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Supplement: Idealized Convective Cloud Model

Herein, we explain the model used to generate the ide-
alized two-dimensional (2D) convective clouds used in
this study.

The 2D synthetic clouds vary only in the x- and z-
directions, and their geometric shape is derived from a
Koch triangle (von Koch 1904), which has an infinitely
long perimeter with fractal dimension log4/ log3 ≈ 1.26
(Mandelbrot 1977), i.e., more than a polygon but less than
a surface. This is how we approximate in a 2D world the
multi-scale convective growth of clouds. Using a 3D LES
dynamical model, Siebesma and Jonker (2000) have re-
produced the observed (Lovejoy 1982) fractal structure
of real-world cloud boundaries with fractal dimension
7/3 ≈ 2.33, i.e., more than a polyhedron but less than a
volume.

The Koch fractal, which lives on a triangular grid, is
mapped here to a rectangular grid for our present pur-
poses, that is, to serve as input for the MYSTIC 3D RT
solver. The synthetic cloud is defined as an arbitrary (liq-
uid water, extinction, or droplet density) field discretized
on a grid of 1025× 1024 (width × height) cells. As a
physically relevant variation on the basic fractal model, a
density decay factor of 0.9 is applied at each scale reduc-
tion. Specifically, 2D density decreases multiplicatively
by a factor of 0.9 for each fractal iteration, i.e., as smaller
and smaller triangles are added to the structure of the frac-
tal boundary of the Koch set. That way, the cloud model
does not have a “hard” boundary, even if it is fractal in na-
ture. Rather, it blends gradually into its clear-air environ-
ment, as is expected and observed in real-world clouds.

In addition, this outer fractal cloud structure with an
ad hoc scale-by-scale decay is modulated internally with
a judiciously chosen vertical gradient function, as fol-
lows. “Rising parcel” theory in cloud physics predicts
strong vertical stratification of clouds following an adi-
abatic gradient in their convective cores, which is amply
confirmed by observations. Specifically, this gradient fol-
lows a linear trend in LWC over the vertical extent of the
cloud, reaching its maximum typically in the upper third
of the cloud from cloud top (e.g., Pawlowska et al. (2000);
Rosenfeld and Lensky (1998); Rosenfeld et al. (2006)).
LWC is converted to cloud extinction σe via the large-

particle approximation in Mie scattering theory:

σe ≈
3
2

LWC
reff ρw

, (1)

where density of liquid water ρw = 103 kg/m3. Diffu-
sional droplet growth predicts a slow 1/3 power law in-
crease in reff with height above cloud base, assuming a
constant droplet number concentration (Grosvenor et al.
(2018), and references therein). The adiabatic linear trend
in LWC then leads to a 2/3 power law in extinction, from
(1).

For simplicity, we follow Davis (2008) and approx-
imate (in the least-squares sense), over a finite range
0 ≤ z ≤ Lz, any slow power-law increase (z/Lz)

γ with an
exponent γ < 1 with a linear function and a zero-level off-
set. The defining min-to-max ratio of this linear model
is

Rγ =
1− γ

1+2γ
.

For γ = 2/3, this zero-level offset is therefore at 1/7th of
the maximum value, which we can take as unity without
loss of generality. For added realism, we set the maximum
to be reached at zmax located at 1/10th of the cloud’s thick-
ness Lz from its top, and reverse the linear trend back to
the zero-level offset reached at cloud top (z = Lz). In sum-
mary, the vertical gradient modulation function is there-
fore

max
[

Rγ +(1−Rγ)
z

zmax
,1− (1−Rγ)

z− zmax

Lz− zmax

]
,

letting z be the difference in altitude with cloud base (at
z = 0). The resulting extinction field, which is scaled to
a central optical thickness of τcenter = 40, is displayed in
Fig. 1a.

To simulate the convective cloud’s internal structure,
the extinction field in Fig. 1a is modulated multiplica-
tively by an additional “turbulence” field. The turbu-
lence is modeled using 2D fBm with a Hurst exponent of
H = 1/3, which is associated with a wavenumber spectral
slope of β = 2H + 1 = 5/3. The Hurst exponent takes
values between H ∈ [0,1], and is a measure of long-range
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Figure 1: (a) Extinction field of Koch cloud model show-
ing the fractal geometric shape with a slowly decaying ex-
tinction value for each iteration (i.e., smaller and smaller
triangles) overlaid by a vertical gradient prescribed by
an approximation for diffusional droplet growth, as ex-
plained in the main text. (b) The extinction field in (a)
modulated by a fBm-based turbulence field with Hurst ex-
ponent H = 1/3. Both extinction fields are scaled to a ver-
tical optical thickness of τcenter = 40 at cloud center (x =
0).

spatial correlations in turbulence. For H = 0.5, the pro-
cess corresponds to a 2D version of standard Brownian
motion, with β = 2, where successive increments (e.g.,
actual steps in a random walk unfolding in time) are inde-
pendent in magnitude and in sign. For H > 0.5 the incre-
ments of the process exhibit a long-term positive autocor-
relation, with β > 2, ending with smooth (at least once-
differentiable) fields with H = 1 and β ≥ 3. This means
that a high value in the series will probably be followed by
another high value. It also implies that the values a long
time into the future will also tend to be high. A Hurst ex-
ponent of H < 0.5, hence 1 ≤ β < 2, which is the case
in this study, corresponds to successive increments of the
process being negatively correlated. This means that high
and low values tend to alternate.

The fBm is modeled using the diamond-square algo-
rithm, a method originally used for generating terrain
height maps for computer graphics, first introduced by
Fournier et al. (1982). It starts with a 2D grid of width and
height 2N +1, where we choose to set N = 10. This choice
ensures that the turbulence field has scaling spatial statis-
tics (e.g., its wavenumber spectrum) that covers 3 orders-

of-magnitude from the cloud scale to the grid-cell scale,
specifically, from a few km to a few m, as is observed in
nature (Davis et al. (1999), and references therein). After
initializing the four corner values, the diamond and square
steps are performed alternately at smaller and smaller
scales until all values of the field are determined; see
illustration at (https://en.wikipedia.org/wiki/Diamond-
square algorithm). To avoid large random gradients at the
scale of the whole cloud, we initialized the four corners
of the domain to null values. For the diamond step, the
midpoint of each square in the array is computed by the
average of the four corner points, plus a random (zero-
mean, normal) value. For the square step, the midpoint
of each diamond is set to the average of the four corner
points (only three if it is at the boundary), plus a random
value. At each change in scale, the magnitude (standard
deviation) of the random (normal) variables is reduced by
a factor 1/2H ≈ 0.794 when H = 1/3. The final cloud
field, including turbulence, is tuned to have a realistic log-
normal one-point probability density function with unit
mean and unit variance.

One drawback of this method is that it produces slight
vertical and horizontal “creases” since the most signifi-
cant perturbations take place in a rectangular grid. More
sophisticated (Fourier-space) methods have been devel-
oped to compute 2D fBm fields (e.g., Stein (2002), Kroese
and Botev (2015)) that overcome this issue. However, the
diamond-square algorithm has an important advantage for
the present study. This method allows different randomly
generated turbulence fields to be stitched together with-
out discontinuities simply by disabling the addition of a
random increment at all boundary points. This advantage
was exploited here to replace a quarter of the original tur-
bulence field or more—and an even larger fraction of the
2D Koch cloud volume—by a new realization of the fBm
field.

Finally, the central optical thickness is computed by in-
tegrating the cloud extinction along the vertical axis at x
= 0:

τcenter =
1024

∑
i=1

σe(i, j)∆z , (2)

where ∆z = Lz/1024 is the vertical grid-scale, after the
whole extinction grid σe(i, j) is scaled to yield a desired
value of τcenter.
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