundary
layer. First, Fig. 11a and the statistics summarized in
Table 1 demonstrate how well the across-shear momentum flux Gy 5 hwyi can be expressed as the product
(Km gy0 ), with Km 5 wm h GC. There is no clear separation between calm (blue) and wavy (red) points, though
the former appear to have a high bias. Hence, the slope

of the least squares fit through the origin (1.1 5 ratio
of the means) is greater than 1. The slope of the linear
regression (0.96) is closer to 1, and the correlation coefficient is 0.84. Both Gy and gy0 depend on sin(2V), so
points fall in either the first or third quadrants of Fig. 11a
and collapse at the origin for V near zero.
In addition to an across-shear momentum flux, Fig. 4
shows an opposing component of the wind stress t Y,
where (2t Y/r) can be regarded as the kinematic acrossshear wind stress. The two quantities Gy and (2t Y/r)
are related in Fig. 11b, with the statistics again given in
Table 1. Although the correlation coefficient is 0.78,
profiles of hwyi tend to first increase, then decrease with
depth. This dependency is similar to that of GC(s), so it
is largely removed in Fig. 11c, with the correlation
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TABLE 1. Summary of various linear regressions, y 5 R0 1 R1x, where all velocities have units of cm s21. The correlation coefficient is rxy
and the F value is for the goodness-of-fit test. The ratio of the means (y/x) gives the slope of the best least squares fit through the origin. In
Fig. 12b, the Eulerian shear is used to define the X–Y coordinate system of Fig. 4, and hence to calculate the angle V. The Lagrangian shear
is used in Fig. 12d, so V is different.
Figure

y

x

Instances

y

x

y/x

R0

R1

RXY

F value

FIG. 11A
Fig. 11b
Fig. 11c
Fig. 11d

Gm 5 hwyi
Gm
Gm
Gm

Km›zV0
(2tY/r)
GC(2tY/r)
w*fm
GC (2tY /r)
u*
Km›zU cosV
Km›zU cosV

1559
1559
1559
1559

0.53
0.53
0.53
0.53

0.48
2.34
0.18
0.17

1.11
0.23
2.92
3.04

0.07
20.10
20.13
20.16

0.97
0.27
3.63
3.98

0.85
0.78
0.91
0.90

3908
2455
7200
6807

517
517

1.15
1.52

0.91
0.57

1.27
2.66

0.23
0.47

0.73
1.22

0.74
0.66

619
412

Fig. 12b
Fig. 12d

2hwu1i
2hwu1i

increasing to 0.91 and little systematic difference between the calm (blue) and wavy (red) cases.
Brown and Grant (1997) argue that because nonlocal
transport depends on convection, it should depend on
w* and they present supporting evidence from atmospheric LES. Therefore, this idea is tested in Fig. 11d,
where the abscissa from Fig. 11c is multiplied by w* and
then divided by [u*/fm («)], in order to keep consistent
units and to be well behaved in the convective limit (10).
The correlation coefficient is 0.90, and other measures
(Table 1) also indicate that Fig. 11c is a somewhat better
choice. Although the natural transition from unstable to
stable conditions of a w* dependency is attractive, it is
not supported by the LES.
Applying Occam’s razor leads to the simpler relationship of Fig. 11c:
Gy 5 hwyi 5 Rm (2tY /r)GC (s) ,

(26)

where Rm equals 2.9 if it is taken to be the ratio of means,
or 3.6 if the slope of the linear regression is used (Table 1)
and the 20.13 cm2 s22 intercept ignored. Equation (25)
gives the same functional form for the dependencies of
nonlocal fluxes Gm,s on depth from the shape function
and on surface flux.

c. Nonlocal stratification and shear
If Gm,s 5 Km,sgm,s and Km,s 5 wm,shGC(s) are useful
constructs, then the nonlocal gradients are given by
g m,s 5

Rm,s x m,s
kh

"

#
fm,s (s)
u*

f(2t Y /r); B0 g,

(27)

where the last term in curly brackets is the surface flux;
(2t Y/r) for the across-shear momentum, or B0 for
buoyancy. The only depth dependency is given by fm,s(s)
within the square brackets, which for gs is consistent with
an exponent p 5 1 in (17), as suggested by Fig. 8b.
The Mailhot and Benoit (1982) parameterization of
nonlocal convection in the atmosphere is

g s 5 C*

B0
hw*

(28)

with C* about 10. In the convective limit, x equals 1 and
the term in the square brackets of (27) becomes the
reciprocal of (kAm,s s)1/3 w* from (10), such that (27)
takes the same functional form as (28). In particular the
equivalent coefficients are
5
C*
m,s

Rm,s
k(kAm,s s)1/3

.

(29)

For a compromise value of Rm 5 3.2, the range of C*m is
from 4.5 at s 5 1 to 9.7 at «, while the corresponding range
of C*s is 5.4–11.7. Thus, the LES buoyancy and across-shear
momentum give very similar values, with the difference in
the constants, Rm and Rs, largely compensated by the different stability functions with Am 5 14 and As 5 25. There
is no depth dependency in (28) and the C * 5 10 value is
most consistent with C*m,s near s 5 «. However, the atmospheric results of Holtslag and Moeng (1991) suggest a
value of C* between 2.5 and 5 for buoyancy, as do the ocean
simulations reported by van Roekel et al. (2018). These
values are consistent with C*m at s near 1, but outside the
range of C*s with Rs 5 4.7, but well within the 2.8–6.1 range
given by Rs 5 2.4 (4.7 minus 1 standard deviation).

d. Countergradient momentum flux
In the coordinate system of Fig. 4 aligned with the
local shear, each hour the LES directly give the two
components of horizontal momentum flux; namely, the
along-shear hwui of (18) and the across-shear hwyi 5 Gy
from (19), but not Gu. However, geometry gives ›zV0 5
(2›zU)sin(V) and
hwui 5

hwyi
NL
(2›z U) cos(V) ,
5 Km
tan(V)

(30)

NL
where Km
is defined by (21). Therefore in Fig. 12a,
departures from the 1:1 line of perfect agreement reflect
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FIG. 12. Relationships between the along-shear momentum flux hwui and its components;
namely, the local downgradient (2Km ›zU) and the nonlocal countergradient Gu: (a) 2hwui
NL
›z U); (b) as in (a), but with Km computed from the composite GC; (c) Gu from (31)
vs (Km
vs (2tX/r), the square of the friction velocity associated with the wind stress aligned with the
shear; (d) as in (b), but with Lagrangian shears, instead of Eulerian. Units are always (cm s21)2.
Blue points are from calm cases and red from the wavy. Dashed lines are the linear regressions
from Table 1, and the 1:1 lines are dotted.

the cos(V) factor. In (30), this factor multiplies the local
downgradient momentum flux, which is, therefore, always more negative than the total, hwui, such that the
nonlocal flux contribution to hwui given by
NL
›z U . 0:
Gu 5 (1 2 cosV)Km

(31)

is always countergradient, and gu 5 (1 2 cosV)›zU.
In Frech and Mahrt (1995) the nonlocal momentum
flux is aligned with the bulk shear across the atmospheric
boundary layer. This idea could be extended to the
ocean LES, but the direction of the bulk shear would be
constant with depth and usually closely aligned with the

wind stress. Thus, Gu would vary with the kinematic wind
stress aligned with the shear (2t X/r), in the same way Gy
varies with (2t Y/r) in Fig. 11c. However, Fig. 12c, shows
that the LES do not behave this way. Not only do Gu and
(2tX/r) usually have opposite signs, but they are otherwise unrelated and the functional form (27) does not
hold for gu.
In Fig. 12b, the viscosity in the abscissa Km uses the
composite GC(s) in (22). With the (cosV) factor now
included in the abscissa, departures from the 1:1 line are
due to the scatter in GC (Fig. 9) and to its biases when
used to compute along-shear fluxes. These biases produce an apparent separation between the calm (blue)
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and wavy (red) results. For example, the high bias of Gm
(calm) is reflected in the blue points falling above the 1:1
line at high values. An opposing bias in the wavy cases
more than compensates, such that the regression line
falls below for 2hwui . 1.5 (cm s21)2. However, the
opposite is found at smaller values where the majority
of points fall, such that best fit through the origin has a
slope 1.3 . 1 (Table 1).
Repeating this GC(s) exercise, but with everything
else computed using the Lagrangian shear yields the
results shown in Fig. 12d. The calm (blue) points are
unchanged. With Stokes forcing, however, the much
larger values of Lagrangian ›zjU 1 USj in (3) make
x m(j) much greater than given by (14), such that wm in
(23) is very much reduced. The resulting reduction in Km
of Fig. 12d is much greater than increases in the shear at
deeper depths, which leads to the pronounced low bias
relative both to 2hwui and to the calm values in Fig. 12d.
This negative result is quantified in Table 1. It is further
evidence that deeper shears are decoupled from the
Stokes shear in the surface layer where it can dominate
the Lagrangian.

6. Discussion and conclusions
Large-eddy simulations have been used to study the
turbulent boundary layer in conditions representative of
the Southern Ocean Flux Site during fall mixed layer
deepening in 2010. These LES are intended only to
mimic nature, which lessens requirements on surface
forcing, for example. Although, such simplifications
compromise verification, they are acceptable here, because the observational requirements are very far from
being satisfied at SOFS. Nonetheless, the ARGO float
profiles do provide realistic initial conditions and the
large variations in the buoyancy forcing and in both the
wind speed and direction were observed at SOFS. Also,
the wavy LES with Stokes forcing, and the calm without,
span nearly the full range of expected wave regimes.

a. Basic results
Insofar, as the LES are faithful solutions of the Navier–
Stokes equations, they provide some basic empirical results that should be represented by simpler models and
parameterizations of turbulent ocean boundary layers,
both statistical (STM) and empirical (ETM). The underlying construct of the analysis is general. It partitions
the vertical fluxes into two terms: one proportional to
the local gradients, and nonlocal terms that account for
everything else, as expressed by (16) and (18), but makes
no assumptions.
Evidence for nonlocal buoyancy flux in the unstable
atmosphere is plentiful from observations (Deardorff
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1966) and from LES (Moeng and Wyngaard 1989). In
our unstable ocean LES, it is directly given by the positive flux Gs from Fig. 2, at each depth where the buoyancy gradient of Fig. 3 is zero. The nonlocal buoyancy
gradient of Deardorff (1972) is directly given by the
gradientgs in Fig. 3 at the depth where the flux of Fig. 2
equals zero.
The coordinate rotations of Fig. 4 are general, so
nonlocal momentum transport is unequivocal in the
ocean LES, because of the nonzero angles V between
the LES stress and shear vectors (e.g., Fig. 5). The
angle V is rarely zero and depends on Stokes drift and on
the choice of shear between Eulerian and Lagrangian.
The across-shear flux is proportional to tan(V), so it has
similar dependencies, and is seldom negligible (jVj ,
58). It is entirely nonlocal, and is a direct measure of Gy.
Furthermore, Figs. 11b–d all show that this flux is related
to (2t Y/r), as defined in Fig. 4. It can be of either sign,
whereas the nonlocal contribution to the along-shear
momentum flux is always positive (countergradient).
Also where V is nonzero, there is a shear ›zV0 perpendicular to the momentum flux vector that gives a
nonlocal shear gy0 5 (›z U) sin(V).
Nonlocal momentum transport can be similarly inferred from the lidar observations in the atmospheric
boundary layer reported by Berg et al. (2013). Specifically, they also find a systematic nonzero angle between
the shear and momentum flux vectors. Although they
attribute this behavior to mesoscale effects, it is very
similar to that of V, especially in Fig. 5a within 100 m of
the surface and before hour 20. By design (L19) there is
no mesoscale activity in the ocean LES.

b. Similarity theory
Further progress is enabled by invoking specific constructs, beginning with Monin–Obukhov similarity theory in the surface layer, as extended in L19 for surface
wave (Stokes) forcing. This theory says that the nondimensional stratification Cs from (2) and shear Cm from
(3) should depend on the product of buoyancy similarity
functions fm,s of a parameter such as z from (8) times
Stokes similarity functions xm,s of a parameter such as
j from (13). In L19, surface wave effects are found to
greatly reduce the stratification and the Eulerian shear
in the surface layer, with vertical fluxes maintained by
viscosity and diffusivity enhancements given by the reciprocals of xm,s(j) given by (14) and (15). The depth
dependencies of these reduced gradients in the surface
layer are mostly captured by the dependency of z on
(d/L), with the ratio of Stokes production of TKE from
(6) to shear production from (5) providing a refinement
according to (8). To the extent similarity theory is valid,
these functions and dependencies should be universal
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and reproduced by LES in different regimes, as well as
by simpler models and parameterizations.
In contrast, analogous functions are not found using
the Lagrangian shear to give Cm from (3). The Lagrangian shear in the surface layer is dominated by the
prescribed Stokes shear, which is a property of the surface wave field. The dimensional analysis of similarity
theory, however, should only apply to a single closed
system, namely, the turbulent surface layer. It should
not be expected to span two systems.

c. Eddy diffusivity and viscosity
Eddy diffusivity and viscosity are traditional turbulence concepts, defined as the ratio of the turbulent
flux (buoyancy or momentum), to the local mean gradient (stratification or shear). For surface fluxes passing through the surface layer to the boundary layer
interior, similarity theory gives the associated vertical
viscosity Km and diffusivity Ks defined by (4). This
concept fails deeper in the boundary layer, because
nonzero fluxes are found where the local gradients are
zero. However, it can be modified by defining a nonNL
as (21), using either the Eulerian or
local viscosity Km
Lagrangian shear, and diffusivity KsNL as (17). Both
these ratios remain finite across the boundary layer. The
local downgradient momentum flux can then be defined
NL
›zU, such that the nonlocal contribution Gu is
as 2Km
always countergradient.
The extension of the surface layer viscosity and diffusivity across the boundary layer according to (22) is a
specific construct of some ETM, such as those based on
Troen and Mahrt (1986). However, no assumptions are
made about the shape functions Gm,s, which are found to
scatter a great deal about a composite curve that is distinct from the cubic of O’Brien (1970). The scatter may
possibly be produced by some STM, but is missing from
ETM, though it could be generated stochastically. It is
not random in the sense that LES values from any particular hour all tend to fall above or below the average,
but could be more random in time. It is particularly big
for Gs from JunS, because of a precision issue.
There is a very close match between the composite
and the average profiles of both Gm (wavy) and Gs
(calm). However, it is not clear if the higher values of Gm
(calm) and lower values of Gs (wavy) are robust. These
differences suggest that there may be missing, or suboptimal dependencies, or possibly that averaging over
an even wider range of forcing conditions would give
greater consistency. Also, buoyancy differences dyQ are
required to be positive, so negative fluctuations about
a small values are limited, but positive fluctuations are
unbounded, and the resulting rectification could bias the
gradient high, and hence Gs low. Further investigation

of these issues could lead to shape functions that are
more representative of eddy diffusivity and viscosity.
However, to be broadly applicable refinements should
be based on a wider range of ocean regimes, including
more moderate wave conditions and shallower boundary layers, as well as on solutions with improved precision from more than one LES model.

d. Boundary layer physics
According to Wyngaard (1982) boundary layers have
distinctive physics and hence are governed by their own
mixing rules. This view is strongly supported by the LES,
because of the agreement between Gm and Gs in Fig. 9.
This agreement relates surface fluxes, surface layer gradients, and deeper boundary layer fluxes and gradients. Rearrangement of terms in these calculations,
with some cancellations yields
#
"
hwyi(dG ) ›z Q(dF ) fs [z(dG )] u*2 ›z Q
;
hwui(dG ) ›z V 0 (dG ) fs [z(dF )] B0 ›z jUj
SL


fs (z)xs (j)
5
,
(32)
fm (z)xm (j) SL
where ; is used to indicate that these relationships are
unlikely to hold from hour to hour, because of the large
spreads in Fig. 9. In (32), the gradients and similarity
functions inside the square brackets are from the surface
layer, while the flux hwui, ›zQ, hwyi, and ›zV0 on the left
hand side are from deeper in the boundary layer. In
particular, ›zQ must come from dF, where the stratification is nonzero, and so it is adjusted to the depth of
the other terms with ratio of fs at the different depths.
The terms in (32) are arranged such that the right- and
left-hand side of the ; can be interpreted as turbulent
Prandtl numbers in the surface layer and deeper in the
boundary layer, respectively.
To further the discussion, these Prandtl numbers are
computed wherever all the terms of (32) are available
from the calculations of Fig. 9 plus JunS. For 174 instances of s less than about 0.3 the mean 6 1 standard
deviation of the ratio (Gm:Gs) is about 1 6 0.5, and the
ratio of deep to surface layer Prandtl numbers is higher,
1.1 6 0.6. Figure 9 indicates that deeper these numbers
should increase, and over all s , 1 they both become
about 2.0 6 1.0. The Stokes similarity functions say that
the addition of Stokes forcing reduces the surface layer
shear more than the stratification (x s . xm), such that
the term in the square brackets of (32) increases. Compensating changes in the fluxes, gradients, and ratios on
the left-hand side are expected, but with realistic forcing
the different ratios show that the compensation is not
exact. Nevertheless, these relationships quantify that to
about s 5 0.3 the boundary layer is strongly coupled to
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the surface layer, and that the deeper boundary layer
does not become independent of the surface layer.
All the terms of (32) come directly from the LES, so
to some degree such relationships appear to be a basic
property of the turbulent LES solution of the Navier–
Stokes equations in a boundary layer. Hence, they should
be reproduced by simpler models and parameterizations.
No such relationships are evident when the Lagrangian
shear is used in the surface layer (L19), and/or the
boundary layer (Fig. 7). Therefore, the Stokes shear in
the surface layer appears to be much more decoupled
from deeper, mostly Eulerian, shears. This behavior
supports the L19 treatment of Stokes drift has a forcing
through the contribution of its shear to the production of
TKE (6), as expressed by PS in the stability parameter
(8), and Stokes parameter j (13).
Additional support for the Wyngaard (1982) view is
provided by (27) where gs and gm 5 g0y , but not g u have
very similar functional forms, provided the surface stress
is taken to be the across-shear component of the wind
stress. Furthermore, extrapolation to the convective
limit shows that the coefficients are essentially the same;
ranging from about 5 at s 5 1 to 11 at «. Although
the equivalent coefficients from studies of atmospheric
convection are not depth dependent, their range is
similar (2.5–10). Absent distinct boundary layer physics,
such a close resemblance in the nonlocal behavior of
ocean momentum, ocean buoyancy, and atmospheric
convection would not be expected.
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