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1. Assessing the Significance of the VAR Model8

To assess the skill of our VAR model at predicting Z500 and Tpolar, we compare a full, or unre-9

stricted, p-th order VAR model,10

Z500(t) =a1Z500(t−1)+a2Z500(t−2)+ . . .+apZ500(t− p)+ . . . (1a)

b1Tpolar(t−1)+b2Tpolar(t−2)+ . . .+bpTpolar(t− p)+ ε1,t

Tpolar(t) =c1Z500(t−1)+ c2Z500(t−2)+ . . .+ cpZ500(t− p)+ . . . (1b)

d1Tpolar(t−1)+d2Tpolar(t−2)+ . . .+dpTpolar(t− p)+ ε2,t ,

to a restricted version of the model. The restricted model is so called because it restricts one11

variable’s ability to predict the other by setting its regression coefficients to zero. For example, if12

we wanted to restricted Tpolar’s ability to predict Z500, we would set all b coefficients in Equation13

1a to 0,14

Z500(t) =a1Z500(t−1)+a2Z500(t−2)+ . . .+apZ500(t− p)+ . . . (2a)

((((((((b1Tpolar(t−1)+((((((((b2Tpolar(t−2)+ . . .+((((((((bpTpolar(t− p)+ ε3,t

Tpolar(t) =c1Z500(t−1)+ c2Z500(t−2)+ . . .+ cpZ500(t− p)+ . . . (2b)

d1Tpolar(t−1)+d2Tpolar(t−2)+ . . .+dpTpolar(t− p)+ ε4,t ,

We can restrict Z500’s ability to predict Tpolar in a similar manner,15

Z500(t) =a1Z500(t−1)+a2Z500(t−2)+ . . .+apZ500(t− p)+ . . . (3a)

b1Tpolar(t−1)+b2Tpolar(t−2)+ . . .+bpTpolar(t− p)+ ε5,t

Tpolar(t) =(((((((c1Z500(t−1)+(((((((c2Z500(t−2)+ . . .+(((((((cpZ500(t− p)+ . . . (3b)

d1Tpolar(t−1)+d2Tpolar(t−2)+ . . .+dpTpolar(t− p)+ ε6,t ,
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The restricted models (Equation 2, Equation 3) and the full model (Equation 1) are then compared16

in order to determine significance. If the restricted and full models are determined to be signif-17

icantly different, the relationship being restricted (Tpolar driving Z500 in Equation 2) can be said18

to be significant, and Granger-causal (Tpolar would be a Granger-cause of Z500. While we could19

also restrict Z500’s ability to predict itself (a coefficients) and Tpolar’s ability to predict itself (d20

coefficients), we choose to focus on the restricted models described in Equations 2, 3.21

To assess significance, the full model (Equation 1) is separately compared to each restricted22

model (Equations 2, 3) with a log-likelihood score. A likelihood score, L, is calculated separately23

for each model, as in Sims (1980),24

L≡ (X− c)(log |Σr|− log |Σu|) , (4)

where X is the number of observations, c is the maximum number of regressors in the longest25

equation, and |Σr| and |Σu| are the determinants of the covariance matrices of the restricted and26

unrestricted model residuals, respectively. To assess significance, we compute the test statistic, D,27

which is a ratio of the logarithm of the likelihood ratios (hence, the log-likelihood score),28

D = 2ln
(

Lrestricted

L f ull

)
(5)

D, the test statistic, has an asymptotic χ2 distribution, from which the p-value is determined.29

Significance is assessed at 95% confidence. We note that Z500 has dimensions of [longitude30

x latitude x time], while Tpolar has dimensions of only [1 x time]. Thus, a VAR model is31

created at every gridpoint–Tpolar is used to predict Z500 at each gridpoint, and Z500 at each grid-32

point is used to predict Tpolar (and itself at that gridpoint). Since Z500 at each gridpoint cannot33

be assumed to be independent from its neighbors, we apply the field significance test described34

in Wilks (2016), using a false discovery rate of α = 0.1. Thus, all results shown are significant35

according to both the log-likelihood test, and the field significance test. Figure 1 shows the sta-36
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tistically significant gridpoints for each model–Tpolar driving Z500, (Figure 1a), and Z500 driving37

Tpolar (Figure 1b).38

2. Results of the VAR Model39

The results of the two-dimensional VAR model are shown in Figure 2 (Tpolar driving Z500)40

and Figure 3 (Z500 driving Tpolar); the LASSO results are reproduced for easy comparison. The41

relationships seen in the LASSO model are reproduced in the VAR model, with regions that are42

significant in the LASSO model also exhibiting significance in the VAR model. We note that the43

coefficients in the VAR model are larger than those of the LASSO model. This is expected, since44

LASSO shrinks the overall value of the regression coefficients (e.g., Hastie et al. (2015)).45

We also apply the VAR model to the individual regions listed in Table 1 and shown in Figure46

4. The results of the regional one-dimensional VAR models are shown in Figure 4; coefficients47

that were significant in the LASSO model are in bold in Figure 4. As in Figures 2, 3, the VAR48

coefficients are generally larger than their LASSO counterparts, explaining anywhere from 2 to 549

times as much variance as the LASSO models would suggest.50
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FIG. 1. VAR model gridpoints exhibiting statistical significance according to the log-likelihood score and the

field significance test for (a) Tpolar driving Z500 and (b) Z500 driving Tpolar. As previously stated, significance

for the VAR model is assessed over all lags.
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FIG. 2. LASSO (left) and VAR (right) models of Tpolar driving Z500 at each gridpoint at lags of (a,b) 5 days

to (i,j) 25 days. For the LASSO model, only gridpoints where Tpolar drives a significant response in Z500 at

that gridpoint are shown. For the VAR model, stippling indicates gridpoints where Tpolar drives a significant

response in Z500 at that gridpoint are shown.
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FIG. 3. LASSO (left) and VAR (right) models of Z500 at each gridpoint driving Tpolar at lags of (a,b) 5 days

to (i,j) 25 days. For the LASSO model, only gridpoints where Z500 at that gridpoint drives a significant response

in Tpolar are shown. For the VAR model, stippling indicates gridpoints where Z500 at that gridpoint drives a

significant response in Tpolar are shown.

82

83

84

85

9



 

 

a) Subtropical Atlantic

Tpolar

Z500
Lag       bi 
5            -0.085 
10           0.018 
15          -0.015 
20           0.052 
25          -0.025

Lag       ci 
5             0.22 
10           0.025 
15          -0.078 
20           0.033 
25          -0.026

Lag       bi 
5             0.14 
10          -0.036 
15           0.14 
20          -0.048 
25          -0.021

Lag       ci 
5            -0.21 
10           0.006 
15           0.062 
20           0.01 
25           0.019

Lag       bi 
5             0.038 
10           0.072 
15          -0.057 
20           0.047 
25           0.033

Lag       ci 
5             0.17 
10          -0.073 
15           0.052 
20           0.008 
25           0.14

Lag       bi 
5             0.12 
10          -0.041 
15           0.015 
20           0.038 
25          -0.037

Lag       ci 
5            -0.13 
10           0.016 
15          -0.042 
20           0.062 
25          -0.016

Lag       bi 
5            -0.003 
10          -0.028 
15          -0.023 
20           0.005 
25          -0.038

Lag       ci 
5             0.28 
10          -0.15 
15           0.011 
20          -0.12 
25           0.017

Lag       bi 
5             0.11 
10           0.076 
15          -0.064 
20           0.017 
25          -0.038

Lag       ci 
5            -0.077 
10           0.12 
15          -0.022 
20           0.052 
25           0.022

 

 

b) Siberia

Tpolar

Z500  

 

c) East Pacific

Tpolar

Z500

 

 

d) North America

Tpolar

Z500  

 

e) West Pacific

Tpolar

Z500  

 

f) Subtropical Pacific

Tpolar

Z500

 

 

g) Greenland

Tpolar

Z500

Lag       ci 
5            -0.21 
10           0.125 
15           0.088 
20           0.01 
25           0.033

Lag       bi 
5             0.085 
10           0.035 
15          -0.044 
20          -0.008 
25           0.003

FIG. 4. VAR model results for the 7 regions outlined in Table 1. Coefficients that were significant in the

LASSO model are in bold. Curved arrows indicate autoregressive relationships (coefficients not shown).
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