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ABSTRACT

The zonally averaged conservation equations for water, linear zonal momentum, and potential heat
(gz+¢,T) are written in a form analogous to the mass continuity equation. This is possible when atmospheric
storage terms are negligible which is generally the case during the solstice seasons. It follows that the fluxes
of these properties can be represented by Stokes streamfunctions. Patterns of streamfunctions in the vertical-
meridional plane for mass, water (all 3 phases combined), momentum, and heat have been prepared from
the “Atmospheric Circulation Statistics’ of Oort and Rasmusson (1971). They are shown for the seasons
December-January-February and June-July-August, and for the area between 10S-75N. The following
details are of interest:

1) The presented data are not new in any sense. Only the mode of presentation is new.

2) Contrary to the total mass transport, which is almost entirely conservative, all other transports have
sources and sinks. They are treated as vertical flux divergences and thus are amenable to the streamfunction
concept.

3) The streamfunction pattern can be considerably modified by linear combination with the mass con-
tinuity equation, characterized by a scale function: This function is zero for water transport, a?Q cos%
for momentum transport, and gzo+-c,To for heat transport (zo, To averages over total atmosphere). This
choice minimizes the back-and-forth transport of properties by the cell circulation.

4) Boundary conditions are that the upper surface of the atmosphere be a streamline for mass, water,
and momentum transport. For potential heat, the value at the upper surface at a certain latitude is the
net radiation flux across this surface, integrated between this latitude and the pole.

5) The streamlines represent the total flux of the respective property in whatever form. For instance,
vertical fluxes of water comprise mean and eddy components of all scales as well as net contributions of
solid and liquid water flux.

6) The streamlines of transports with sources and sinks begin and end at the earth’s surface (water,
momentum, and heat) or additionally at the upper surface of the atmosphere (heat). There are no closed
isolines.

The mixed character of the various fluxes is qualitatively described. Fluxes of different properties cross
each other or go in opposite directions. Further, fluxes of the same property on different scales may go in
opposite directions, particularly in the vertical. The total horizontal flux divergences are compared with
some independent flux estimates at the earth’s surface. Although there are still significant imbalances, the
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general agreement is fair.

1. Introduction

The zonally averaged continuity equation for the
globe, if written in pressure coordinates, reads in con-
ventional form

1 9[v] cosp | [w] 0
cos¢ dy I ap e

The letters ¢, y, p, v, » designate, respectively, latitude,
meridional coordinate (y=a¢ with a=earth’s radius),
pressure, meridional wind component, and vertical wind
component =dp/dt. Brackets denote the zonal averag-
ing operator. It has long been recognized that the
physical content of this equation can be represented
with a Stokes streamfunction ¥ defined by

g oY g

[]= ————

2wa cosp Iy

(1.1)

[v]=

= (1.2)
2ma cos¢ dp

where g represents gravity. Hemispheric and global
patterns of ¥ have been discussed by many authorsg
The early attempts to display the global ¥-distribution
were hampered by the inaccuracy of the available
[v]-values (Mintz and Lang, 1955). Northern Hemi-
sphere patterns of ¥ in its annual course, based on the
most recent measurements, have been presented by
Oort and Rasmusson (1970). Figs. 1 and 2 show for
reference the mass transport streamfunction ¥ for
winter and summer,! recalculated from the seasonal
values of the balanced meridional wind (Oort and
Rasmusson, 1971).

A critical comparison of these data with earlier
compilations, notably those of Palmén and Vuorela
(1963) for the winter season (December—January—-
February) and of Vuorela and Tuominen (1964) for the

1 In this paper all seasons refer to Northern Hemisphere.
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Fi6. 1. Streamfunction for atmospheric mass transport in units
10'2 gm sec™ for season December—January—~February. Data from
Oort and Rasmusson (1971).

summer season (June—July—-August) has been given by
Oort and Rasmusson (1970). The patterns of the latter,
as redrawn in our Figs. 1 and 2, compare favorably with
other calculations by Newell ef al. (1972), at least for
winter. In summer, our Fig. 2 shows a weak and
broadly distributed Ferrel cell and an almost non-
existing northern Hadley cell, whereas Newell e/ al.
report a well-defined Ferrel cell between 33N and 70N
and likewise a well-defined northern Hadley cell
throughout the troposphere between 16N-33N,

It is well known that the weakness and variability of
the Ferrel cell stems from the fact that this indirect
circulation is the result of mass fluxes of considerable
strength but opposite direction (Oort and Rasmusson,
1970, Fig. 11). Consequently, one should not put too
much emphasis on the exact figure of the small residual
Ferrel cell. This argument applies particularly to annual
patterns of the mass streamfunction. As has been
pointed out by Lorenz (1969) and can be seen by in-
spection of Figs. 1 and 2 in Oort and Rasmusson’s
paper, even the tropical Hadley cells become relatively
weak in the annual average and sensitive to slight
changes in the underlying data. Obviously, this.is due

to the seasonal migration of the rising branches of the .

Hadley cell of either hemisphere.
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F1c. 2. Like Fig. 1 but for season June—July—August.
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Several investigators have tried to overcome the
uncertainty in the [v]-data required to calculate ¥ by
employing other conservation equations. Mintz and
Lang (1955) derived the meridional mass circulation
over the Northern Hemisphere from the angular mo-
mentum equation. Due to certain inherent assumptions,
for example that the vertical eddy momentum flux
vanishes above 700 mb, they found only 80-90X10%
gm sec™! for the winter Hadley cell. Newton (1972) also
applied the concept of angular momentum balance for
estimating the meridional mass circulation as a residual.
In Northern Hemisphere summer (Newton’s Fig. 9.12)
he found 4 cells between equator and 30N with a net
upward transport of the order of 50X10% gm sec™
between 20N and 30N, whereas our Fig. 2 reveals no
sizeable upward or downward transport in this region.
Further, in Southern Hemisphere summer, Newton
found the rising branch of the southern Hadley cell to
transport approximately 100X 10" gm sec™ between
10S and the equator, whereas our Fig. 1 shows an up-
ward transport of nearly double strength in this region.

These comments about the reliability of the existing
estimates of the mean meridional circulation might
suffice. It is not intended in this study to give a com-
parison in any complete sense of the various balance
calculations carried out in the past, although we shall
provide some critical remarks. We rather maintain that
the representation in terms of a streamfunction gives
a simple and complete account of both the vertical and
meridional flux of a physical quantity.

The mass transport is not the only quantity that
can be portrayed in this form. Palmén and Newton
(1969) plotted the streamfunction of the total water
vapor flux (see next section). Likewise, they plotted as
quasi-streamfunction the meridional geostrophic eddy
flux of sensible heat (winter of 1949). Lorenz (1951)
discussed the winter streamfunction pattern of relative
angular momentum based on geostrophic data. Newell
et al. (1972), according to formulas discussed in Starr
et al. (1970), plotted the streamfunction for the total
angular momentum transport, based on the most recent
and complete data. It will be shown in Section 3 that
their approach tends to obscure the relevant momentum
transport due to the overwhelmingly large back-and-
forth transport of earth angular momentum. Concern-
ing the atmospheric heat transport, no attempt seems
to have been made yet to portray it in flux form. We
shall show that, with a proper choice of the boundary
condition for the pressure surface zero, it is possible to
define in a non-arbitrary way a streamfunction for the
potential heat transport.

It is the aim of this paper to bring the conservation
equations of all relevant meteorological field quantities
into a form comparable to Eq. (1.1). The zonally
averaged patterns of these quantities like wind, tem-
perature, geopotential, and humidity are maintained

- by a wvariety of horizontal and wvertical transport
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mechanisms. It is obvious from the outset that both
mean and eddy contributions will enter the stream-
functions for the respective quantities. The usefulness
of such a mixed representation is that the overall trans-
port becomes visible. This will allow intercomparisons
between the transport mechanisms for the different
field quantities.

Before considering the streamfunctions in detail we
shall note an obvious generalization of Egs. (1.1), (1.2).
Let us assume that the meridional and vertical fluxes
Fy, F} of a certain property obey the generalized trans-
port equation

1 9(h,F,) 1 3(hoF o)
- + =0
hy dy hy 9P

, (1.3)

with dimensionless functions /,= (), hp,=h,(p). This
equation can be satisfied by a streamfunction ¥p:

g 1 3¥r g
F

2ra hyhy 0p

It is important that the function %, depends on y only,
hpon p only. In most, but not all, cases we shall choose
hy=cose, hp,=1.

Three points are important when applying Eq. (1.3)
to transports of atmospheric quantities. The first is
that the respective pattern must be stationary. Other-
wise (1.3) does not hold. Thus we can strictly apply
Eq. (1.3) only during extreme seasons. Even then, as
has been shown by Newton (1972), there can be
sizeable storage or “spinup-spindown’ terms in the
conservation equations. In this study, we shall restrict
ourselves to the extreme seasons. All storage terms, if
they appear, are small and formally included in the
vertical transport flux divergence.

The second point is the treatment of the source
terms. Source terms are, for example, the rate of con-
densation or sublimation in the water transport equa-
tion, or the diabatic radiational heating in the first law
of thermodynamics. We consider here all transportable
quantities as conservative. This means, according to
Van Mieghem (1973), that the source terms can be
represented by the divergence of a properly chosen
vector field. Moreover, we shall consider only the
vertical flux component of the respective source vectors.
This will be discussed for the different transports in the
subsequent sections.

The third point is concerned with the boundary condi-
tions. Atmospheric streamfunctions, except for the
mass transport, generally have the constraint that
streamlines begin and end at the earth’s surface, due
to the exchange between earth and atmosphere. The
energy streamlines also cross the upper surface of the
atmosphere as a consequence of the radiational exchange
with space. We shall specify the boundary conditions
for the streamfunctions at the upper surface of the
atmosphere.
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All data evaluations of the present study are based
on the “Atmospheric Circulation Statistics” of Oort
and Rasmusson (1971). This data collection covering
the period May 1958 through April 1963 provides
monthly, seasonal, and yearly averages of zonally and
time-averaged field quantities, and standing and tran-
sient eddies (except transient eddy fluxes in the vertical
direction). The data are on the standard levels 1000,
950, 900, 850, 700, 500, 400, 300, 200, 100 and 50 mb
between 10S-75N, with a meridional resolution of 5°.
We consider this basic data set the best available pre-
requisite for consistent results.

2. The water transport streamfunction

The water transport equation in the zonally and
time-averaged form reads

1 9[vg]cosp alwg]
cos¢ dy I ap

=[0.], (2.1)

where g is the specific humidity, and the overbar denotes
the time-average. The source function for water may be
written:

)
Q;=g—(Hc+H,). (2.2)
ap

In (2.2), H¢ is the vertical flux of condensed water,
either in fluid or frozen form; H, denotes the vertical
flux of water vapor due to microscale turbulent diffusion
(molecular diffusion included). Both fluxes H have the
physical dimension kg m™2 sec™® and are positive up-
ward. No horizontal components of these fluxes are
taken into account because we consider them to be
of negligible importance on this scale.

Following Palmén and Newton (1969, Fig. 17.6) we
introduce a modified vertical flux #, of water substance
defined by

Fo=wq—gHc—gH,. (2.3)
Eq. (2.1) is identically satisfied if we define a stream-
function ¥, by

g oY, g v,
[(FoJ=—

E’E]E—'—_— 3
2ma cosp dp

_— (24)
2wa cos¢p Ay

Figs. 3 and 4 show the pattern of the water transport
function for winter and summer. Typical values of ¥,
are in the range 10"-10" (gm water) sec™'. This might
be compared with values of the mass transport stream-
function of the order of 10" (gm air) sec™.

The basic difference between the two streamfunctions
¥ and ¥, is the property of the latter, to have built-in
sources: the streamlines of ¥, begin and end at the
earth’s surface (the boundary condition in Figs. 3 and 4
is ¥,=0 at the upper surface of the atmosphere). The
physical meaning of the vertical gradient of ¥, is the
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Fic. 3. Streamfunction for atmospheric water transport in
units 10" gm sec™! for December—January—February. Data from
Oort and Rasmusson (1971), Note quasi-logarithmic scale of
isolines. Horizontal transports: water vapor only. Vertical trans-
ports: vaporous, liquid, and frozen water.

horizontal transport of water vapor; no horizontal trans-

port of condensed water is assumed to take place. The
horizontal gradient of ¥, however, determines the
vertical flux of water substance, in gaseous, fluid, or
solid form. In other words, ¥, comprises dlfferent
physical processes in a mixed manner.

We turn now to another aspect of the water trans-
port streamfunction and make somie speculative re-
marks about the fluxes H¢ and H,. Not very much is
known about the vertical profiles of these quantities.
It seems certain, however, that H¢ (which gives by
definition the vertical flux of condensed water sub-
stance) is negative (downward) everywhere in the
vertical, at least when time- and space-averaged. Con-
cerning H, no profile measurements are available.
Several authors (Holland and Rasmusson, 1973;
Augstein ef al., 1973; Nitta and Esbensen, 1974) in-
corporate H, into the correlation part of [wg], con-
sidering it as subgrid-scale. For the present discussion,
we maintain that the subgrid-scale transport comprises
at least two different mechanisms: the convective scale
subgrid transport, which is an organized transport
properly described by the eddy concept, and the
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Fic. 4. Like Fig. 3 but for June-July-August.
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microturbulent transport H, which is due to three-
dimensional turbulence approximately described by the
diffusion concept. We hypothetically assume that these
two can be objectively separated from each other.

Taking these viewpoints for granted, H, should be
positive everywhere in the vertical : the vertical diffusive
water vapor flux should be directed down the gradient
of specific humidity, i.e., upward. Furthermore, it
seems reasonable to assume that H¢ and H, are, on the
global scale, of similar orders of magnitude. Finally,
in order to account for the evaporation of falling pre-
cipitation in the lowest layers close to the earth’s sur-
face, H¢ should have an extremum in the middle or
lower atmosphere.

Tig. 5 sketches the hypothetical vertical profiles
of these functions. There exists in the lower part of the
troposphere a water vapor source (positive p-gradient
of He+H, between surface and height of the minimum)
and a sink above that level. Thus the vertical transport
of water must diverge in the lower and converge in the
upper troposphere. Recent evaluations of the BOMEX
data for the Atlantic trades between 500-1000 mb
support this conclusion: Nitta and Esbensen (1974)
report a strong moisture source in this layer both for
undisturbed and disturbed conditions. It is obvious

from Fig. 5 that the surface values of [H¢ ] and [H,]
are equal to the zonally and time-averaged surface
precipitation and evaporation, respectively. Since there
exist estimates of both these surface quantities, specula-
tion concerning H¢ and H, is restricted to the specific
vertical patterns.

Turning now back to expression (2.3) for F,, taking
time and longitudinal averages (X=X+4X’ for time-

. dependence and X=[X]+X* for longitude-depen-

dence) we find that

[F,)=[a]q1+[o*q¢* 1+ ("¢ 1~ g[Hol—g[H] (2.5)

UPPER
TROPOSPHERE

MIDTROPOSPHERE

BOUNDARY
LAYER

3 ARBITRARY UNITS

Fic. 5. Speculative vertical profiles of zonally averaged vertical
precipitation flux [Hc] and vertical diffusive water vapor flux
[H,]. Divergence of sum of both is source term in water transport

equation. Surface values of [E:], [H,] are negative precipitation
— P and evaporation E, respectively.
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The first three terms on the righthand side are denoted,
following common usage, the mean water vapor trans-
port due to meridional circulation, to standing eddies,
and to transient eddies, respectively. The mean and
standing transports can be considered to be known
(Oort and Rasmusson, 1971), as well as can the diffusive
flux using a standard parameterization
— 01 g
[H ]=p4 qg_[q_]- (2.6)
ap
In (2.6), A4 is some turbulent exchange. coefficient,
supposed to be a smooth function of latitude and
height. Formula (2.6) is applicable for mean conditions
since [¢] decreases uniformly with height. Further, the
vertical gradient of [¢] has in all latitudes its maximum
value at the sea surface. '
We then see that (2.5), together with (2.6), allows
one to determine the sum

(' ]—glHc]

as a residual function. It is not surprising that the

vertical transport [w/q’] due to transient eddies cannot
be inferred from daily radiosonde measurements. Size-
able contributions to this term are to be expected in
the interior of mesoscale towering cumulonimbus clouds,
particularly in the tropics (Riehl and Malkus, 1958).
This hot-tower process transports transient deviations
from the average of conservative properties upward;
downward processes happen on a considerably larger
scale, but with very low vertical velocities, in the cloud-
free regions. It would be of great interest to further

separate the quantity [u?é_’] into a synoptic-scale and
a subgrid-scale contribution. The latter part would
presumably be due to the hot-tower process and
would intimately be related to H¢. The former could be
gained from daily observations provided these would
yield reliable synoptic-scale vertical velocity patterns.

The winter transport pattern in Fig. 3 compares
favorably with Fig. 17.6 in Palmén and Newton (total
flux of water vapor in Northern Hemisphere, six cooler
months of 1958). The transport lines leaving the earth’s
surface indicate excess of evaporation over precipitation,
whereas lines entering the surface show a zonal mean
surplus of precipitation. In winter, a net total of more
than 200X 10 gm sec of water leaves the surface
between SN and 35N. The smaller part of this flux
(80 units) is transported via eddy exchange mechanisms
across 30N into middle and higher latitudes. The
greater part (120 units) is transported across the
equator, mostly into the Southern Hemisphere tropics,
the rest into the higher latitudes of the Southern
Hemisphere. The area 5N-10S with the highest precipi-
tation excess coincides with the latitudinal precipitation
maximum as reported by Moller (1951).

In summer, the tropical transport pattern is reversed.
A little over 160 units enter the Northern Hemisphere

2.7)
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across the equator. Most of it (=~4120) precipitates in the
belt equator-15N (the ITCZ-region). The remaining 40
units, together with a contribution of 10 in the trades
region 17N-30N, enter the middle and higher latitudes.
The midlatitude surplus of precipitation over evapora-
tion beyond SON is not too variable during the course
of the year.

Comparison of the horizontal water flux divergence
with the vertical flux components at the earth’s surface
is standard in studies concerning the atmospheric water
transport, for instance: Palmén and Vuorela (1963),
and Vuorela and Tuominen (1964) for the extreme
seasons; Starr et al. (1969), for the IGY (1938) annual
mean ; or Rasmusson (1972) for the area covered in the
present study with main emphasis on the tropics.
Rasmusson’s evaluation is based on much the same
data as is the present study. In particular, Rasmusson
was forced to obtain the monthly precipitation values
as residual terms in the balance equation.

Since the investigations just mentioned provide a
wealth of information concerning the characteristics of
atmospheric water transport, it is not necessary to
repeat the balance considerations in detail. We refer
particularly to the work of Rasmusson for his extensive
presentation and critical discussion of the balancing
terms.

In order to account for the magnitude of the error
in the different quantities, we consider only briefly the
vertically integrated balance equation

1 av,,
—E—P.

—_— (2.8)
2wa cos¢p 9y

Here, ¥, is the value of the streamfunction at the
earth’s surface, £ is evaporation, P precipitation.
Storage terms are neglected in (2.8), as are any possible

contributions of the term [E] at the sea surface due to
non-coincidence of pressure and geopotential surfaces
or to pressure tendencies. Both sides of equation (2.8)
are compared in Fig. 6 in the same physical units. The
E-P curves are taken from Newell ef al. (1969) which
are only partly based on atmospheric flux measure-
ments. For winter, Schutz and Gates (1971) provide
seasonal precipitation values, determined from a
Russian source, and January evaporation values, de-
termined from Budyko (1963). Though the broad
pattern is in agreement, some systematic differences
are intriguing, notably between 5S-10N and 70N-75N
in winter. It is not clear which quantity is responsible
for the errors. The author feels, however, that the
precipitation values are to be considered with caution.
Referring forward to Fig. 11, the comparison of precipi-
tation estimates reveals appreciable differences between
Schutz and Gates and the earlier results of Moller
(1951). Due to its mesoscale and patchy nature, par-
ticularly in the tropics, precipitation can hardly be
determined by the present observation net with the
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F16. 6. Zonally averaged atmospheric water balance in mm day™
for solstice seasons. Full curves: surface evaporation (E) minus
precipitation (P) according to Newell ¢ al. (1969), partly based
on atmospheric data. Dots: E-P according to Schutz and Gates
(1971), based on surface data (winter only). Crosses: divergence
of water vapor streamfunction at earth’s surface, calculated from
Figs. 3 and 4.

necessary accuracy. Keeping this fact in mind, the
agreement of the independently determined data of
Schutz and Gates for E-P and of this study for the
atmospheric divergence must be considered fair.

3. The momentum transport streamfunction

The absolute angular momentum per unit area of an
air parcel moving at latitude ¢ with eastward velocity
component % is

I=a cos¢(u+a cosg). (3.1)

We neglect the height dependence of angular momentum
(see Newton, 1972) because it is of minor importance
for the subsequent discussion. We note in passing that,
if height dependence is being incorporated in (3.1),
another effect would also have to be taken into account:
the ellipticity of the earth. This effect, seemingly not
discussed yet, should be of similar magnitude as is the
height dependence of I because the deviation of the
earth from ideal sphericity is of the order of the scale
height of the atmosphere. The total time derivative

of I'is .
al <du I uY )
— =@ cos¢p{ —— fv——tang ),
dt dt a

(3.2)

where f=2Q sing denotes the Coriolis parameter. The
expression in brackets can be eliminated by means of
the x-equation of motion in-pressure coordinates, which
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vields

dal 0b 097z
—=—q cos¢<——+g ) (3.3)
dt dx  9p

Here, ® is the geopotential and 7, the x-component of
horizontal stress. No horizontal stress variations are
taken into account. Expanding the total time deriva-
tive into flux form and averaging with respect to
longitude and time we find

1 9[I] cosd). 3 —
} ap{[w]]-l—ga cosp[ 7z} =0. (34)

cos¢ dy

Mountain torques (White, 1949) are formally included
by interpreting 7, to contain both the zonal stress as
well as the net geopotential difference in zonal direction
across the mountain barriers of the respective latitude
circle. )

Eq. (3.4) has the desired form (1.1) of a continuity
equation and it seems straightforward to construct a

. streamfunction for absolute angular momentum trans-

port in direct analogy to (1.2); see Fig. 4.13 in Newell
et al. (1972). This approach has the drawback that it
reproduces to a large extent the mean meridional
(toroidal) circulation times the factor cos?p. This is due
to the obscuring back-and-forth transport of earth
angular momentum. This point has already been dis-
cussed by Lorenz (1951) who plotted streamlines of
angular momentum for the period 1 November 1945
through February 1946. Lorenz noted that a rather
weak meridional cell could transport large amounts of
Q-angular momentum whence he made sure that any
flow of angular momentum due to mean meridional
circulations had been omitted. Smagorinsky (1963) also
used the streamfunction display for the zonal momen-
tum flux resulting from a numerical experiment.

Following Lorenz’s argument we consider the meri-
dional flux of total angular momentum :

[l ]=a cos¢{[vu ]+ [7]a c;s¢} . (3.5)

The second righthand-side term (Q-momentum trans-
port) is more than an order of magnitude layer than
the first (y-momentum transport), irrespective of the
fact that only the #-momentum transport contains
relevant meteorological information. The same is true
of the vertical flux [w/]. Thus we write Eq. (3.4) in the
equivalent form

a

{a cosp[vu]} cosp
cos¢ dy

9 — —
+3—{ a cosp[wu ]+ga cosp[ 7. ]} +D=0. (3.6)
P

Here, D is that part of the divergence of total angular
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momentum flux that is solely due to the earth’s rotation:

1 0
D=—+-—{a*Q cos?¢[7 |} cos¢
cos¢ oy

i}
+—{a?Q cos?p[@]}. (3.7)
ap

By eliminating the mass flux divergence from D with
the aid of Eq. (1.1) we find

D=—a cos¢f[7]. 3.8

Thus the influence of the earth’s rotation on the mo-
mentum balance reduces to the familiar Coriolis term
which depends on the mean meridional wind. Conse-
quently, we Introduce for [7] the mass transport
streamfunction ¥. It is possible then to combine all
derivatives with respect to p into a single expression
that transforms Eq. (3.6) into

1 4 —
———{a cos¢[vu]} cos¢
cos¢ dy

8 — — g
+-—1a cos¢>([wu]+g[n])—~\lf} =0. (3.9)
ap 2r

We first note that this equation for relative angular
momentum can be visualized as a “linear” combination
of the equations for total angular momentum and mass
continuity, symbolically: Eq. (3.9)=Eq. (3.4) minus
[Eq. (1.1) times the scale function &2 cos’p]. This
will remove all closed streamlines that are present in
the absolute angular momentum streamfunctions of
Newell et al. (1972). Further, in the horizontal transport
component there is no contribution of the earth’s
rotation anymore; its influence is condensed in the
Coriolis term, which is considerably smaller than the
Q-momentum terms in (3.4). If we adopt the conserva-
tive estimates

u~10 m sec™
w1073 mb sec™
7:~~1 dyne cm™?

P~ 35X 10" kg sec™!
$rA3O } (3.10)

all terms in the vertical momentum transport com-
ponent have comparable orders of magnitude.

Eq. (3.9) expresses conservation of angular momen-
tum. If we regard (3.9) as the maintenance equation
for the zonal wind it seems meteorologically more
natural to look at it from the linear momentum view-
point. Dividing by @ cos¢ we obtain

a __ o[F.]
—[vu] cos?p+———=0, (3.11)
cos’¢ 9y op
with the generalized vertical momentum flux
§
F.=wu-tgr;—~ f———¥. (3.12)
2ra cose
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Fic. 7. Streamfunction for atmospheric linear momentum
transport in units 10 newtons (N) for December—January—
February. Data from Qort and Rasmusson (1971). To compare
with Hadley units (1 HU=10 J) note that 10® N corresponds to
6.37X 102 HU.

Eq. (3.11) is virtually identical with the time-averaged
zonal-index equation (5a) of Mintz (1935) or with the
zonal wind equation (4.16) of Newell et al. (1972); how-
ever, these authors did not further follow the lines as
studied here. According to (3.11), (3.12), the impact of
the mass transport streamfunction ¥ on the vertical
transport of zonal wind is obvious (see also Newton,
1972). We now introduce the momentum transport
streamfunction ¥, by

g o, . g o,
— % [F)e———
2ma cos’¢p Op

[]=

. (3.13)
2ma cos’¢ Iy

The physical unit of ¥, is 1 newton=1 (kg m sec")sec™".
Separating the unit this way illustrates that ¥, trans-
ports momentum (unit 1 kg m sec™) similarly to ¥,
with unit 1 kg sec™!, which transports mass. Figs. 7
and 8 show patterns of the momentum streamfunction
for winter and summer, calculated from the seasonal

data of [7s] as listed in Oort and Rasmusson (1971).
¥, was determined by vertically integrating, downward,
the lefthand equation of (3.13); the boundary condition
at the upper surface of the atmosphere was ¥,=0.
Fig. 7 corroborates the early results of Widger (1949)
and notably Lorenz (1951), which have been presented
in a similar format though based only on preliminary
data (geostrophic winds, no data above 7.5 km height).
Figs. 7 and 8 reproduce the general pattern of the
global momentum transport: upward transport of
westerly momentum in the tropics, poleward transport
in the middle and upper troposphere, downward trans-
port in middle latitudes. A distinct, though relatively
weak, polar cell is apparent which reveals the highest
latitudes between 65N-90N to be a momentum source
throughout the year. The winter circulation is much
stronger than the summer circulation. There is a net
transport of momentum across the equator towards the
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Summer Hemisphere: in Fig. 7 there flow 50 units
southward, in Fig. 8 some 125 units northward. The
net annual flux is northward, in accord with Henning’s
(1968) estimates. The downward transport of momen-
tum in the inner tropics just north of the equator in
summer is clearly associated with the zone of equa-
torial westerlies during this season, notably over the
Indian Ocean longitudes (Flohn, 1949, 1933).

Comparison of the horizontal momentum flux di-
vergence with the vertical flux at the earth’s surface is
standard in studies concerning the atmospheric mo-
mentum transport, notably Newton (1971). The surface
vertical momentum transport comprises mainly fric-
tional and mountain torque, the other contributions
(spin-up, spin-down, the height effect together with
the ellipticity effect, seasonal mass drift, and water
momentum flux) being lumped together by Newton
into “miscellaneous torques.” During the solstice
seasons, the miscellaneous torques are about an order of
magnitude smaller than the other fluxes.

Table 1 compares different estimates of total hori-
zontal fluxes across three latitude circles. The estimates
of the present study are simply the surface stream-
function values of Figs. 7 and 8, respectively, multiplied
by the earth’s radius. In view of different assumptions
and data sources used by various authors, the results
compare favorably.

4. The streamfunction for potential heat

Whereas the streamfunction for mass transport is
entirely free of arbitrary assumptions due to the fact
that there are no sources or sinks of atmospheric air
(except the small water flux effect, see next section, and
except long-term climatic changes of total atmospheric
mass), both the water and the momentum flux stream-
functions have sources and sinks that show up in very
significant flux components across the earth’s surface.
In addition to these surface fluxes that are due to phase
changes and nonlinear (frictional) effects, a continuous
energy exchange with space takes place across the
atmosphere’s upper surface due to radiation fluxes. In

MOMENTUM TRANSPORT, SUMMER
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F1c. 8. Like Fig. 7 but for June—July—-August.
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Tazsie 1. Total linear momentum flux across latitudes 0°, 30°,
60N, in Hadley units (1 HU=10" J), estimated by different
authors. Values in this study calculated by vertical integra-
tion of Oort and Rasmusson’s (1971) tables. To compare with
momentum streamfunction note that 1 HU corresponds to
15.70X 10 N.

0°  30°N  60°N
Dec~Jan-Feb Newton (1971) —4 42 —4
Newell et al. (1972) —6 43 —1
This study (surface
flux from Fig. 7) —3.5 334 —44
Jun~Jul-Aug Newton (1971) 13 14 —1
Newell et al. (1972) 11 15 —1
This study (surface
flux from Fig. 8) 89 159 —1.6

the subsequent treatment we shall consider only the
vertical component of the radiation flux.

The time- and zonally-averaged thermodynamic
energy equation reads, in conventional notation,

1 o7 ] cosd>i ac,,[ﬁ]
T

R__.
=—{wT]+[Qr] 41
cosg Jdy ap P
Here, ¢, is the specific heat for constant pressure; the
diabatic heating function may be written: -

I¢]
QTEgB;(HR""HT'—LHC); (4.2)

He is the vertical flux of short- plus long-wave radia-
tion and Hy is the vertical component of the diffusive
temperature flux. Both Hg and Hr are positive upward
and have physical dimensions J m™ sec™; He is the
vertical flux of condensed water substance as defined in
Section 2, and L the latent heat of condensation.

Concerning the mutual rdle of [Hy ] and ¢p{ '], com-
pare the above discussion of H, Like H,, Hr is con-
sidered to. comprise only microturbulent (as well as -
molecular diffusive) fluxes of T.

In addition to the sensible heat equation (4.1) we
consider the hydrostatic equation in the form

d® w
®_e @.3)
dt - p

Eq. (4.3) is valid for negligible pressure tendency
. (which is approximately the case in this study) and
negligible horizontal pressure advection (which is
usually 2 orders smaller than the vertical advection
even in actual cases). Averaging of (4.3) with respect
to time and longitude and adding it to (4.1) yields the
conservation equation for the quantity H=c¢,T+gz:

1 9[vH] cos¢+6[wH]= ol 44)

cos¢ dy
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F16. 9. Streamfunction for atmospheric potential heat transport
in units 10" J sec? for December~January—February. Data from
Oort and Rasmusson (1971) for atmospheric transports and from
Newell et al. (1969) for radiation balance of earth-atmosphere-
system.,

In (4.4), H bas been synonymously called the Mont-
gomery streamfunction, dry static energy, or potential
heat. In the present study we shall prefer the latter
name. It is the shortest and, more importantly, it is
closely related to potential temperature. The horizontal
transport components of ¢,7" and gz are to a considerable
degree opposed to each other (Oort, 1971). The mean
¢pT-transport is in all latitudes opposed to the mean
gz-transport. The eddy gz-transport is negligible. The
eddy ¢,T-transport is large in midlatitudes but only
25% of either the mean ¢,7- or gz-transport in the
tropics (Oort and Rasmusson, 1970). The dominating
effect of the mean circulation is easily seen by a glance
at the vertical profile of the potential heat: H varies
between 260 J gm™ at the earth’s surface and 360
J gm™ in the stratosphere. Thus the relative differ-
ences of H are of the order of 309, i.e., the mean
meridional circulation causes, similarly to the angular
momentum transport, a very large back-and-forth trans-

port of energy that has no meteorological significance.

We thus introduce the average value of potential heat
throughout the atmosphere

Ho=3174 ] gm™, (4.5)

corresponding to a potential temperature of 317.4K.
We multiply the mass continuity equation (1.1) with
H, and subtract it from Eq. (4.4). With the generalized
fluxes

Fy=[Hv]—H];

Fyy=[Hw]—Ho]—g[Hp-+Hr—LH;] (4.6)

we obtain the reduced conservation equation for po-
tential heat,

1 3FH,y COS aFH,,,
g jL =O (4-7)
Cose oy ap
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Analogously to the interpretation of the relative angular
momentum equation (3.9), we visualize Eq. (4.7) as a
linear combination of Eq. (4.4) with the mass continuity
equation (1.1) times the scale factor Ho. The introduc-
tion of a streamfunction ¥y into (4.7) is straight-
forward:

g a\I’H 14 a‘I’H
- FH,pE

2ma cos¢p 9p ’

II

FH ¥ -
2mwa cos¢p 3y

(4.8)

The physical units of ¥y are 1 J sec™=1 watt. The
boundary condition for ¥ at the upper surface of the
atmosphere can be constructed by the known flux
F,p—0, which comprises only the radiative flux Hg
since all other components are accompanied by ma-
terial transports and vanish in the zero pressure level.
We thus have

Y

Wir, pmo(¥) = 21ra/ cos¢[ H g, p—o dy. 4.9)

SP

The integration was started at the south pole, where
¥y om0 was arbitrarily set equal zero. The [Hg, p—o]-
data were taken from Newell ef al. (1969) and adjusted
in such a way as to end with ¥ ,_0=0 also at the north
pole. This is not entirely justified in the extreme
seasons but the surplus of net radiation balance for the
total globe of either winter over summer, or vice versa,
is not yet exactly known.

The energy streamfunction is shown in Figs. 9 and 10.
Over the entire latitude belt 30N-90N the flux has only
vertical components, in winter upward, in summer
downward. In summer, the zone with almost vertically
directed energy flux vector extends practically over the
entire hemisphere except the innermost tropics. In the
tropics there are sizeable horizontal transport com-
ponents. It follows that part of the net energy flux that
enters the upper surface of the atmosphere is being
transported horizontally over great distances and leaves
the atmosphere again without having touched the
ground. In winter, some 25 units enter the upper
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Fic. 11. Comparison of various estimates of several zonally
averaged energy balance terms for December—January-February
in units ly day™': Hg s=net radiation flux at earth’s surface
(positive upward) ; precipitation (positive downward); and sensi-
ble heat flux (positive upward; note exaggerated scale). Data
according to: Schutz and Gates (1971), full curves; Bernhardt
and Philipps (1966), dots; London (1957), crosses; Maller (1931),
plus signs; Newell ef ol. (1969), encircled dots.

atmosphere in the equatorial region, and leave it in
the 30N zone. In summer, the same applies with the
hemispheres reversed (isolines 130 and 160). It is ob-
vious that the energy-transports must be carried to a
large degree by eddy mechanisms, since they are sig-
nificantly directed against the mass transport. We like
to stress this point with respect to the vertical eddy
transports, which cannot be measured yet by the
synoptic network. It seems very desirable to obtain
reliable estimates for the vertical eddy transport com-
ponents, particularly in the tropics (see Nitta and
Esbensen, 1974).

One point might. be noted when comparing Figs. 9
and 10 with Figs. 1 and 2: the potential heat transport
is strictly in the vertical direction outside the Hadley
cells. Horizontal components of potential heat transport
are restricted to Hadley-cell latitudes. Qualitative as
this pure description may appear, it should call for
further physical interpretation.

In order to gain further insight into the present
uncertainties of the total atmospheric energy balance,
we compare various estimates of the balance terms for
the season December~January—February in Fig. 11.
The surface radiation flux Hz, s, according to different
and independent estimates, seems to be well established.
As mentioned above, the precipitation estimates are
systematically different, in the tropics of the order
of 80 ly day™'. The sensible heat flux at the earth’s
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surface is generally the smallest of the balance terms
and of sufficient accuracy for the present purpose.

The total atmospheric energy balance in one of its
many forms can be obtained by vertical integration of
Eq. (4.7). Due to the various errors involved, no exact
balance can be expected. We thus write for the
imbalance: '

IMB=DIV-+Hg 0—Hg,s—(LP+SH). (4.10)

We have not included the storage term explicitly be-
cause it is, on the average, only 209, of SH during the
extreme seasons. The divergence term stands for:

a
])I\/E —(‘I’H.S—"I’H,O)-

_ (4.11)
2ma cosg 3y

The subscripts .S, 0 denote the pressure levels surface
and zero, respectively and Hpg,, and Hg,s are the
radiation fluxes across the respective pressure surfaces.
It might seem daring to explicitly compare the terms
in the balance equation. Newell ef al. (1969) state that
“with these uncertainties a comparison between com-
puted atmospheric transport and observed atmospheric
transport has little meaning.” Despite this' we have
tentatively constructed meridional profiles of the 5
terms in Eq. (4.10) for northern winter. Hg,o was
taken from Newell et al.; Hg, g from Schutz and Gates
(1971); DIV from Fig. 9 (i.e., from Oort and Ras-
musson’s atmospheric data); LP+SH from Schutz
and Gates (Fig. 11). The LP+-SH profile was adjusted
so as to give vanishing mean imbalance (correction
—6 ly day™?).

Fig. 12 shows that the imbalance is in general smaller
in magnitude than the balance terms, although of the
same order. The patterns of DIV, LP-+SH, and IMB
all follow the same general profile. Hence it is difficult
to account for the specific errors.

The vertical energy flux across the earth’s surface is
partly used for driving the water flux, notably in the
tropics; partly it is transported to other latitudes via
oceanic currents; and partly it is stored in sensible (soil
temperature increase) and latent form (variable snow
and ice cover). The oceanic contribution has been esti-
mated by Vonder Haar and Oort (1973).

5. Summary and conclusions

The general atmospheric circulation may be dis-
played by different methods. The set of zonally-aver-
aged quantities is most fundamental for all studies of
the global-scale circulation. The pertinent fields, if
additionally averaged with respect to time, comprise
category (1) of Lorenz’s (1967) classification of the
principal features of the circulation. It is this category
with which we have been concerned in this study.

No new data in any sense have been presented.
Rather, we have intended to bring together in a unified
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Fic. 12. Terms of zonally averaged total atmospheric energy
balance equation for December—January—February in units ly
day™1, Hr,o, Hg, s: net radiation flux at upper and lower boundary
of atmosphere, positive upward. DIV: horizontal divergence of
atmospheric energy flux. P, SH : precipitation (positive downward)
and surface sensible heat flux (positive upward). Imbalance ac-
cording to Eq. (4.10). For data sources see text.

format and based on a comparable and consistent data
set (Oort and Rasmusson, 1971) the transport patterns
in the vertical-meridional plane of the relevant con-
servative meteorological quantities. The display in
terms of a streamfunction seems to be a straight-
forward, though possibly not qulte familiar, mode of
presentation.

A synoptic view of the streamfunctions for mass,
water substance, momentum, and potential heat is
presented in Fig. 13 for the annual average. It is obvious
that the transport vectors of different properties can
cross each other and even run in opposite directions.
Water and momentum transport, for instance, are
directed opposite to the mean mass transport in the
upper branch of the Ferrel cell. This is not surprising
due to the horizontal eddy transports. But even in the
Hadley cell with its high relative contribution of the
mean transport, the water flux in the lower troposphere
in the vicinity of the equator is in opposite direction to
the mass transport. This is presumably due to vertical
eddy transports caused by the hot-tower mechanism
(Riehl and Malkus, 1958). In the tropics, the potential
heat transport seems to parallel in a broad sense the
mass transport. Between SN and 10N, however, both
transports are opposite as they are during the solstice
seasons, at least in the lower troposphere. Further, the

communication of moisture to the atmosphere is not

quite similar to the communication of angular mo-
mentum, as stated by Newell ef al. (1969). Rather,
both fluxes are opposite over the entire region 10S-10N;
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similarity is only apparent over the subtropical zone
1SN-30N. Several concurrent mechanisms are clearly
at work which tend to blur the transport patterns.

It is important to note that the emerging mean
pattern is not a mean circulation in the sense of an
ideal Hadley cell. Since we have removed, notably from
the momentum and energy patterns, the contribution
of the mean meridional mass circulation, we have
retained only relevant meteorological transport mecha-
nisms, the contributions of the eddy exchange processes
being the most significant ones. We note in passing that
subtracting the mean meridional circulation from the
water transport equation would have no meaning be-
cause it would introduce high fictitious reverse trans-
ports of water in the upper troposphere whereas there
is no appreciable water flux at all.

The significance of the annual averaged patterns of
Fig. 13 should not be overemphasized. Lorenz (1969)
showed that the annual mass transport of the Hadley
cell can be changed by a factor of 3 through incorpo-
rating relatively few new data. This is mainly due to
the seasonal shift of the Hadley cell. During the
separate seasons, the patterns are much more persistent.
This might be visualized by inspecting average seasonal
patterns for mean zonal wind, kinetic energy, eddy
temperature, and water vapor transport for the con-
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Fic. 13. Annual mean streamfunctions for atmospheric mass,
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secutive years 1958-1962 (Oort and Rasmusson, 1971,
pp. 314-323). Although differences between the same
seasons from year to year are apparent, the seasonal
average of a single year is fairly representative. Changes
from season to season are, on the other hand,
significant.

According to Fig. 13, the various fluxes seem to be
independent from each other. The interrelations are,
however, important. The water flux is implicitly con-
tained in the mass flux. In adopting this viewpoint, the
mass transport streamfunction is not free of sources and
sinks, either. Their effect is, however, of the order of
one percent of ¥ and well below the accuracy of the
data on which the W-pattern is based. The heat flux
pattern ¥ is significantly influenced by ¥, in the lower
layers. It would have been equally possible to con-
struct a streamfunction for the moist static energy
cpT+gz+Lq instead of H (Dedenbach, 1974). The in-
fluence of the mass field on the momentum field ¥,
has been discussed in connection with the @-momentum
transport in Section 3. Interrelationships between mo-
mentum and energy flux field are considered by Lorenz
(1969),. who extensively discusses the nature of the
zonally averaged circulation. In particular he main-
tains that not only time-averaging over one year tends
to obscure many of the most interesting features of the
circulation but also that zonally averaging over one
latitude circle even during a specific season tends to
obscure or at least distort the prevailing circulation
throughout most of the tropics because of the signifi-
cance of the Asiatic monsoon, . ]
" Removing the mean meridional circulation from the
momentum heat transport pattern has another in-
teresting aspect: it removes any closed streamline from
the pattern. Referring back to the choice (4.5) for the
mean atmospheric potential heat we note that any
other specification of H,, in particular Hy=0, retains
closed energy streamlines (not shown here). Similarly,
Fig. 4.13 in Newell e al. (1972) has many closed
streamlines- but the removal of the back-and-forth
Q-momentum transport with aid of our Eq. (3.9) in-
stead of (3.4) has also removed all closed streamlines.
Thus a picture emerges in which the streamline pattern
of a source- and sink-free quantity like mass is charac-
terized by closed streamlines, the boundaries being also
a streamline, whereas the pattern of property transports
subject to sources and sinks like water, momentum, or
heat has streamlines beginning and ending at a bound-
ary. With the criterion of no closed streamlines we feel
that the streamline representation is sufficiently free of
arbitrariness. The single exception of the closed 150-
isoline in Fig. 8 might be attributed to improper data
handling. : ‘

The streamline representation is open to criticism.
Arguments against it seem to be that several transport
modes are mixed together, that irreversible source or
sink terms cannot be represented by divergences of
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fluxes, and that zonal averages tend to severely obscure
relevant meteorological processes. The first argument
has already been discussed. The second can partly be
considered as a matter of taste, keeping in mind Van
Mieghem’s (1973) terminology. Concerning the third
argument the atmospheric scientist might be viewed
as a photographer who tries to get 2-dimensional
pictures of the 3-dimensional atmosphere. Whereas a
photographer in a natural environment can use the
phenomenon of perspective to good advantage in order
to simulate a 3-D effect, the large-scale circulation ob-
server has no choice but to stay within the p-y-coordi-
nate system. It is hoped that the emerging picture still
possesses enough perspective to learn a little about the
nonlinear mechanisms constituting the global circula-
tion of the atmosphere. '

We finally note that the present approach is of a
static rather than of a dynamic nature. The meridional
transport patterns comprise the overall balance of the
conservative properties but do not state anything about
the forcing mechanisms of the circulation. On the other
hand, the balance requirements are the necessary con-
straints for all possible dynamical considerations.
Particularly for the design of global climate models a
sound frame of consistent balance conditions is essential.
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