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ABSTRACT: A new k-distribution scheme without the assumption of the correlation between the absorption coefficients

at different pressures is developed for solar heating due to water vapor and CO2. Grouping of spectral points is based on the

observation that radiation at spectral points with a large absorption coefficient is quickly absorbed to heat the stratosphere,

and the heating below is attributable to the absorption of the solar radiation at the remaining spectral points. By grouping

the spectral points with a large absorption coefficient at low pressures, the range of the absorption coefficient of the re-

maining spectral points is narrowed, and the k-distribution approximation can be accurately applied to compute solar

heating in both the stratosphere and troposphere. Grouping of the spectral points is based on the absorption coefficient at a

couple of reference pressures where heating is significant. With a total number of 52 spectral groups in the water vapor and

CO2 bands, fluxes and heating rates were calculated for various solar zenith angles in some typical and sampled atmospheres

in diverse climatic regimes and seasons. The maximum heating rate difference between the k-distribution and line-by-line

calculations is ,0.09K day21 for water vapor and ,0.2K day21 for CO2. The difference in the surface radiation is

;1.4Wm22 for water vapor and 0.6Wm22 for CO2, while it could increase to 2.6Wm22 due to overlapping absorption.

These results can be improved by increasing the number of spectral groups at the expense of computational economy.
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1. Introduction

Computational efficiency has always been an issue in de-

termining solar heating in an absorbing/scattering atmosphere

in an atmospheric model, and this is dictated in part by the

number of terms needed to compute the gaseous absorption.

Within a spectral range that spans an entire water vapor or CO2

absorption band in the solar spectral region, the magnitude of

the absorption coefficient might vary bymore than 10 orders of

magnitude, and highly simplified radiative transfer schemes

must be used to reduce the computational burden. One of the

most widely used approaches to expediting the computation is the

application of the k-distribution approximation (Ambartzumian

1936; Arking and Grossman 1972). This approximation as-

sumes that the spectral points with a similar absorption co-

efficient in an atmospheric layer can be treated as a single

spectral point in all other atmospheric layers. Thus, all points

in a spectral band are sorted into a limited number of groups,

and each group is treated as monochromatic. As a result, the

computation burden is greatly reduced.

Uncertainties in radiative flux calculations due to this ap-

proximation arise from the fact that the absorption coefficient

is a function of pressure and temperature, and spectral points

with a similar absorption coefficient in an atmospheric layer

might become dispersed in a distant layer where the pressure is

greatly different. This problem can cause calculations of ab-

sorption in distant layers to be inaccurate because the ab-

sorption coefficients in a spectral group are no longer tightly

packed together. A widely used approach to cope with this

issue is the application of the correlated k-distribution ap-

proximation, which assumes that the distributions of the ab-

sorption coefficient at different pressures and temperatures

are highly correlated (e.g., Goody et al. 1989; Lacis and Oinas

1991; Fu and Liou 1992; Mlawer et al. 1997; Nakajima et al.

2000). Accumulated k-distribution functions at a set of

pressures and temperatures are computed for a spectral

band. Spectral points in a given interval of the accumulated

k-distribution function are assumed to be identical regardless

of pressure and temperature. This approximation can be jus-

tified if the atmospheric layers and, hence, pressures are not

far apart.

In the thermal infrared [longwave (LW)], the correlated

k-distribution approximation has been demonstrated to be

efficient in flux and cooling rate calculations for the Earth at-

mosphere (e.g., Fu and Liou 1992; Mlawer et al. 1997). The

major reason that the correlated k-distribution approximation

works well in the LW is that the cooling is primarily contrib-

uted from nearby layers, and the distant layers are of secondary

importance (Wu 1980; Chou and Kouvaris 1986).

Specifically, as concerns the application of the correlated

k-distribution approximation to the LW and shortwave (SW),

the difference is in the source of radiation; the former comes

from the emission of the atmosphere and the surface, whereas
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the latter is the solar radiation incident at the top of the at-

mosphere (TOA). The absorption of the solar radiation inci-

dent at TOA is quickly saturated in the stratosphere at those

spectral points near the centers of strong absorption lines. The

implication is that distant layers high in the stratosphere have a

significant impact on the heating of the troposphere. However,

the correlation of k distributions between layers in the strato-

sphere and troposphere is weak. (This view is to be elabo-

rated later).

The k distribution without the correlation assumption has

also been applied to the solar near-infrared (Chou and Lee

1996; Chou and Suarez 1999; Fomin and Correa 2005). Chou

and Lee (1996) assumed a single set of the k-distribution

function throughout an inhomogeneous atmosphere, which

were computed at a pair of reference pressure and temperature

corresponding to the height where heating is the most prom-

inent. The absorption coefficient at other pressures and tem-

peratures were extrapolated from the reference pressure and

temperature using the ‘‘wing scaling,’’ assuming the dominance

of the wings of absorption lines on fluxes and heating rates.

This wing scaling of the k-distribution method is computa-

tionally very fast and can compute accurately the heating rate

in the troposphere and lower stratosphere. However, the

heating rate error increases in the upper stratosphere. Fomin

and Correa (2005) developed an innovative k-distribution

scheme for defining the spectral groups and the equivalent

absorption coefficient for each group. The vertical profile of

the equivalent absorption coefficient was derived by requiring

the downward flux in a spectral group to be identical with the

line-by-line (LBL) calculations at all atmospheric levels. This

scheme is very fast with reasonably high accuracy in solar flux

and heating rate calculations.

In Part I of a new k-distribution scheme, Chou et al. (2020)

demonstrated that the new scheme without the correlated

k-distribution assumption can efficiently compute LW fluxes

and cooling rates. In this study, we extend this new scheme to

the solar radiative transfer calculations. Unlike the pressure

scaling of the absorption coefficient, as in the scheme of Chou

and Lee (1996), this new k-distribution scheme can compute

accurately solar heating not only in the troposphere but also in

the stratosphere.

Section 2 provides information on the LBL method, the

division of the SW spectrum, and the sample atmospheres for

flux and heating rate calculations. Section 3 formulates the

basic equations and defines some relevant parameters of

the new k-distribution scheme. Section 4 details the method of

the construction of the k-distribution function and the deri-

vation of the equivalent absorption coefficient. Section 5 vali-

dates the k-distribution scheme by comparing flux and heating

rate calculations with the LBL calculations. Concluding re-

marks are given in section 6.

2. Line-by-line calculations, spectral bands, and
sample atmospheres

The k-distribution parameterization is based on detailed

LBL calculations of fluxes and heating rates. Our LBL calcu-

lations of the absorption coefficient (Chou and Kouvaris 1986)

use the Air Force Geophysical Laboratory 2012 edition of the

molecular absorption parameters [High-Resolution Transmission

2012 (HITRAN2012); Rothman et al. 2013]. The molecular

line shape is assumed to follow the Voigt function. Following

Clough et al. (1992) and Mlawer et al. (1997), the absorption

coefficient at wavenumbers . 25 cm21 from the line center is

set to zero, which is equivalent to a line-cutoff of 25 cm21. The

absorption coefficient is computed at spectral intervals of

0.001 cm21 throughout the atmosphere. In the middle and

upper stratosphere, the Doppler broadening of the width of

an absorption line is independent of pressure and increases

linearly with wavenumber. Within the temperature range of

Earth’s atmosphere, the Doppler line half-width is.0.001 cm21

in the solar near-infrared for both water vapor and CO2,

which is greater than the pressure-broadened line half-

width. Therefore, the spectral interval of 0.001 cm21 is

smaller than the Voigt line half-width. Further, we used the

spectral resolution of 0.002 cm21 to test the flux and heating

rate differences between the spectral resolutions of 0.001

and 0.002 cm21 in LBL calculations and found the differ-

ences are negligible. Thus, the use of dn 5 0.001 cm21 is

adequate for calculating flux and heating rate due to water

vapor and CO2 in the solar infrared.

Similar to Chou and Suarez (1999), the solar spectrum be-

tween 0.7mm (14 290 cm21) and 10mm (1000 cm21) is divided

into 3 bands. Table 1 shows the spectral ranges of the three

bands. The spectral distribution of the extraterrestrial

solar radiation is taken from the 2000 version of the

American Society for Testing and Materials (ASTM)

Standard Extraterrestrial Spectrum Reference E-490-00,

which has a solar constant of 1366.1Wm22 (https://www.nrel.gov/

grid/solar-resource/spectra-astm-e490.html). More recently rec-

ommended solar spectral data are available, but it is not

expected to impact the conclusion of this study. There are a

number of water vapor and CO2molecular absorption bands

across the solar near-infrared. The overall strength of both

water vapor and CO2 bands increases with decreasing

wavenumber. Among the three bands, absorption, or at-

mospheric heating, is the strongest in band 3. The heating due

to CO2 in band 1 is negligible. Therefore, the k-distribution

parameterization of the CO2 heating only applies to bands

2 and 3.

For clear-sky solar heating, this study does not include

contributions from O2, O3, and continuum absorption, as

well as the H2O absorption in the spectral region with the

wavenumber . 14 290 cm21. Oxygen is a minor contributor

to solar heating. The k-distribution scheme of this study can

be similarly extended to cover the O2 bands. However, the

O2 absorption is confined to a few narrow bands, and the

spectral bands given in Table 1 have to be repartitioned

when O2 absorption is included and the k-distribution ap-

proximation applied. The O3 and continuum absorption

coefficients are smooth functions of the wavenumber, and

each spectral interval can be treated as gray, i.e., the absorp-

tion coefficient is not a function of wavenumber. Applications

of the k-distribution approximation to the O3 and continuum

absorption are unnecessary. The absorption in the visible re-

gion (25 000–14 290 cm21) by H2O is weak and primarily near
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the surface where the pressure range is narrow. It can be

treated as gray with the absorption coefficient a simple

function of pressure.

Fluxes and heating rate computed using the k-distribution

approximation for three atmospheres typical of tropical

(TRP), midlatitude summer (MLS), and subarctic winter

(SAW) conditions are compared with the LBL calculations.

Each atmosphere is divided into 75 layers. The thickness of a

layer is constant in pressure, Dp5 24 hPa, in the troposphere,

and constant in D log10p 5 0.15, above the tropopause. The

temperature and humidity of the three atmospheres are

taken from McClatchey et al. (1972), except the specific hu-

midity in the stratosphere is set to 3.25 3 1026 for the

tropical atmosphere, and 4 3 1026 for the midlatitude

summer and subarctic winter atmospheres. The column in-

tegrated water vapor amounts are 39.4, 27.9, and 4.3 kg m22,

and the surface temperatures are 300, 294, and 257 K for

the TRP, MLS, and SAW atmospheres, respectively. The

normal, half, and doubled atmospheric CO2 concentra-

tions are set to 400, 200, and 800 ppmv; the 400 ppmv CO2

concentration is the observation in 2014 at Mauna Loa

Observatory, Hawaii.

The three typical atmospheres were used for developing

the new k-distribution parameterization. For independent

validation of the new parameterization, eight atmospheres

in four diverse climatic regimes and two seasons (June

and December) were sampled from the ERA5 reanalysis

(Hersbach et al. 2020). Table 2 demonstrates the four sites

where the sample atmospheres are located and the time of

the samples. Those samples include the atmospheres in the

Atmospheric Radiation Measurement (ARM) Southern

Great Plains in June (SGP-J) and December (SGP-D),

ARM North Slope of Alaska in June (NSA-J) and December

(NSA-D), warm pool western tropical Pacific in June (WTP-J)

and December (WTP-D), and cold pool eastern tropical

Pacific in June (ETP-J) and December (ETP-D). These

samples range from a highly cold and dry atmosphere

to a warm and humid atmosphere with the skin tempera-

ture differs by 54 K and the column-integrated water vapor

amount by a factor of 25.

3. The k-distribution approximation

The downward solar flux at the zenith angle fo at the pres-

sure level p integrated over a spectral interval Dn in a non-

scattering atmosphere can be expressed as

FY
Dn(p,m)5

ð
Dn

mS
n
e2 tn( p)/m dn , (3.1)

where m 5 cos(fo), Sn is the incoming extraterrestrial solar

radiation, i.e., insolation at the wavenumber n, tn(p) is the

optical thickness between TOA and the pressure level p

given by

t
n
( p)5

ðp
0

k
n
( p0, u0)

�
du

dp0

�
dp0 , (3.2)

where u is the temperature, k is the absorption coefficient, and

u is the amount of an absorber.

In the line-by-line calculation of radiative transfer, fluxes are

computed at a large number of spectral points N with a small

interval dn. Equation (3.1) is then approximated by

FY
Dy(p,m)5�

N

i51

mS
i
e2ti( p)/mdn , (3.3)

where the subscript i denotes the spectral point at n.

To avoid the burdensome line-by-line calculations in short-

wave modeling, the k-distribution approximation is applied,

which groups together a large number of spectral points with a

similar absorption coefficient and treats them as a single

spectral point in radiative transfer calculations. Thus, flux

calculations are greatly expedited. For each group, hereafter

referred to as g group, the total downward flux of those spectral

points is given by

FY
g ( p,m)5 �

i2Rg

mS
i
e2 ti( p)/mdn , g5 1, 2, 3, . . . ,M , (3.4)

TABLE 1. Spectral bands, the number of g groups M, and the

reference pressure pr. The numberM is the result of ‘‘best fits’’ that

meets the subjectively imposed accuracy requirements in flux and

heating rate parameterizations.

Spectral

band

Spectral

band (cm21)

M pr (hPa)

H2O CO2 All H2O CO2

1 8200–14 290 12 — 12 30, 300 —

2 4400–8200 12 6 18 30, 300 10, 300

3 1000–4400 12 10 22 10, 300 1, 10

All 1000–14 290 36 16 52 — —

TABLE 2. Locations, time, skin temperature, and column-integrated water vapor amount of the eight sample atmospheres used for

independent validation of the k-distribution approximation. The letters J and D indicate the months of June and December, respectively.

Location and month Lat (8) Lon (8) Time and date Skin temperature (K) Column H2O (kg m22)

SGP-J 36.605 263.485 1400 UTC 1 Jun 2018 302.72 42.30

SGP-D 36.605 263.485 0100 UTC 2 Dec 2018 281.16 11.86

NSA-J 71.323 156.609 0700 UTC 11 Jun 2018 274.73 9.95

NSA-D 71.323 156.609 0500 UTC 11 Dec 2014 248.18 1.82

WTP-J 10.000 140.000 2300 UTC 8 Jun 2017 302.62 44.78

WTP-D 10.000 140.000 1100 UTC 10 Dec 2013 301.83 37.40

ETP-J 210.000 260.000 2300 UTC 3 Jun 2016 299.70 22.87

ETP-D 210.000 260.000 2200 UTC 28 Dec 2018 295.96 22.45
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whereM is the number of g groups, and Rg is the set of spectral

points that are sorted into the gth group.

In the k-distribution approximation, FY
g (p, m) is treated as

monochromatic given by

FY
g ( p,m)5mS

g
e2 tg( p)/m, g5 1, 2, 3, . . . ,M , (3.5)

where Sg is the total insolation in the gth group given by

S
g
5 �

i2Rg

S
i
dn , (3.6)

tg is the equivalent optical thickness given by

t
g
(p)5

ðp
0

k
g
(p0, u0)

�
du

dp0

�
dp0 , (3.7)

and kg is the equivalent absorption coefficient of the gth group.

The derivation of kg(p, u) is to be given in section 4.

Using the k-distribution approximation, the total downward

solar flux in a band defined by Dn at p becomes

FY
Dn( p,m)’�

M

g51

FY
g (p,m)5�

M

g51

mS
g
e2tg( p)/m5S

Dn�
M

g51

�
mS

g

S
Dn

�
e2tg( p)/m

5mS
Dn�

M

g51

H
g
T

g
( p,m)5mS

Dn
T

Dn
(p,m),

(3.8)

where SDn is the extraterrestrial solar radiation in the band

given by

S
Dn

5 �
M

g51

S
g
, (3.9)

Hg is the flux-weighted k-distribution function defined as

H
g
5

S
g

S
Dn

, (3.10)

andTg(p,m) is the transmission function between TOA and the

pressure level p given by

T
g
( p,m)5 e2tg( p)/m . (3.11)

Finally, the flux-weighted mean transmittance of the spectral

band is given by

T
Dn
( p,m)5 �

M

g51

H
g
T

g
(p,m) . (3.12)

It is noted that all of the above equations apply to the

k-distribution approximation both with and without the as-

sumption of the correlation of the k-distribution function

between atmospheric layers. The difference between them is

the definition of the spectral points contained in a given g

group, i.e.,Rg in Eqs. (3.4) and (3.6). In this study, the spectral

points sorted into a given g group,Rg, stays in the same group,

i.e., independent of pressure and temperature. Therefore, the

equivalent absorption coefficient kg is derived from the same

spectral points throughout the atmosphere. In the correlated

k-distribution approximation, on the other hand, a spectral

point could be sorted into different g groups at different

pressures, and the spectral points contained in a given g group

are not identical at different atmospheric layers. It follows

that kg along an atmospheric path are derived from different

spectral points in a correlated k-distribution scheme. It is also

noted that the weight Hg is computed in this study using

Eqs. (3.6) and (3.10), whereas it is specified in the correlated

k-distribution approximation (e.g., Fu and Liou 1992; Mlawer

et al. 1997).

For a reflecting surface, the reflected radiation can be con-

sidered as isotropic, and the diffuse transmittance of a g group

between the surface and a pressure level p is given by (e.g.,

Liou 2002)

Tf
g( p)5 2

ð1
0

e2[tg( ps)2tg( p)]/mmdm. (3.13)

When the path of the reflected radiation is connected with

that of the downward radiation through surface reflection, then

the transmittance between TOA and the pressure p can be

expressed as

~T
g
(p,m)5 e

s
T
g
(p

s
,m)Tf

g( p) , (3.14)

where es is the surface reflectivity, and esTg(ps, m) is the frac-

tion of the reflected surface radiation.

The equivalent mean transmittance of the band Dn for the

upward radiation at p becomes

~T
Dn
( p,m)5 �

M

g51

H
g
~T
g
(p,m)5 �

M

g51

H
g
[e

s
T
g
( p

s
,m)Tf

g( p)] .

(3.15)

Finally, the upward flux in Dn is given by

F[
Dn(p)5mS

Dn
~T
Dn
( p) (3.16)

and the net downward flux at p is

Fnet
Dn (p)5FY

Dn( p)2F[
Dn(p) . (3.17)

For the overlapping absorption of gases, random over-

lapping is assumed, and the multiplication rule is applied.

The flux-weighted transmission functions of a band given in

Eqs. (3.12) and (3.15) are then approximated by

T
Dn
( p,m)5P

j

T
Dn,j

(p,m)5P
j

"
�
Mj

g51

H
g,j
T
g,j
( p,m)

#

for downward flux, (3.18)

~T
Dn
( p,m)5P

j

~T
Dn,j

(p,m)5P
j

(
�
Mj

g51

H
g,j
[e

s
T

g,j
(p

s
,m)Tf

g,j(p)]

)

for upward flux, (3.19)

where the subscript j denotes the absorbing gas. Thus, the

construction of a k-distribution scheme comes down to the
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derivations of the flux-weighted k-distribution function, Hg,

defined by Eq. (3.10) and the equivalent absorption coefficient

kg(p, u).

4. Construction of the k-distribution scheme

a. Selection of reference pressure and temperature

Grouping of spectral points is based on the absorption co-

efficient k at a set of reference pressure pr and temperature ur.

Since k varies with pressure and temperature, by definition the

absorption coefficients of the same set of spectral points in a

given g group are most packed at (pr, ur) and become dis-

persed as (p, u) deviates from (pr, ur). It follows that the

equivalent absorption coefficient of the g group can be esti-

mated most accurately at (pr, ur) and less accurately as (p, u)

deviates from (pr, ur). Accordingly, the reference pressure

and temperature should be chosen at the height where heat-

ing (or cooling in the case of LW radiation), is most prom-

inent (Chou and Arking 1980; Chou et al. 2020; Fomin and

Correa 2005). When heating has multiple peaks, more than

one set of (pr, ur) may be needed for enhancing the accuracy

of the k-distribution approximation.

The solar radiation in the troposphere is highly affected by

the radiation in the stratosphere as the source of solar radiation

is coming from above. Radiation at spectral points with a large

absorption coefficient is quickly absorbed to heat the strato-

sphere. Therefore, the spectral points with strong absorption in

the stratosphere should be excluded in the grouping of spectral

points in the troposphere. It follows that at least one set of (pr,

ur) should be chosen in the stratosphere for identifying the

spectral points with strong absorption in the stratosphere.With

the spectral points of strong absorption excluded, the range of

k of the remaining spectral points is narrowed, and the

equivalent absorption coefficient, kg, can be more accurately

estimated. The heating rate profile varies with atmospheres

and the solar zenith angle. Based on the general shape of the

heating rate profile, the reference pressures were judiciously

selected. The range of pressure in the troposphere is not large,

and it requires no more than one reference pressure some-

where in the upper or middle troposphere. The reference

pressures of each band and gas are given in Table 1. There are

two reference pressures for all bands; one in the stratosphere

and the other in the troposphere except the CO2 band 3 where

the heating in the troposphere is very weak. The impact of

temperature on the absorption is of secondary importance to

the impact of pressure. In this study, we fixed ur at 250K.

b. Grouping of spectral points and derivation of the
k-distribution function

For each spectral band, grouping of spectral points is based

on the absorption coefficient at the reference pressure and

temperature. With the reference pressures selected and the

reference temperature fixed at 250K for a spectral band Dn,
the g groups are defined by first specifying the number of the

groups M. Those M groups are divided into subgroups corre-

sponding to each of the reference pressures. Following Chou

et al. (2020), steps for grouping spectral points are given below:

d Starting from the smallest reference pressure pr1, high spec-

tral resolution absorption coefficients kn(pr1, ur) are com-

puted using the LBL method.
d Initially, use a large number ofM, say 20, and divide the range

of log10[kn(pr1, ur)] into M intervals with a constant width

Dx
n
(p

r1
, u

r
)5

xmax( p
r1
, u

r
)2 xmin(p

r1
, u

r
)

M
, (4.1)

where xn(pr1, ur)5 log10[kn(pr1, ur)], and xmax and xmin are the

maximum and minimum of xn in the band Dn. By dividing the

range of the absorption coefficient into intervals with a con-

stant size of D log10[kn(pr1, ur)], the g groups have more com-

parable ranges of transmittance values than if a constant size of

Dkn(pr, ur) is used.

d A g group is defined by the upper and lower boundaries

of the absorption coefficient xUj (pr1, ur) and xLj (pr1, ur), j5
1, 2, . . . , M. It is noted that the heating in the stratosphere

associated with the first reference pressure is attributable to

the spectral points with the largest absorption coefficient.

Therefore, the grouping of spectral points is in descending

order of kn(pr1, ur),

xLj (p
r1
, u

r
)5 xUj( p

r1
, u

r
)2Dx

n
( p

r1
, u

r
)

and

xU1 ( p
r1
, u

r
)5 xmax( p

r1
, u

r
),

xLM ( p
r1
, u

r
)5 xmin(p

r1
, u

r
).

d Based on kn(pr1, ur), each spectral point is identified

with a g group corresponding to the first reference

pressure g1(n), where g1 is one of the M groups ranging

from 1 to M.
d For each one of the M groups, compute the heating rate

profiles of all the spectral points n contained in the group

using the LBL method.
d Compute the total heating rate profiles of each of the M

groups by summing over all the heating rate profiles of the

spectral points contained in the group.
d Identify judiciously the firstm1 groups that have a substantial

contribution to the heating at pr1. Thus, grouping of the first

m1 groups is complete with g1(n) identified, where g1 5 1, 2,

3, . . . , m1.
d In defining the next m2 groups associated with the second

reference pressure, pr2, the spectral points already identi-

fied with the groups of the first reference pressure, i.e.,

xn(pr1, ur). xLm1 (pr1, ur), are excluded and there are only

(M 2 m1) groups left to be defined.
d Compute the absorption coefficient of the remaining spectral

points at the second reference pressure kn(pr2, ur) using the

LBL method. Equation (4.1) becomes

Dx
n
( p

r2
, u

r
)5

xmax( p
r2
, u

r
)2 xmin(p

r2
, u

r
)

M2m
1

(4.2)
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for the second reference pressure. Here xmax and xmin are the

maximum and minimum of xn in the band Dn with those

spectral points identified with the first m1 groups excluded.

Therefore, each of the (M 2 m1) g groups associated with the

second reference pressure pr2 are defined by the upper and

lower boundaries of the absorption coefficient

xLj( p
r2
, u

r
)5 xUj( p

r2
, u

r
)2Dx

n
( p

r2
, u

r
),

where j 5 1, 2, . . . , M 2 m1. It is noted that

xU1 (p
r2
, u

r
)5 xmax(p

r2
, u

r
),

xLM2m1 ( p
r2
, u

r
)5 xmin(p

r2
, u

r
).

It is also noted that xU1 (pr2, ur) 6¼ xLm1 (pr1, ur) as the reference

pressures are different.

d Identify each spectral point with a g group corresponding to

the second reference pressure g2(n). Here g2 is one of the

(M 2 m1) groups ranging from 1 to (M 2 m1).
d For each g2 group, compute the heating rate profiles of all

the spectral n contained in the group g2(n), using the

LBL method.
d The total heating rate profile of the group is then derived by

summing over all the heating rate profiles of those spectral

points in the group; there are a number of (M 2 m1) total

heating rate profiles.
d Identify judiciously the firstm2 groups that have a substantial

contribution to the heating at pr2.
d The same procedures are repeated for defining the last m3 g

groups if three reference pressures are used. For this case,

m3 5 M 2 m1 2 m2, and

Dx
n
( p

r3
, u

r
)5

xmax(p
r3
, u

r
)2 xmin( p

r3
, u

r
)

M2m
1
2m

2

. (4.3)

d Compose the grouping of spectral points for the spectral

band Dn by combining the first m1 group of the g1(n), m2

group of the g2(n), and m3 group of the g3(n) for the case

of three reference pressures. The composed g(n) is Rg

in Eq. (3.4).
d The large number of M is reduced and the above steps

repeated until errors of fluxes and the heating rate calculated

using the new k-distribution scheme are greater than the

prespecified accuracies.

It is found that two reference pressures are adequate for

accurate computations of fluxes and heating rate in the H2O

andCO2 bands. It is noted that the spectral heating rate profiles

were computed using theMLS atmosphere only for identifying

the reference pressures and the number of g groups associated

with the reference pressures on which spectral points are

grouped, i.e., g(n). Other typical atmospheres can also be used

for the same purposes. The peak of the heating rate profile

shifts up and down with the solar zenith angle only slightly. It

does not have much impact on the judiciously and empiri-

cally selected reference pressures. Figure 1 is the flowchart

demonstrating the grouping of spectral points. It is for the case

of three reference pressures, but can also be applied to the case

of two reference pressures of this study.

Finally, the flux-weighted k-distribution function Hg is com-

puted fromEqs. (3.6) and (3.10), where the set of spectral points

Rg is derived from g(n) by composing g1(n) and g2(n) for the case

of two reference pressures.

c. Equivalent absorption coefficient and k tables

In addition to the number of g groups M, on which spectral

points are grouped, the accuracy of a k-distribution approxi-

mation depends strongly on how an equivalent absorption

coefficient kg is derived from a group of kn’s which differ by

many orders of magnitude in a spectral band. For example, the

kn at (400 hPa, 250K) in the water vapor band 2 (see Table 1)

spans over 2 absorption bands centered at 5300 and 7300 cm21

and ranges by 15 orders of magnitude. If the spectral points are

sorted into 15 g groups with a constant D log10(kn), the kn in a g

group would range by a factor of 10, or D log10(kn) 5 1.0. For

atmospheric layers with p , 400 hPa, the range of kn in a g

group is even larger. Because the transmittance is highly

nonlinear in kn, the equivalent absorption coefficient of a g

group kg cannot be the linear average of the kn’s of all points in

the band Dn unless the kn’s are all small and the transmittance

can be approximated by a linear function of kn.

For a given g group where the absorption coefficient and the

optical thickness are small at all spectral points, the transmis-

sion function can be linearized, and the equivalent absorption

coefficient can be approximated by

k
g,lin

(p, u)5
1

S
g

�
i2Rg

S
i
k
i
( p, u)dn, (4.4)

where the subscript lin denotes the linear approximation for

the mean absorption coefficient.

With the linearization of the transmission function, the

mean absorption coefficient of Eq. (4.4) would overestimate

the absorption if the optical thickness is not sufficiently small.

Therefore, an empirical adjustment of kg to a value smaller

than klin is necessary for properly representing the mean

absorption/transmission of a g group. Following Chou et al.

(2020), a nonlinear mean absorption coefficient smaller than

klin is introduced, which is defined as

log
10
k
g,nonlin

( p, u)5
1

S
g

�
i2Rg

S
i
log

10
k
i
( p, u)dn (4.5)

and the equivalent absorption coefficient is taken as the

weighted mean of the linear and nonlinear absorption

coefficients,

k
g
( p, u)5w

g
k
g,lin

( p, u)1 (12w
g
)k

g,nonlin
( p, u), 0,w

g
, 1,

(4.6)

where the subscript ‘‘nonlin’’ denotes the nonlinear approxi-

mation for the mean absorption coefficient, and wg is the

weight that approaches 1 for a small optical thickness and de-

creases with increasing optical thickness. For a given M, an

optimal weight of wg is chosen that minimizes differences
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between the k-distribution and LBL calculations of fluxes and

the heating rate of the typical tropical, midlatitude summer,

and subarctic winter atmospheres with three solar zenith an-

gles, 08, 608, and 758.
Unless the number of g groups, M, is large and D log10(kg) is

small, the k-distribution approximation has two inherent problems:

1) By using a single value of kg to represent a wide range of the

absorption coefficient in a g group, the nongray radiation of

an atmospheric layer is treated as gray radiation. As dem-

onstrated in Chou et al. (2020), the approximation of the

nongray radiation of a layer by gray radiation would over-

estimate absorption when layers are combined in flux calcu-

lations. Therefore, the minimization of errors in both the

surface flux and the atmospheric heating rate is not feasible.

In this study, the weight wg is chosen that balances the errors

in the surface flux and atmospheric heating rate calculations.

2) The monochromatic heating rate profile has a distinct peak

that descends in height as the value of kn decreases. For a

given g group, numerous heating profiles are corresponding

to the various values of kn at all those spectral points in Rg.

When the range of kn is large, the range of the heights,

where the peaks of the individual heating profiles are

located, is also large. Therefore, the heating profile is

sharpened when using a single heating profile from kg(p,

u) to represent the sum of all heating profiles from kn(p, u)

in a g group. As a result, the heating rate of a spectral band

calculated using kg(p, u) would be oscillatory if the number

of the g group, M, is small (Chou and Lee 1996).

In a model spectral band that spans a number of gaseous

absorption bands, the absorption coefficient of a large portion

of the spectral band is very small that fits Eq. (4.4) for the

linearization of the transmission function. Those spectral

points are sorted to the last g group, i.e., the Mth g group, and

the weight wg in Eq. (4.6) can be set close to 1.0. By doing so,

the range of log10(kn) of all other spectral points is much re-

duced, and the efficiency of flux calculations is greatly en-

hanced. This adjustment in spectral sorting for theMth g group

applies to all of the H2O and CO2 bands shown in Table 1.

In this study, the number of g groups M and the weight wg

are chosen by imposing certain requirements on the difference

between the k-distribution (KD) and LBL calculations; the

results are less sensitive to the weightwg for a larger number of g

groups. For water vapor, the imposed requirement on the dif-

ference is ,1.0Wm22 in the surface flux and ,0.05K day21 in

the heating rate from the surface up to 0.01 hPa. For CO2, the

imposed requirement is ,0.5Wm22 in the surface flux,

,0.02 K day21 in the tropospheric heating rate, and

,0.5 K day21 in the stratospheric heating rate.

Using a spectral resolution of 0.001 cm21, all spectral points

in a band Dn are sorted into the M groups, i.e., g(n). Tables of

kg(p, u) are then precomputed from Eq. (4.6) using the LBL

method. Each table corresponds to a given absorber, spectral

band, and g group. There is a total of 52 tables corresponding to

the 52 g groups given in Table 1. The size of the tables is

52 pressures 3 5 temperatures. The pressure ranges from 0.01

to 1259 hPa with an interval of D log10(p) 5 0.1. The temper-

ature ranges by 100K centered at a temperature profile taken

from the mean of the tropical and subarctic winter atmo-

spheres. The kg(p, u) is bilinearly interpolated in log10(p) and

u from the tables.

5. Validations with line-by-line calculations

By setting the surface reflectivity to 0, i.e., rs 5 0, the

downward flux and heating rate of some sample atmospheres

FIG. 1. Grouping of spectral points in each of the bands shown in Table 1. The diagram is for the case of three reference pressures:

pr1, pr2, and pr3.
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are computed using the k-distribution scheme of Eqs. (3.8) and

(3.18), and results are compared with LBL calculations. The

equivalent absorption coefficient kg is interpolated from tables

as a function of pressure and temperature precomputed using

Eq. (4.6), and the flux-weighted k-distribution function Hg

given by Eq. (3.10) is precomputed and specified for each band,

gas, and g group. The sample atmospheres include the three

typical atmospheres of MLS, TRP, and SAW, two artificial

FIG. 2. The total-band water vapor heating rate and heating rate difference between the KD and LBL calcula-

tions for (top) a solar zenith angle of 608 in the midlatitude summer atmosphere, (middle) a solar zenith angle of 08
in the subarctic winter atmosphere, and (bottom) a solar zenith angle of 758 in the tropical atmosphere. Here, the

total band refers to the sum over bands 1, 2, and 3.
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atmospheres that mix the temperature and humidity of the

TRP and SAW atmospheres, as well as eight atmospheres

sampled from four diverse climatic regimes and two seasons.

Figure 2 demonstrates the total heating rate of water vapor

in bands 1, 2, and 3 (1000–14 290 cm21), and the difference

between theKD andLBL calculations for three cases: theMLS

atmosphere with a solar zenith angle u0 5 608 (Figs. 2a,b); the

SAW atmosphere with u0 5 08 (Figs. 2c,d); the TRP atmo-

sphere with u05 758 (Figs. 2e,f). The choice of u0 for the SAW

and TRP cases is to enhance the contrast in the water vapor

path; the path-integrated water vapor amount of TRP is

35 times larger than that of SAW. There is a heating peak

in the lower troposphere which is due to a large amount of

water vapor. Among these three cases, the SAW has the

FIG. 3. As in Fig. 2, but for (top) a solar zenith angle of 08 in the TRP-T: SAW-W atmosphere and (bottom) a solar

zenith angle of 758 in the SAW-T: TRP-W atmosphere.

TABLE 3. The total-band downward surface flux Fs and the difference between the k-distribution (KD) and LBL values, Fs(KD) 2
Fs(LBL), due to the absorption by water vapor in the three typical and two extreme atmospheres (as described in the text). u0 is the solar

zenith angle, and F0 is the incident solar radiation at the top of the atmosphere. The total band refers to the sum over bands 1, 2, and 3.

Units are W m22.

Atmosphere

u0 5 08, F0 5 728.87Wm22 u0 5 758, F0 5 188.65Wm22

Fs(LBL) Fs(KD) 2 Fs(LBL) Fs(LBL) Fs(KD) 2 Fs(LBL)

TRP 524.90 20.64 115.89 20.95

MLS 539.40 20.25 119.93 20.70

SAW 625.71 0.87 147.87 0.05

TRP-T: SAW-W 621.69 0.90 146.72 0.03

SAW-T: TRP-W 532.05 21.14 117.84 20.98
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largest heating in the lower troposphere because of the

largest solar radiation incident at TOA. The maximum

difference in the heating rate between KD and LBL

is ,0.05 K day21 in the troposphere and ,0.02 K day21 in

the stratosphere.

In addition to the three typical atmospheres, two artificial

atmospheres that mix the TRP atmosphere with the SAW

atmosphere are used for independent validation of the

k-distribution scheme. One has the TRP temperature and

SAW water vapor, TRP-T: SAW-W, and the other has the

FIG. 4. As in Fig. 2, but for the total-band CO2 heating rate and heating rate difference. The atmospheric CO2

concentration is set to 400 ppmv. Here, the total band refers to the sum over bands 2 and 3.
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SAW temperature and TRP water vapor, SAW-T: TRP-W.

These two artificial atmospheres differ by a factor of ;10 in

the column-integrated water vapor (0.34 vs 4.0 g cm22) and by

43K in the surface temperature (257 vs 300K). Figures 3a and

3b demonstrate the heating rate and the heating rate differ-

ence between the KD and LBL for the case TRP-T: SAW-W

withu05 08, respectively, whereas Figs. 3c and 3d are the case

SAW-T: TRP-W with u0 5 758. The choice of the two solar

zenith angles, u0 5 08 and 758, is to enhance the difference in

the path-integrated water vapor amount between these two

artificial atmospheres by a factor of 40. The heating rate

difference between the KD and LBL is ,0.08 K day21 for

FIG. 5. As in Fig. 4, but for the overlapping absorption due to H2O and a CO2 concentration of 400 ppmv.
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both cases. Table 3 demonstrates the downward surface ra-

diation Fs and the difference in the downward surface radi-

ation between KD and LBL, Fs(KD)2 Fs(LBL), for the three

typical and two extreme atmospheres, as well as two solar

zenith angles, 08 and 758. The difference in the downward

surface radiation is ,1.2Wm22.

Figure 4 demonstrates the total heating rate in bands 2 and 3

(1000–8200 cm21), of a normal CO2 concentration of 400 ppmv

(13CO2) and the difference between the KD and LBL for the

same three cases of the typical atmospheres as Fig. 2: the MLS

atmosphere with u0 5 608, the SAW atmosphere with u05 08,
and the TRP atmosphere with u0 5 758. As revealed in the

FIG. 6. As in Fig. 5, but for the overlapping absorption due to H2O and a doubled CO2 concentration of 800 ppmv.
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figure, the CO2 solar heating in the stratosphere is very large,

greater than 7K day21 at 0.01 hPa for u0 5 08, but insignificant
in the troposphere. Band 3 contributes tomost of the heating in

the stratosphere. The heating rate difference between the KD

and LBL is generally,0.2K day21 in the stratosphere, except

in the upper stratosphere where the maximum is 0.45K day21.

In the troposphere, the difference is ,0.03K day21.

Figure 5 demonstrates the total-band heating rate and

heating rate difference due to the overlapping absorption of

water vapor and the normal CO2 concentration of 400 ppmv

for the same three cases as in Fig. 4. Since the k-distribution

parameterization for CO2 does not apply to band 1, the results

demonstrated in the figure cover only bands 2 and 3. For the

overlapping absorption, the transmission function is computed

from Eq. (3.18). The maximum heating occurs in the upper

stratosphere in all three cases. It reaches 8 K day21 for the

case of u0 5 08. By comparison with Fig. 4, the large heating

in the stratosphere is primarily due to CO2. There is also a

heating peak in the middle troposphere (300–600 hPa)

ranging from 0.6 to 1.6 K day21. The tropospheric heating is

mostly due to water vapor. The heating rate difference be-

tween the KD and LBL is ,0.05 K day21 in the troposphere

and ,0.1 K day21 in the stratosphere, except in the region

above the 0.1-hPa level.

In addition to the normal CO2 concentration of 400 ppmv,

the new k-distribution scheme is also validated with a reduced

CO2 concentration of 200 ppmv (0.5 3 CO2) and a doubled

CO2 concentration of 800 ppmv (23CO2). Figure 6 is the same

as Fig. 5 for the total-band (bands 2 and 3) heating rate and

heating rate difference due to the overlapping absorption of

water vapor and CO2, except for a doubled CO2 concentration

of 800 ppmv. Compared with Fig. 5, the heating increases in the

stratosphere due to a doubled CO2 but remains nearly un-

changed in the troposphere because of the weak CO2 heating.

The difference in the heating between the KD and LBL also

increases in the stratosphere due to a doubled CO2 but remains

nearly unchanged in the troposphere. For the case of the re-

duced CO2 concentration of 200 ppmv, the results are smaller

than those shown in Figs. 5 and 6 (not demonstrated in

the figures).

Table 4 demonstrates the downward surface flux Fs and the

difference between the KD and LBL values DFs due to the

absorption by CO2 in bands 2 and 3 for the solar zenith angles

of 08 and 758. The difference in the downward surface ra-

diation is only ;0.5Wm22, except for the cases of a dou-

bled CO2 and a solar zenith angle of 758 which have a

difference of ;1.0Wm22. Table 5 is the same as Table 4,

except for the overlapping absorption of water vapor and

TABLE 4. The total-band downward surface flux Fs and the difference between the KD and LBL values DFs [5Fs(KD)2 Fs(LBL)], due

to the absorption by CO2. The cases (0.5 3 CO2), (1 3 CO2), and (2 3 CO2) refer to the CO2 concentrations of 200, 400, and 800 ppmv,

respectively.u0 is the solar zenith angle. The total band refers to the sum over bands 2 and 3. Units areWm22. The downward solar flux at

the top of the atmosphere is 286.45Wm22 for u0 5 08.

Atmosphere

u0 5 08, 0.5 3 CO2 u0 5 08, 1 3 CO2 u0 5 08, 2 3 CO2

Fs(LBL) DFs Fs(LBL) DFs Fs(LBL) DFs

TRP 274.89 20.38 272.20 20.16 269.02 20.28

MLS 274.93 20.39 272.25 20.17 269.07 20.27

SAW 275.29 20.52 272.67 20.30 269.60 20.29

u0 5 758, 0.5 3 CO2 u0 5 758, 1 3 CO2 u0 5 758, 2 3 CO2

Fs(LBL) DFs Fs(LBL) DFs Fs(LBL) DFs

TRP 69.71 20.07 68.68 20.30 67.50 21.02

MLS 69.72 20.07 68.70 20.29 67.53 20.98

SAW 69.86 20.08 68.87 20.22 67.75 20.75

TABLE 5. As in Table 4, but for the overlapping absorption of water vapor and CO2.

Atmosphere

u0 5 08, 0.5 3 CO2 u0 5 08, 1 3 CO2 u0 5 08, 2 3 CO2

Fs(LBL) DFs Fs(LBL) DFs Fs(LBL) DFs

TRP 156.44 22.23 155.19 22.30 153.51 22.39

MLS 162.05 22.09 160.74 22.15 158.99 22.22

SAW 201.90 21.87 200.22 21.87 198.01 21.80

u0 5 758, 0.5 3 CO2 u0 5 758, 1 3 CO2 u0 5 758, 2 3 CO2

Fs(LBL) DFs Fs(LBL) DFs Fs(LBL) DFs

TRP 33.27 20.93 32.84 21.03 32.28 21.30

MLS 34.73 20.81 34.27 20.91 33.69 21.20

SAW 44.77 20.52 44.16 20.59 43.42 20.87
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CO2. The atmospheres with a doubled CO2 and u0 5 08
have the largest difference of 2.4 Wm22 in the downward

surface radiation. This difference is substantially larger

than that given in Tables 3 and 4 for the absorption due to,

respectively, water vapor and CO2. It is caused by applying

the multiplication rule of Eq. (3.18) for the transmission

function of overlapping absorption in wide spectral bands.

The difference can be reduced by dividing the solar in-

frared into more than the three bands given in Table 1.

The error in the impact of a doubling of CO2 induced from

using the new k-distribution scheme can be readily derived

from the data in Table 5. It is the difference inDFs between 23
CO2 and 1 3 CO2. For the case of a solar zenith angle of 758,
the percentage error is large, ;50%, but the absolute error is

small, ,0.3Wm22. For the case of a solar zenith angle of 08,
both percentage and absolute errors are insignificant.

The important parameter that affects the climate due to

changing CO2 is the TOA flux but not the surface flux. The

TOA flux is important because it is the heating of the Earth-

atmosphere system. Surface heating has an impact on the sta-

bility of the lower atmosphere near the surface. The extra heat,

either positive or negative, is redistributed to the atmosphere

through convection. Therefore, the absolute change of the

surface heating is important, whereas the relative change is of

secondary importance. The error of 0.3Wm22 in the impact

of a doubled CO2 on the surface flux can be considered small.

For independent validation of the new k-distribution ap-

proximation scheme, we sampled eight atmospheres in four di-

verse climatic regimes and two seasons (June and December).

The locations and the time of the eight sample atmospheres are

demonstrated in Table 2. Clear-sky temperatures and humidities

of these eight atmospheres were sampled from the ERA5 global

reanalysis (Hersbach, et al. 2020). The ERA5 temperature and

humidity available to us are defined at 37 pressure levels ranging

from 1 to 1000 hPa. In flux and heating rate calculations, we

artificially added a layer above 1 hPa and set the temperature

and gas concentration to the values at 1 hPa.

Using the KD and LBL schemes, we computed the heating

rate profiles and the difference between the KD and LBL

values for each of the eight sample atmospheres and three solar

zenith angles, u0 5 08, 608, and 758. For a given absorbing gas,

we selected from the eight sample atmospheres and the three

solar zenith angles the one having the least satisfactory KD-

calculated heating rate profile when compared with the LBL

FIG. 7. As in Fig. 2, but for a solar zenith angle of 08 in the western tropical Pacific in December (WTP-D)

atmosphere.

TABLE 6. The maximum difference in the water vapor heating rate profiles between the KD and LBL in the stratosphere (Dhstra) and
troposphere (Dhtrop), and the difference in the surface flux (DFs) in bands 1–3. u0 is the solar zenith angle, and F0 is the incident solar

radiation at the top of the atmosphere. The difference D is KDminus LBL. Units are K day21 for the heating rate andWm22 for the flux.

Atmosphere

u05 08, F0 5 728.87 u0 5 758, F0 5 188.65

Fs Dhstra Dhtrop DFs Fs Dhstra Dhtrop DFs

SGP-J 518.85 0.01 0.08 21.33 113.42 0.01 0.06 21.31

SGP-D 582.85 0.01 0.02 0.40 133.82 0.01 0.01 20.33

NSA-J 593.24 0.01 0.03 0.64 137.25 0.01 0.02 20.20

NSA-D 652.60 0.01 0.03 0.94 157.52 0.01 0.01 0.13

WTP-J 518.24 0.01 0.07 21.24 113.30 0.01 0.06 21.24

WTP-D 526.91 0.01 0.09 21.03 115.92 0.01 0.05 21.11

ETP-J 551.67 0.01 0.08 20.29 123.68 0.01 0.04 20.71

ETP-D 549.89 0.01 0.07 20.34 123.15 0.01 0.04 20.70

2670 JOURNAL OF THE ATMOSPHER IC SC IENCES VOLUME 78

Unauthenticated | Downloaded 11/21/24 07:18 PM UTC



calculations. For water vapor, this case is identified as WTP-D

with u0 5 08, and the results are demonstrated in Fig. 7. The

heating rate fluctuates greatly with height in the troposphere, yet

the KD can reproduce the fine heating fluctuation. Themaximum

heating rate of 5K day21 is located near 750 hPa, and the maxi-

mumdifference betweenKDandLBL is 0.09K day21 at 950 hPa.

Table 6 demonstrates the maximum difference in the heating rate

profiles between theKD andLBL in the stratosphere (Dhstra) and
troposphere (Dhtrop), and the difference in the surface flux (DFs)
due to the absorption of solar radiation bywater vapor in the eight

sample ERA5 atmospheres with two solar zenith angles, u0 5 08
and 758. The flux and heating rate are the sums over bands 1, 2,

and 3. For all of these atmospheres and solar zenith angles, DFs

is ,1.4Wm22, Dhtrop is ,0.09K day21, and Dhstra is negligible.

FIG. 8. The total-band heating rates and heating rate differences for a solar zenith angle of 08 in theNorth Slope of

Alaska inDecember (NSA-D) atmosphere with CO2 concentrations of (top) 400 and (bottom) 800 ppmv.Here, the

total band refers to the sum over bands 2 and 3.

TABLE 7a. As in Table 6, but for the absorption in bands 2 and 3 due to a CO2 concentration of 200 ppmv.

Atmosphere

u05 08, F0 5 286.45 u05 758, F0 5 74.13

Fs Dhstra Dhtrop DFs Fs Dhstra Dhtrop DFs

SGP-J 274.87 0.04 0.01 20.40 69.70 0.01 0.00 20.10

SGP-D 275.09 0.04 0.02 20.47 69.78 0.01 0.00 20.10

NSA-J 275.06 0.03 0.02 20.46 69.77 0.01 0.01 20.10

NSA-D 275.31 0.05 0.02 20.56 69.75 0.02 0.00 20.12

WTP-J 274.88 0.04 0.01 20.40 69.70 0.01 0.00 20.10

WTP-D 274.87 0.04 0.01 20.40 69.70 0.01 0.00 20.10

ETP-J 274.89 0.04 0.01 20.41 69.71 0.01 0.00 20.10

ETP-D 274.90 0.04 0.01 20.41 69.71 0.01 0.00 20.10

SEPTEMBER 2021 CHOU ET AL . 2671

Unauthenticated | Downloaded 11/21/24 07:18 PM UTC



For CO2, the least satisfactory KD-calculated heating rate

profile is identified as NSA-D with u0 5 08, and the results for

the normal, doubled, and reduced CO2 cases are demonstrated

in Fig. 8. In those cases, the maximum difference between

KD and LBL is ;0.06K day21 in the stratosphere and

;0.03K day21 in the troposphere. Table 7 is similar to Table 6,

except for the absorption of solar radiation by CO2. Tables 7a,

7b, and 7c are cases with atmospheric CO2 concentrations of

200, 400, and 800 ppmv, respectively. Differences in the heating

rate and the surface flux are small; Dhstra is ,0.06K day21,

Dhtrop is ,0.03K day21, and DFs is ,1.1Wm22. Table 8 is the

same as Table 7, except for the overlapping absorption of water

vapor and CO2. Differences in the heating rate and the surface

flux are Dhstra is ,0.08K day21, Dhtrop is ,0.09K day21, and

DFs is ,2.6Wm22.

The results presented above were computed using wide

ranges of the absorber amount and solar zenith angle. The

path-integrated water vapor amount differs by a factor of 40,

and the CO2 concentration ranges from half, normal, and

double of the current value. In addition to the standard at-

mospheres, the sample atmospheres were randomly selected

from diverse climate regimes and seasons. Those results

demonstrate that the new k-distribution approximation is an

accurate scheme for calculations of both stratospheric and

tropospheric heating due to water vapor, CO2, and over-

lapping absorption of these two gases, all in a computation-

ally efficient way.

6. Concluding remarks

A new k-distribution scheme for radiative transfer due to

water vapor and CO2 absorption in the solar spectral region is

developed. Twomajor features of this scheme are the grouping

of spectral points and derivation of the equivalent absorption

coefficient:

1) In grouping the spectral points of a spectral band, a couple

of pressure levels, or reference pressures, where solar

heating is substantial are identified. By fixing the temper-

ature at 250K, the range of the absorption coefficient at a

reference pressure kr is divided into a small number of

intervals with a constant D log10(kr). A spectral point is

identified with a log10(kr) interval, or g group, according to

its log10(kr) value. Different from the correlated k-distribution

approximation, a spectral point can only be identified with the

same g group in all atmospheric layers.

2) Transmission is a highly nonlinear function of the absorp-

tion coefficient, and the equivalent absorption coefficient

of a g group should be adjusted to a value smaller than the

linearly averaged absorption coefficient of all the spectral

points in the g group. Further, using an equivalent absorp-

tion coefficient to represent a group of absorption coeffi-

cients is equivalent to approximate nongray radiation by

gray radiation, which overestimates absorption when at-

mospheric layers are combined in flux calculations. For

these two reasons, the equivalent absorption coefficient is

adjusted empirically to obtain a balanced accuracy between

the atmospheric heating rate and the surface radiation.

The incident extraterrestrial solar radiation at spectral

points with a large absorption coefficient is quickly absorbed to

heat the stratosphere and, hence, does not contribute sub-

stantially to the heating of the troposphere. Those spectral

points are identified from the absorption coefficient at a low

reference pressure chosen in the stratosphere. By excluding

TABLE 7b. As in Table 7a, but for the absorption due to a CO2 concentration of 400 ppmv.

Atmosphere

u0 5 08, F0 5 286.45 u0 5 758, F0 5 74.13

Fs Dhstra Dhtrop DFs Fs Dhstra Dhtrop DFs

SGP-J 272.33 0.04 0.02 20.29 68.72 0.01 0.01 20.34

SGP-D 272.58 0.04 0.02 20.35 68.83 0.01 0.01 20.30

NSA-J 272.55 0.03 0.02 20.34 68.81 0.01 0.01 20.30

NSA-D 272.85 0.04 0.02 20.45 68.94 0.01 0.01 20.28

WTP-J 272.33 0.04 0.02 20.29 68.73 0.01 0.01 20.35

WTP-D 272.32 0.04 0.02 20.29 68.72 0.01 0.01 20.35

ETP-J 272.35 0.04 0.02 20.29 68.73 0.01 0.01 20.35

ETP-D 272.35 0.05 0.02 20.30 68.74 0.01 0.01 20.35

TABLE 7c. As in Table 7a, but for the absorption due to a CO2 concentration of 800 ppmv.

Atmosphere

u0 5 08, F0 5 286.45 u0 5 758, F0 5 74.13

Fs Dhstra Dhtrop DFs Fs Dhstra Dhtrop DFs

SGP-D 269.49 0.03 0.02 20.42 67.69 0.02 0.03 20.91

NSA-J 269.44 0.03 0.03 20.42 67.67 0.03 0.03 20.93

NSA-D 269.82 0.06 0.02 20.48 67.83 0.02 0.02 20.81

WTP-J 269.17 0.04 0.01 20.44 67.56 0.02 0.03 21.08

WTP-D 269.16 0.04 0.01 20.44 67.55 0.01 0.03 21.09

ETP-J 269.20 0.04 0.02 20.44 67.57 0.02 0.03 21.06

ETP-D 269.20 0.04 0.01 20.44 67.57 0.02 0.03 21.06

2672 JOURNAL OF THE ATMOSPHER IC SC IENCES VOLUME 78

Unauthenticated | Downloaded 11/21/24 07:18 PM UTC



those spectral points from a spectral band, the range of the

absorption coefficient of the remaining spectral points is nar-

rowed, and the k-distribution approximation can be applied to

accurately compute fluxes and heating rate in both the strato-

sphere and the troposphere. For the absorption due to water

vapor and CO2, random overlapping of the absorption is as-

sumed, which is only for clear skies.

The new k-distribution scheme is applied to compute fluxes

and heating rates in three typical atmospheres, two artificial

extreme atmospheres, and eight atmospheres sampled from

four diverse climatic regimes and two seasons. With the solar

infrared divided into three wide bands as demonstrated in

Table 1 and the use of a total of 52 g groups in the water vapor

and CO2 bands, the heating rate difference between the

k-distribution and line-by-line calculations in the spectral re-

gion 1000–14 290 cm21 is ,0.09K day21 for water vapor,

and,0.2K day21 for CO2 except in regions near 0.01 hPa. The

difference in the downward surface radiation is ,1.4Wm22

for water vapor and ,0.6Wm22 for CO2. With the over-

lapping absorption of water vapor and CO2, the difference in

heating rate is nearly the same as water vapor in the tropo-

sphere and CO2 in the stratosphere. However, the difference in

the downward surface flux increases to 2.6Wm22. The results

are sensitive to the number of g groups, which is equivalent to

the spectral resolution of the k-distribution scheme. Results

can be improved by dividing the solar infrared into more than

three bands and increasing the number of g groups. In sum-

mary, this new k-distribution scheme demonstrates 1) the sta-

bility of the parameterization in light of the wide range of water

vapor column amounts and CO2 amounts, 2) the accurate

parameterization of the effect of the overlap of water vapor

and CO2, and 3) the accurate parameterization of both

stratospheric and tropospheric heating, all in a computation-

ally efficient way.

The current wide spectral limits used have their limitations.

For example, variations in the scattering properties of clouds

with wavenumbers are not small in the three wide spectral

bands of Table 1, and treatments of the overlapping of cloud

scattering with gaseous absorption in cloudy skies can be more

accurate by increasing the number of spectral bands. In addi-

tion to the issue of the scattering properties of clouds, there is

also the issue of overlapping of absorption due to multiple

gases. In this study, we used the multiplication rule to compute

the mean transmission function of a band [Eqs. (3.18) and

(3.19)] in clear skies by assuming the spectral overlapping of

the gaseous absorption coefficients is random. For a wide

spectral band that encloses at least an entire H2O or CO2 ab-

sorption band, the assumption of random overlapping of the

absorption coefficients would degrade the flux and heating rate

calculations. Therefore, a partition of narrower spectral bands

than those given in Table 1 is necessary for improving solar

heating calculations even in clear skies.

However, there is an ensuing issue on the computational

economy when the spectrum is divided into more narrower

bands. To reach a similar level of accuracy, the total number of

g groups, i.e.,M, of the narrow bands would be larger than that

of the broad band, and flux calculations would be more ex-

pensive. This is because of the large spectral variation of the

absorption coefficient, which is dominated by the absorption

coefficient of single molecular lines. If a broad band having an

TABLE 8a. As in Table 7a, but for the overlapping absorption of water vapor and a CO2 concentration of 200 ppmv.

Atmosphere

u0 5 08, F0 5 286.45 u0 5 758, F0 5 74.13

Fs Dhstra Dhtrop DFs Fs Dhstra Dhtrop DFs

SGP-J 153.74 0.04 0.05 22.35 32.56 0.02 0.03 21.03

SGP-D 179.81 0.02 0.04 21.69 39.23 0.01 0.02 20.60

NSA-J 184.63 0.03 0.06 21.65 40.40 0.01 0.02 20.57

NSA-D 218.54 0.05 0.05 21.75 49.04 0.02 0.01 20.48

WTP-J 153.80 0.04 0.08 22.30 32.59 0.02 0.02 20.99

WTP-D 156.71 0.04 0.07 22.25 33.33 0.02 0.02 20.94

ETP-J 166.07 0.04 0.06 21.99 35.73 0.02 0.03 20.78

ETP-D 165.56 0.04 0.06 22.00 35.61 0.02 0.02 20.77

TABLE 8b. As in Table 7b, but for the overlapping absorption of water vapor and a CO2 concentration of 400 ppmv.

Atmosphere

u0 5 08, F0 5 286.45 u0 5 758, F0 5 74.13

Fs Dhstra Dhtrop DFs Fs Dhstra Dhtrop DFs

SGP-J 152.51 0.04 0.07 22.43 32.13 0.02 0.03 21.13

SGP-D 178.33 0.05 0.04 21.72 38.70 0.02 0.02 20.69

NSA-J 183.09 0.04 0.07 21.66 39.85 0.02 0.02 20.66

NSA-D 216.71 0.07 0.05 21.75 48.36 0.02 0.01 20.55

WTP-J 152.58 0.07 0.08 22.38 32.17 0.02 0.03 21.09

WTP-D 155.45 0.04 0.09 22.32 32.89 0.02 0.03 21.05

ETP-J 164.71 0.06 0.04 22.04 35.25 0.02 0.02 20.88

ETP-D 164.21 0.08 0.05 22.06 35.13 0.02 0.02 20.87
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absorption coefficient ranges by an order of 10 is divided

into two narrow bands, the sum of the ranges of the ab-

sorption coefficient in the two narrow bands should be

larger than 10.

The scope of this study is limited to the computation of solar

heating in nongray spectral regions where the variation of the

absorption coefficient with wavenumber is not smooth and the

k-distribution (or the correlated k-distribution) approximation

applies. It does not include the heating due to O3, the minor

heating due to O2, and the continuum absorption. The O3 and

continuum absorptions are smooth with respect to wave-

number and do not need the application of the new k-distri-

bution (or the correlated k-distribution) approximation. The

new k-distribution can be extended to compute the heating in

the minor O2 bands. The scattering due to clouds and aerosols

and the Rayleigh scattering are also beyond the scope of

this study.

In terms of applications, the correlated k-distribution

method and the new k-distribution method are identical,

except the flux-weighted k-distribution function [the termHg

in Eq. (3.10)] and the equivalent absorption coefficient [the

term kg in Eq. (3.7)] are precomputed (or specified) differ-

ently. Thus, this new k-distribution approximation can be

used as an option to modify the existing full-scale radiative

transfer models, such as the RRTMGP (Pincus et al. 2019)

and the model of Li and Barker (2005), which use the cor-

related k-distribution approximation in computing the non-

gray gaseous absorption.
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