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1 The Weibull regression model11

In the following we first introduce the Weibull regression model and present some of its properties12

based on a simple example with only one covariate. We then transfer these ideas to the framework13

of the study presented in the paper, and finally assess and discuss the quality of fit for the model14

applied in the paper.15

1.1 Relevant probability distributions16

Let D be a random variable with the Weibull distribution, which in particular implies that D takes17

only positive values. Different parametrizations of the Weibull distribution can be found in the18

literature. In this work, we use the one with cumulative distribution function (cdf)19

F (d; θ, p) = Pr(D ≤ d) = 1− exp
{
− (θd)p

}
, d > 0, (S1)

where θ > 0 is the rate and p > 0 the shape parameter. The probability density function (pdf) of20

the Weibull distribution under this parametrization is21

f(d; θ, p) = pθ(θd)p−1 exp
{
− (θd)p

}
, d > 0.

For such a random variable D, we will write D ∼W (θ, p) hereafter.22
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The second important probability distribution for what follows is the so-called “extreme minimum23

value distribution”, which corresponds to the Gumbel distribution for minima. In its most general24

form, it has a location parameter µ ∈ R, a scale parameter σ > 0, and cdf25

G(y;µ, σ) = 1− exp

{
− exp

(
y − µ
σ

)}
, y ∈ R. (S2)

For a random variable Y with this distribution, we will write Y ∼ Gmin(µ, σ) for short.26

27

The relation between the Weibull and the extreme minimum value distributions is28

D ∼W (θ, p) ⇔ ln(D) ∼ Gmin

(
− ln(θ), 1p

)
or, equivalently,29

Y ∼ Gmin(µ, σ) ⇔ exp(Y ) ∼W
(
e−µ, 1σ

)
. (S3)

Both equivalences can be obtained by a straightforward computation of the cdfs of ln(D) and30

exp(Y ). Indeed,31

Pr
(

ln(D) ≤ y
)

= Pr
(
D ≤ ey

) (S1)
= 1− exp

{
− (θey)p

}
= 1− exp

{
− exp

(
y −

(
− ln(θ)

)
1/p

)}
,

which by (S2) is the cdf of a Gmin

(
− ln(θ), 1/p

)
random variable. Similarly,32

Pr
(

exp(Y ) ≤ d
)

= Pr
(
Y ≤ ln(d)

) (S2)
= 1− exp

{
− exp

(
ln(d)− µ

σ

)}
= 1− exp

{
− (e−µd)1/σ

}
,

which by (S1) is the cdf of the W
(
e−µ, 1/σ

)
distribution.33

1.2 Simple regression set-up34

Let D1, . . . , Dno be independent Weibull random variables. As suggested by its name, the idea of35

the Weibull regression model is to use covariate information in form of a linear regression structure36

to parametrize the individual distributions of the Di, i = 1, . . . , no. Because the Di are bound to37

be positive, the covariate structure is included on the log-scale. With a single covariate x taking38

values x1, . . . , xno , the regression model for the natural logarithm of Di reads39

ln(Di) = α0 + α1xi + σεi, i = 1, . . . , no, (S4)

where α0, α1 ∈ R are regression coefficients for the intercept and the covariate x respectively,40

ε1, . . . , εn are independent and identically distributed error terms, and σ > 0 is a scale parameter.41

Since the distribution of ln(Di) belongs to the Gmin-family (see Section S1.1), the errors εi are42

assumed to follow the Gmin(0, 1) distribution, which implies that ε̃i := σεi ∼ Gmin(0, σ).43

44
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The regression equation on the original scale of D is obtained by exponentiating (S4), so that45

Di = exp
(
α0 + α1xi + ε̃i

)
= exp(α0 + α1xi)× exp(ε̃i), i = 1, . . . , no. (S5)

By (S3) the exponentiated errors exp(ε̃i) follow the W (1, 1/σ) distribution for all i. A cdf compu-46

tation similar to those at the end of Section S1.1 then shows that Di ∼ W (θi, p) for each i, where47

the rate parameter θi = exp
[
− (α0 + α1xi)

]
depends on the covariate value xi associated to Di,48

but the shape parameter p = 1/σ is identical for all i (see also Hosmer et al. (2008) or Chapter 7 of49

Kleinbaum and Klein (2012)).50

1.3 Acceleration factors51

The exponentiated regression coefficient exp(α1) can be interpreted as an acceleration factor for52

D because it describes the change in all quantiles of D per unit increase of the covariate x. This53

property, which is a consequence of the multiplicative structure in (S5), is briefly illustrated in this54

section; for more details the reader is referred to Chapter 7 of Kleinbaum and Klein (2012).55

56

For any probability q such that 0 < q < 1, the q-quantile dq of the W (θ, p) distribution is obtained57

by solving the equation F (dq) = q, where F is the Weibull cdf given in (S1). Thus from58

1− exp
{
− (θdq)

p} = q,

we get the quantile59

dq =
1

θ
[− ln(1− q)]1/p ,

which in case of the Weibull regression model (S5) becomes60

dq,i = exp(α0 + α1xi) [− ln(1− q)]σ . (S6)

As an example, the median corresponds to replacing q = 0.5 in the above expressions, whereas61

q = 0.9 yields the 90th percentile.62

63

Now let Dx and Dx+n denote two random variables satisfying the Weibull regression model (S5)64

with covariate values x and x+n respectively. According to (S6), the ratio of the q-quantiles of the65

distributions of Dx+n and Dx, denoted by dq,x+n and dq,x respectively, is66

dq,x+n
dq,x

=
exp
(
α0 + α1(x+ n)

)
[− ln(1− q)]σ

exp(α0 + α1x) [− ln(1− q)]σ
= exp(α1n) = exp(α1)

n.

This relation, which holds for any fixed probability q, indicates that every quantile ofDx is multiplied67

by the factor exp(α1)
n under an increase of x by n units. In particular, an increase of x by one unit68
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entails a multiplication of every quantile by exp(α1). The qualitative impact of this multiplication69

is determined by the sign of α1: if α1 is positive (negative), an increase in the covariate x lengthens70

(shortens) the predicted duration Dx.71

1.4 The Weibull regression model used in this study72

To assess the effect of RRWPs on the duration of cold and hot spells we have fitted the following73

Weibull regression model to the ng spell durations Dg,1, . . . , Dg,ng observed at grid point g:74

ln
(
Dg,i

)
= α0,g + α1,g R̃λg ,i +

6∑
j=2

αj,g mj

(
t startg,i

)
+ σg εg,i, i = 1, . . . , ng. (S7)

Unlike (S4), this model contains several covariates (which are described in Section 2e of the paper)75

and all model parameters have an additional index for the grid point g, but otherwise the elements76

of this equation are as in (S4).77

78

Exponentiating equation (S7) and defining Eg,i := exp
(
σg εg,i

)
yields79

Dg,i = exp

α0,g + α1,g R̃λg ,i +
6∑
j=2

αj,g mj

(
t startg,i

) Eg,i, i = 1, . . . , ng,

where the independent exponentiated errors Eg,1, . . . , Eg,ng are all W
(
1, 1/σg

)
distributed, in analogy80

to the simple model previously discussed. The spell durations Dg,i at any fixed grid point g thus81

follow Weibull distributions with rate parameters82

θg,i = exp

−
α0,g + α1,g R̃λg ,i +

6∑
j=2

αj,g mj

(
t startg,i

) , i = 1, . . . , ng,

and a common shape parameter pg = 1
/
σg.83

84

For the problem at hand, this regression model is superior to for example calculating a simple85

correlation between Dg and R̃λg . Provided the regression model fits the spell duration data, infer-86

ence on the acceleration factor exp(α1,g) are more precise than inference on the simple correlation87

corr(Dg, R̃λg) in the sense that larger areas can be detected in which RRWPs significantly affect the88

spell duration distribution (not shown). This is primarily because the parameter estimates account89

for the presence of the other covariates in the model. The downside of using a regression model90

compared to a simple correlation is that in order to draw robust conclusions it must be checked91

that the selected regression model fits the data.92

93

4



Figure S1: QQ-plots of Eg,1, . . . , Eg,ng for hot spells at two example grid points g at (a) 120 ◦W/46 ◦N

and (b) 7 ◦E/47 ◦N. The identity line is indicated in red and horizontal (vertical) dashed red lines

show the empirical (theoretical) 95th percentile of the Eg,i-values at the respective grid point g.

1.5 Quality of the model fit94

To assess the quality of the model fit of a Weibull regression we make use of the fact that if the95

spell durations indeed follow a Weibull distribution as described above, then the random variables96

Eg,i := exp(εg,i) = exp

 1

σg

ln
(
Dg,i

)
−

α0,g + α1,g R̃λg ,i +

6∑
j=2

αj,g mj

(
t startg,i

)
 (S8)

for i = 1, . . . , ng follow the standard exponential distribution, which has cdf 1− e−x for x > 0 and97

thus corresponds to the W (1, 1) distribution. Since εg,i ∼ Gmin(0, 1) by construction of the Weibull98

regression model, the distribution of Eg,i follows from relation (S3). The quantities Eg,1, . . . , Eg,ng99

in (S8) can thus be considered as one type of “standardized residuals” for the Weibull regression100

model. As model diagnostics, we therefore compare for each grid point g the empirical Eg,i-values to101

the theoretical quantiles of the standard exponential distribution by means of the Anderson–Darling102

goodness-of-fit test (Fig. 10 of the paper) and in the form of QQ-plots below.103

104

Figure S1 shows the QQ-plots of the residuals Eg,1, . . . , Eg,ng for hot spells at two example grid105

points g, located in North America and Switzerland, respectively. For these two selected grid points,106

the quality of the fit appears reasonable, especially for values below the 95th percentile. However,107

the largest values are clearly underestimated by the model. Since we have fitted a Weibull model at108

18360 grid points for both cold and hot spells, it is not feasible to visually assess the quality of the fit109

at each grid point. However, aggregating the QQ-plots from all grid points for cold and hot spells110
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Figure S2: Density of aggregated QQ-plots of Eg,1, . . . , Eg,ng , for (a) NDJFMA cold spells and (b)

MJJASO hot spells for all Northern Hemisphere grid points g between 20 ◦N and 70 ◦N. The density

has been calculated by counting the number of points in 0.05 by 0.05 squares and normalizing by

the total number of points and the size of the squares, so that it integrates to 1. The lowest contour

level has been chosen such that white areas correspond to a density of 0, i.e., all areas with outliers

are shaded with the lightest gray. The red line is the identity line and the vertical dashed red line

depicts the empirical 95th percentile of the standard exponential distribution.

respectively suggests that the overall characteristics described above are representative for other111

grid points too (Fig. S2). For both cold and hot spells, the model systematically underestimates112

extremely long spells (exceeding the 95th percentile), but for values below the 95th percentile the113

fit appears to be reasonable at most grid points.114

115

Due to deficiencies of the model fit for extremely long-lasting spells like those displayed in Fig. S2,116

the Weibull model does not seem entirely suitable for predicting spell duration distributions for a117

given set of covariates since it tends to underestimate the upper quantiles. However, here we only use118

the Weibull regression analysis to identify grid points where RRWPs have a statistically significant119

influence on the spell durations and focus on the spatial pattern of the statistically significant accel-120

eration factors exp(α1) rather than on their exact values. We find that this influence is statistically121

significant in large areas of the Northern Hemisphere mid-latitudes despite the underestimation of122

the longest spell durations and therefore consider the exp(α1)-patterns shown in Fig. 10 of the paper123

as a robust result.124
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Figure S3: Difference in the 95th percentiles of the top and bottom R̃-tercile spell durations for (a)

NDJFMA cold spells and (b) MJJASO hot spells. Black contours depict areas where the difference

exceeds (is below) the 95th (5th) percentile of the difference values from 1000 bootstrap samples

constructed by shuffling the true R̃-values at each grid point.

125

Further evidence for the robustness of this pattern is provided by comparing the distributions of126

the spell durations with large and small R̃-values, defined as the spells with R̃-values in the upper127

and lower tercile of all R̃-values (hereafter referred to as top and bottom R̃-terciles). Figure S3128

shows the difference between the 95th percentiles of the top and bottom R̃-tercile spell durations.129

Clearly, the difference patterns for both cold and hot spells show striking similarities to the exp(α1)-130

patterns shown in Fig. 10 of the paper.131

132

Overall, we thus conclude that the Weibull regression analysis provides reliable information on133

where spell durations are statistically significantly influenced by RRWPs, even though the statistical134

model might not be entirely suitable for predicting (extremely long-lasting) spell durations for a135

given set of covariates. Future research might therefore focus on further improving the model fit.136

References137

Hosmer, D. W., S. Lemeshow, and S. May, 2008: Applied survival analysis. 2nd ed., Wi-138

ley Series in Probability and Statistics, John Wiley & Sons, Inc., Hoboken, NJ, USA, doi:139

10.1002/9780470258019.140

Kleinbaum, D. G., and M. Klein, 2012: Survival Analysis - A self-learning text. 3rd ed., Springer,141

New York, USA, 520 pp., doi:10.1007/978-1-4419-6646-9.142

7


